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Introduction

One of the basic facts of complex analysisisthe exactness of the de Rham complex
of sheaves of analytic differential forms on a smooth complex analytic space. In
its turn, its proof is based on the fact that every point of such a space has an open
neighborhood isomorphic to an open polydisc, which reduces the verification of
the exactness to the classical Poincaré lemma. The latter states that the de Rham
complex of spaces of analytic differential forms on an open polydisc is exact. Its
proof actually works over any non-Archimedean field £ of characteristic zero as
well, and so it implies also that the de Rham complex of sheaves of analytic differ-
ential forms on a smooth k-analytic space (as introduced in [Berl] and [Ber2])
is exact at every point that admits a fundamental system of étale neighborhoods
iIsomorphic to an open polydisc. One can show (Corollary 2.3.3) that a point x
of a smooth k-analytic space possesses the above property if and only if the non-
Archimedean field H(x), associated with the point x, possesses the property that
itsresidue field 7/-[—(\;) isalgebraic over & and the group | (x)*|/|k*| istorsion.

It is a distinctive feature of non-Archimedean analytic spaces that the subset
Xg of points with the latter property does not coincide with the whole space X.
Notice that X4 contains the set Xo = {x € X| [H(x) : k] < oo} (the underlying
space of X inrigid analytic geometry) and, in particular, the set of k-rational points
Xk)y={xe X\’H(x) = k}. Although X islocally arcwise connected, the topology
induced on Xy is totally disconnected and, if the valuation on % is nontrivial, Xg
isdensein X. Moreover, if X issmooth, X is precisely the set of points at which
the de Rham complex is exact and, in fact, for every point x ¢ X4 thereisaclosed
one-form, defined in an open neighborhood of x, that has no primitive at any étale
neighborhood of x.

We now recall that alocally analytic functionisamap f : X (k) — k such that,
for every point x € X (k), thereisan analytic function g defined on an open neigh-
borhood U of x with f(y) = g(y) foral y € U (k). Itisclear that thelocal behavior
of such afunction does not determine its global behavior. For example, if its differ-
ential is zero, the function is not necessarily constant. On the other hand, for a
long time number theorists have been using very natural locally analytic functions
possessing certain properties that make them look like analytic ones. An example of
such afunction (for X = G, = A\ {0}) isahomomorphism &* — & from the multi-
plicative to the additive group of £ which extends the homomorphism a — log(a)
on the subgroup k' = {a € k*“a — 1| < 1}, where log(T) is the usual logarithm
defined by the power series — > 7, “‘% (convergent on &1).

Let us assume (till the end of the introduction) that & is a closed subfield of
C,, the completion of the algebraic closure Q , Of thefield of p-adic numbers Q.
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Then such ahomomorphismisuniquely determined by itsvalueat p, and the homo-
morphism, whose value at p is an element A € k, is denoted by log"(7) and is
called a branch of the logarithm. One of the properties we had in mind states that,
if X isan open annulus in At with center at zero and the differential of alocally
analytic function on X (k) of theform "7, f: log"(T)’ with f; € O(X) isequal to
zero in an open subset of X (k), then the function is a constant and, in fact, fo € £
and f; =0for al 1 <i <n. Notice aso that every one-form on X with coeffi-
cients of the above form has a primitive which is alocally analytic function of the
same form.

It was an amazing discovery of R. Coleman ([Col1], [CoSh]) in the early 1980s
that there is a way to construct primitives of analytic one-forms and their iterates
in the class of locally analytic functions on certain smooth k-analytic curves, called
by him basic wide opens (they are closely related to basic curves considered here),
such that the primitives are defined up to a constant. Namely, given a branch of
the logarithm log*(T'), he constructed for every such curve X an O(X)-algebra
A(X) of locally analytic functions filtered by free O(X)-modules of finite rank
A%X) c A4(X) C... withd A" (X) C 4'(X) ®ox) 21(X) and such that

@ 4°X) =0W);

(b) every function from A4(X) yvith zero differential is aconstant;

(©) 4'(X)®ow QLX) cdA(X);

(d) Af*l()() is generated over O(X) by primitives of one-forms from
A'(X) ®o(x) QHX);

(e) if X isan open annulus with center at zero, then log*(T) € A1(X);

(f) for amorphism X’ — X and afunction f € 4'(X), onehas¢*(f) € A (X).

Moreover, if afunctionin A4 (X) isequal to zero on anonempty open subset of X (k),
it isequal to zero everywhere. Thus, if w isaone-formin 4(X) ®ox, Q1(X), then
for any pair of points x, y € X (k) one can define an integral | w € k. It follows
also that, given a coherent O y-module F with a unipotent integrable connection,
the kernel of the induced connection on the O(X)-module F(X) ®ox) A(X) isa
vector space of dimension equal to the rank of F and, therefore, for any pair of
pointsx, y € X(k), one can define a parallel transport T, ,, : 7Y = ]—"yV.

Since then there have been several attempts to extend Coleman’s work to higher
dimensions. Coleman himself ([Col2]) constructed an integral fxy w of a closed
analytic one-form w on the analytification X of a connected projective scheme
X with good reduction. Yu. Zarhin ([Zar]) and P. Colmez ([Colm]) constructed
similar integralsfor arbitrary connected smooth X’ (see Remark 9.1.3(ii)). A. Besser
([Bes]) constructed iterated integrals on the generic fiber X, of aconnected smooth
formal scheme X, which is an open subscheme of aformal scheme ) of finite type
over k° such that the Zariski closure of the closed fiber X in ), is proper (see
Remark 8.1.5). V. Vologodsky ([Vol]) constructed a parallel transport T, ,, on X"
for arbitrary connected smooth X' (see Remark 9.4.4). All of these constructions
gave additional evidence for a certain phenomenon of local analytic nature which
was already present in the work of Coleman and is described as follows.

Let us call anaive analytic function on a smooth k-analytic space X a map that
associates to every point x € Xg an element f(x) € H(x) such that there is an
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analytic function g defined at an open neighborhood U of x with f(y) = g(y) for
al y € Ug. Thisclass of functionsis better than that of locally analytic ones since,
for every closed subfield k C ¥’ C C, and every naive analytic function " on X, one
can define the pullback of £ on X ® ;4. For example, the locally analytic function
log™(T) isthe restriction to &* of anatural naive analytic function Log*(7') on the
multiplicative group Gy, and in fact for a basic curve X al locally analytic func-
tions in Coleman’s algebra 4(X) are restrictions to X (k) of natural naive analytic
functionson X. If now n(.X) denotesthe space of naive analytic functionson X, the
correspondence U +— n(U) is a sheaf of O y-algebras denoted by ny. Coleman’s
work was actually evidence for the fact that, for a fixed branch of the logarithm,
every smooth k-analytic space X is provided with an O x-subalgebra of ny whose
associated de Rham complex is exact and in which the kernel of thefirst differential
coincides with the sheaf of constant analytic functions ¢ y = Ker(Ox 4 Qb).

The purpose of thiswork isto show that such an O y-subalgebra Sy of ny exists
and is unique with respect to certain very natural properties. More precisely, Sy is
afiltered O y-algebrawith dS’, ¢ S, ®, Q% for al i > 0, and the properties are
similar to (a)—f) from above. Although we are not yet able to prove the exactness
of the whole de Rham complex for Sy, we show that the de Rham complex is exact
at Q! and the kernel of the first differential coincides with ¢ . In particular, under
a certain natural assumption (which is automatically satisfied if £ = C,) one can
define an integra fy o of aclosed one-form w € (Sy ®o, Q%) (X) aong a path
y : [0, 1] — X with ends in X (k). Furthermore, the extended class of functions
contains a full set of local solutions of al unipotent differential equations. In fact,
a coherent O y-module with an integrable connection has a full set of local hori-
zontal sectionsin the étale topology if and only if it islocally unipotent in the étale
topology (such amoduleis caled herelocally quasi-unipotent). As a consequence,
we construct parallel transport along a path and an étale path of local horizon-
tal sections of locally unipotent and locally quasi-unipotent modules, respectively.
In comparison with the constructions mentioned above, both integral and paral-
lel transport depend nontrivially on the homotopy class of a path and not only on
itsends.

The filtered O(X)-algebra 4(X), constructed by Coleman for a basic curve
X, appears here in the following way. One can show that for such X the group
HY(X, cy) iszero and, therefore, every one-form w € (S, ®0, %) (X) hasaprim-
itive in STT1(X). Then 4°(X) = O(X) and, for i > 0, A"*1(X) is generated over
O(X) by the primitives of al one-forms w € 4’ (X) ®ox) QLX) in S+1(X). The
algebra S(X) isinfact much bigger than A4 (X). For example, if X isan open annu-
lus, then A(X) = O(X)[log"(T)], but the O(X)-modules S’ (X)/S'~1(X) are of
infinite rank for al i > 1. By the way, the latter is even true for the projective line
P! (seeLemma8.5.2).

In fact the sheaves Sy are constructed in a more general setting. The reason for
doing so is as follows. Let X be the Tate eliptic curve which is the quotient of
G by the discrete subgroup generated by an element ¢ € £* with |¢| # 1, and
let w be the invariant one-form on X whose preimage on G, is dTT. The curve X
is homotopy equivalent to a circle, and the only reasonable value for the integral
of w aong aloop y : [0,1] — X with end in X(k), whose class generates the
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fundamental group of X, should be Log"(¢) (upto asign). But for every g € k* with
lg| # 1thereexist A’sin k with Log*(¢) # 0 aswell as those with Log*(¢) = 0.

A natural way to resolve the above problem is to consider the universal loga-
rithm, i.e., the one whose value at p is a variable. Such a universal logarithm was
already used in the work of P. Colmez and V. Vologodsky mentioned above, and it
can be specialized to any of the branches of the logarithm whose values a p are
elements of £. But the properties of the sheaves Sy, whose construction is based
on the universal logarithm, do not seem to easily imply the same properties of the
similar sheaves whose construction is based on a classical branch of the logarithm.
Thus, to consider all possible branches of the logarithm simultaneously, we proceed
asfollows. Fix afiltered k-algebra K, i.e., acommutative k-algebra provided with
an exhausting filtration by k-vector spaces K° ¢ K* c --- with K’ - K/ c K'*/,
Furthermore, define a filtered O x-algebra of naive analytic functions M% in the
same way as ny but starting with the filtered algebra OX = Oy ®; K instead of
Oy and, for an element A € K, define a logarithmic function Log*(T'), which is
an dement of M51(G,). In a similar way we define the O y-algebras of naive
analytic g-forms anK . One has MY ®o, Q% > Q?ﬁK and, in particular, 7%

X X
is afiltered D y-algebra (the latter notion is defined in §1.3). For a D y-submodule
F of M, let Q?E  denote the image of the canonical injective homomorphism

F®o, Q — Qq’ﬂKX

The main result (Theorem 1.6.1) states that, given K and A € K1, there is a
unigue way to provide every smooth k-analytic space X with a filtered
D x-subalgebra S% ¢ MK so that the following are true:

@ Sy°=0x® KY

(b) KerSy' 5 QL. )= cx®; K,

(© Ker(,, = 9%, ) CdSy™;

(d) S)*(”*l is generated by the local sections f for which d /" isaloca section of
Q}S}LJ’X;

(€) Log*(T) € §**(Gm);

(f) for amorphism ¢ : X’ — X and afunction f € S*7(X), one has ¢*(f) e
SM(X).

In Theorem 1.6.2 we list several properties of the sheaves S%. Among them is
the unigqueness property, which tellsthat, if X is connected, then for any nonempty
open subset U/ C X the restriction map S*(X) — S*(U) isinjective. The sheaves
S’ are functorial in the best possible sense, involving an embedding of the ground
fields k£ — £/, a morphism X’ — X, and a homomorphism of filtered algebras
K — K’ over that embedding. If one is given only a homomorphism of filtered k-
algebras K — K': A+ )/, thereis acanonical isomorphism S, ®x K’ = S%. In
particular, if Sy denotes the sheaf constructed for the universal logarithm, then the
canonical homomorphism k[Log(p)] — K : Log(p) — A gives rise to an isomor-
phism Sx ®xLog(pn K = S

Theorems 1.6.1 and 1.6.2 are proven in 87. The proof is based on preliminary
results obtained in 8816 and having an independent interest. Since the formulation
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of the main result actually makes sense for an arbitrary non-Archimedean field of
characteristic zero, the preparatory part of the proof in 881-5 is done over fields
as general as possible, and the assumption that & is a closed subfield of C,, is only
made beginning with 86. In 88, further properties of the sheaves S are established
and, in 89, they are used for a construction of the integral and parallel transport
along apath. A detailed summary of each section is given at its beginning.

There are many natural questions one may ask on the sheaves S%,.. Here are some
of them.

(1) Isthe de Rham complex associated to S’ exact? We believe thisistrue.

(2) Does the extended class of functions contain local primitives of relative
closed one-forms with respect to an arbitrary smooth morphism¢ : ¥ — X?
Again, we believe this is true. It is in fact enough to consider morphisms
of dimension one, and the positive answer to this question would imply a
positive answer to (1) and to the relative version of (1).

(3) Arethe sheavesof rings S coherent for reasonable K (e.g., K = k[Log(p)]
or K = k)? Like (1) and/(\ZL we believe this is true. Notice that, for a
point x € X whose field #(x) is transcendent over , the stalk Sk, isa
non-Noetherian ring.

(4) What are the cohomology groups HY (X, 83\(’”) and H?(X, S%)?

(5 Assume that  is finite over Q,, a p-adic group G acts continuously on a
smooth k-analytic space X (e.g., G = PGL,(k), and X isthe projective space
P?~1 or the Drinfeld half-plane Q¢ c P?~1). What are the representations of
G on the space of global sections S*(X)?

(6) Let X and Y be smooth k-analytic spaces, and assume there is a morphism
of germs of analytic spaces ¢ : (Y, Yg) — (X, Xg) (see [Ber2, 83.4]) which
takes local sections of S to those of S}. Is it true that ¢ is induced by a
morphism of analytic spacesY — X?

The answer to (6) would shed light on the following philosophical question.
What does the existence of the sheaves S} mean? A negative answer to (6) would
mean that smooth p-adic analytic spaces can be considered as objects of a cate-
gory with bigger sets of morphisms in the same way as complex analytic spaces
can be considered as real analytic or differentiable manifolds. On the other hand,
a positive answer to (6) could mean that complex analytic functions have at least
two p-adic analogs, namely, genuine analytic ones and functions from the broader
class provided by the sheaves S%. This reminds us of the similar phenomenon with
the topology of a complex analytic space whose p-adic reincarnation is two-faced.
It appears as the usual topology of a p-adic analytic space as well as the stronger
étale topology of the space. In addition, the existence of the sheaves S% is some-
how related to the fact that smooth p-adic analytic spaces are not locally simply
connected in the étale topology. In any case, we hope what is done in this book will
be useful for understanding the p-adic Hodge theory in terms of p-adic analytic
geometry.
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Chapter One

Naive Analytic Functions and Formulation of
the Main Result

After recalling some notions and notation, we give a precise definition of the
sheaves of naive analytic functions ‘Jt§ We then recall the definition of a D -
module, introduce arelated notion of a D y-module, and establish asimple relation
between the de Rham complexes of a D xy-module and those of its pullback under
a so-called discoid morphism ¥ — X. In §81.4, we introduce the logarithmic func-
tion Log*(T) e NLY(G,) and afiltered Dy-module L*(X) which is generated
over O(X) by the logarithms Log*( /) of invertible analytic functions on X.
Furthermore, given a so-called semi-annular morphism ¥ — X, we establish a
relation between the de Rham complexes of certain D y-modules and those of
the Dy-modules which are generated by the pullbacks of the latter and the loga-
rithms of invertible analytic functionson Y. It implies the exactness of the de Rham
complex of the spaces of differential forms with coefficients in the D y-module
L*(X) on a semi-annular analytic space X. In 8§1.6, we formulate the main result
on existence and uniqueness of the sheaves S% and list their basic properties.

P EL M NA EMA KSAND NOTAT ON

In this book we work in the framework of non-Archimedean analytic spacesin the
sense of [Berl] and [Ber2]. A detailed definition of these spacesis given in [Ber2,
81], and an abbreviated oneis given in [Ber6, 81]. We only recall that the affinoid
Space associated with an affinoid algebra A is the set of all bounded multiplicative
seminorms on A. It is a compact space with respect to the evident topology, and it
isdenoted by M (A).

Let £ be a non-Archimedean field with a nontrivial valuation. All of the
k-analytic spaces considered here are assumed to be Hausdorff. For example, any
separated k-analytic space is Hausdorff and, for the class of the spaces which are
good in the sense of [Ber2, 81.2], the converseis also true.

Although in this book we are mostly interested in smooth &-analytic spaces (in
the sense of [Ber2, 83.5]), we have to consider more general strictly k-analytic
gpaces. Among them, of special interest are strictly k-analytic spaces smooth in the
sense of rigid geometry. For brevity we call them rig-smooth. Namely, a strictly
k-analytic space X is rig-smooth if for any connected strictly affinoid domain
V the sheaf of differentials Q. is locally free of rank dim(¥). Such a space is
smooth at all points of itsinterior (see [Ber4, 85]). In particular, a k-analytic space
X is smooth if and only if it is rig-smooth and has no boundary (in the sense of
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[Ber2, 81.5]). An intermediate class between smooth and rig-smooth spaces is that
of k-analytic spaces locally embeddable in a smooth space (see [Ber7, §89]). For
example, it follows from R. Elkik’s results (see [Ber7, 9.7]) that any rig-smooth
k-affinoid space is locally embeddable in a smooth space. If X islocaly embed-
dable in a smooth space, the sheaf of differential one-forms Q2 is locally freein
the usual topology of X. (If X rig-smooth, the sheaf of differentia one-formsis
locally free in the more strong G-topology X, the Grothendieck topology formed
by strictly analytic subdomains of X, see [Ber2, §1.3].) Recall that for any strictly
k-analytic space X the set Xo = {x € X|[H(x) : k] < oo} is dense in X ([Berl,
2.1.15]). For apoint x € Xp, thefield H (x) coincides with theresidue field k (x) =
Ox./ » Oftheloca ringOy..

LEMMA Let X be a connected rig-smooth k-analytic space. Then every
nonempty Zariski open subset X’ C X is dense and connected, and one has

¢(X) S (X)),

Recall that ¢(X) is the space of global sections of the sheaf of constant analytic
functions ¢y defined in [Ber9, 88]. If the characteristic of & is zero, then ¢y =

Ker(Oyx 5 Qb).

Proof. We may assume that the space X = M (A) isstrictly k-affinoid, and we may
replace X" by asmaller subset of theform X, = {x € X\ f(x) # 0} with £ anonzero
element of A. Such a subset is evidently densein X. We now notice that X , isthe
analytification of the affine scheme X'y = Spec(A,) over X = Spec(A). Since X,
is connected, from [Ber2, Corollary 2.6.6] it followsthat X , is connected. To prove
the last property, we can replace £ by ¢(X), and so we may assumethat ¢(X) = k. By
[Ber9, Lemma8.1.4], the strictly &'-affinoid space X ® k' is connected for any finite
extension &’ of k and, therefore, the sameistrue for the space X, ® k' = (X ® k) 7.
The latter impliesthat ¢(X ) = k. Il

Recall that in [Berl, 89.1] we introduced the following invariants of a point x
of a k-analytic space X. The first is the number s(x) = s¢(x) equa to the tran-

scendence degree of % over %, and the second is the number 7 (x) = #(x) equal
to the dimension of the Q-vector space /|H(x)*|/+/k*]. One has s(x) +t(x) <
dim,(X), and if x’ is a point of X®k2 over k then s(x) =s(x) and t(x) =
t(x). Moreover, the functions s(x) and ¢(x) are additive in the sense that, given
amorphism of k-analytic spaces ¢ : ¥ — X, one has s(y) = s(x) + sy () and
t(y) =t(x)+tyu) (), Wwherex = ¢(y). Let X4 denote the set of pointsx € X with
s(x) =t(x) =0. This set contains Xy and, in particular, if X is strictly k-analytic,
X4 is dense in X. By [Berl, 89], the topology on Xy induced from that on X
Is totally disconnected. If £’ is a closed subfield of the completion %2 of an age
braic closure of k and X’ = X® k', then the image of X, under the canonical map
X — X iscontained in Xg. (Notice that if £” is not finite over & the latter fact is
not true for the sets X, and Xj.)

For an étale sheaf F on ak-analytic space X, we denote by F, the stalk at a point
x € X of therestriction of F to the usual topology of X and, for asection f € F(X),
wedenoteby £, itsimagein F,. Furthermore, ageometric point of X isamorphism
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(in the category of analytic spaces over k) of theformx : & — X, where )
isthe spectrum of an algebraically closed non-Archimedean field # (x) over k. The
stalk Fr of an étale sheaf F at X is the stalk of its pullback with respect to the
morphism x, i.e., the inductive limit of F(Y') taken over al pairs (¢, «) consisting
of an étalemorphismg : ¥ — Xandamorphisma : 4 — Y over x. Noticethat,
if Gz isthe Galois group of the separable closure of H(x) in H(x) over H(x),
there is a discrete action of Gk, on Fx and, by [Ber2, Proposition 4.2.2], one
has F, = Ff " (Recall that in [Ber2] we denoted by F, the pullback of F under
the canonical morphism ) — X, which can be also identified with a discrete
Gx/x-Set.)

(/Siven afinite extension &’ of k, the ground field extension functor from the cate-
gory of strictly k-analytic spaces to that of strictly &’-analytic ones X — X®k’
has a left adjoint functor X’ — X which associates with a strictly £’-analytic space
X' the same space considered as a strictly k-analytic one (see [Ber9, 87.1]). The
essential image of the latter functor consists of the strictly £-analytic spaces X
for which there exists an embedding of £’ to the ring of analytic functions O(X).
The canonical morphism X’ — X in the category of analytic spaces over k& (see
[Ber2, 81.4]) gives rise to an isomorphism of locally ringed spaces, to bijections
Xy — Xo and Xy = Xg and to isomorphisms of étale sites X, = X and of étale
topoi X, = X,. For an étale sheaf F on X, we denote by F’ the corresponding
étale sheaf on X'.

T ES EA O NA EANAL T C NCT ONS

Let X be astrictly k-analytic space. For an étale sheaf /7 on X, we define an étale
presheaf F asfollows. Given an étale morphism Y — X, weset F(Y) =limF(V),

where the direct limit is taken over open neighborhoods V of Yy in Y. The proof of
the following lemmaistrivial.

LEMMA Assume that an étale sheaf F on X possesses the following property:
for any étale morphism Y — X and any open neighborhood V of Y4 in Y, the
canonical map F(Y) — F(V) is injective. Then the following are true:

(i) the presheaf F is a sheaf; N
(ii) the canonical morphism of sheaves F — F'is injective and gives rise to
a bijection of stalks F = F¢ for any geometric point x of X over a point
x € Xg; N
(iii) the sheaf F possesses the stronger property that, given an étale morphism
Y — X and an open neighborhood V of Yy in Y, the canonical map
F(Y)— F(V) is bijective;
(iv) one has F = F. O
REMARKS (i) The property of the sheaf F implies that for any element 1 e

F(X) there exists a unique maximal open subset X C U/ C X such that / comes
from F(U).
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(if) The assumption of Lemma1.2.1 for an étale abelian sheaf F on X isequiva
lent to the property that, for any étale morphism Y — X and any element f € F(Y),
the intersection Supp( ) N Y isdensein the support Supp( /) of f. For the sheaves
we are going to consider even the smaller intersection Supp( /) N Yp is dense in
Supp(.f).

Let K beafiltered k-algebra X, i.e., acommutative k-algebrawith unity provided
with an increasing sequence of k-vector subspaces K° ¢ K ¢ K2 C --- such that
K'-K/ c K"/ and K = [J;2, K'. Given a strictly k-analytic space X, we set
O%" = Ox®; K'. Notice that, if the number of connected components of X is
finite, then OX/(X) = O(X) ®; K'. The sheaf OF = Ox ®; K isan example of a
filtered O x-algebra which is defined as a sheaf of O y-algebras.A provided with an
increasing sequence of O y-modules A° c A c A2 C --- suchthat A'- A/ c A/
and A = limA’. If X isreduced, weset Cy" = cx @ K’ and C§ = cx @ K.

The sheaf of % /-analytic functions M5 isthe sheaf F associated to F = 0%
(which evidently satisfies the assumption of Lemma 1.2.1). The inductive limit
Nk = Iim‘ﬁﬁ”' is a sheaf of filtered O x-algebras. Notice that for every function

f e NE(X) there exists a unique maximal open subset Xy C U C X, caled the
analyticity set of £, such that ' comes from OX (/). Furthermore, assume we
are given a non-Archimedean field &/, a strictly 4’-analytic space X', a filtered
k'-algebra K’, a morphism of analytic spaces X’ — X, and a homomorphism of
filtered algebras K — K’ over an isometric embedding of fields k£ — £'. If the
analyticity set of afunction f € 9% (X) contains the image of Xy in X, then there
isawell-defined function ¢* ( /) € X (X'). For example, if k' C k2, then theimage
of X, iscontained in X and the latter property istrue for al local sections of 9% .

If X isreduced, elements of 9%/ (X) can beinterpreted asthe maps 1 that take a
point x € X4 to an element f(x) € H(x) ®; K' and such that every point from Xg
admits an open neighborhood X’ C X and an analytic function g € 0%/ (X") with
f(x) =g(x) fordl x € Xy. Inparticular, if K =k, ‘th( is the sheaf ny introduced
in the introduction.

More generally, the sheaf of 1% -differential ¢-form Q?Jt’“ v4=0, isthe sheaf

F associated to F = Q% ®; K’ (which also satisfies the assumption of Lemma
12.1). Wedso set @f =1imQf ., .If Xislocaly embeddable in a smooth

o gnK.iy
space, the sheaf Q1 is locally free over Oy and, therefore, there is a canonical
isomorphism of filtered O y-modules MY ® o, Q% = QL
Assume now that X is reduced, and that ¢(X) contai ns a finite extension &’ of
k. Let X’ be the same X considered as a strictly 4’-analytic space, and let K’ be
thefiltered k’-algebra K ® k. Then the sheaf (O%)’ on X’ that correspondsto O§
coincides with OX. It follows that (MX) = NK and (cX) =X .

Dx MOD LESAND Dy MOD LES

Till the end of this section, the field & is assumed to be of characteristic zero.
Let X beasmooth k-analytic space. A D xy-module on X isan étale O y-module F
provided with an integrable connection V : F — F ®p, Q. For such a
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D x-module F, the subsheaves of horizontal sections FV = Ker(V) and of closed
one-forms (F ®o, QL)% = Ker(F @0, QL e F ®0, Q%) are étde sheaves of
modules over cy. If F = Oy, theformer is ¢y and the latter is denoted by Q}C'.

A D x-algebra isan étale commutative O y-algebra. A whichisaso aD y-module
whose connection V satisfies the Leibniz rule V(f-g) = fV(g) +gV(f). If in
addition A is afiltered O y-algebra such that all A" are D y-submodules of A, then
A is said to be afiltered D y-algebra. For example, the sheaves of naive analytic
functions ‘n)’?”' provided with the canonical differential are D y-modules, and ‘ﬂf( is
afiltered D y-algebra. Given anon-Archimedean field £/, asmooth £’-analytic space
X" and amorphism ¢ : X’ — X over an isometric embedding of fields k — k’, we
denote by ¢*(F) the D y-module ¢ ~1(F) ® ,-10,) O.x', Where ¢ ~1(F) denotesthe
pullback of F as a sheaf of abelian groups.

LEMMA Let F be a D y-module, and assume that the sheaf 7" possesses the
following property: for any étale morphism Y — X, the support Supp( /) of any
nonzero element 7 e FV(Y) is not contained in a nowhere dense Zariski closed
subset of Y. Then

(i) for any étale morphism Y — X with connected Y and the property that
the Oy-module Q3 is free over a nonempty Zariski open subset of Y, the
canonical map FV(Y) ®¢yy) O(Y) — F(Y) is injective;

(ii) the canonical morphism of D y-modules F¥ ®¢, Ox — F is injective.

Noticethat the assumption on Q3 in (i) isalways satisfied if Y admitsa at quasi-
finite morphism ([Ber2, §3.2]) to the analytification of a smooth scheme over k.

Proof. The statement (ii) trivially follows from (i). To verify (i), we may assume
that X is connected and the O y-module Q7 is free over a nonempty Zariski open
subset of X, and it suffices to show that if 71,..., 7, are elements of FV(X)
linearly independent over ¢(X) and g1, ..., g, are elements of O(X) with f1g; +
-+ fug, =0, then gy = ... = g, = 0. Assume that g, # 0. By Lemma 1.1.1
and the property on FV, we may replace X by the Zariski open subset of X over
which g, is invertible and the O y-module Q}\, is free. We may therefore assume
that g, = 1 and, in particular, this immediately implies the statement for n = 1.
Assume that » > 2 and the statement istrue for n — 1. We have Y/~ f; ® dg; = 0.
Letwy, ..., w, € QLX) beabasisof Q1 over Oy, and letdg; = >y hijo; with

hij € O(X). It followsthat, for every 1 < j < m, one has Z;’;llfihij =0, and the
induction hypothesisimpliesthat #;; = Ofor al i, j. Wegetdg; =0, i.e., g € ¢(X)
for al 1 <i <n, and the elements 11, ..., f, are linearly dependent over c(X),
which contradicts the assumption. O

It is well known that any coherent O y-module which admits a connection is
locally free over Oy (see [Bor, Ch. Ill]) and, in particular, an O x-coherent
Dx-module F is always a locally free O x-module and the canonical morphism
of Dy-modules F¥ ®¢, Ox — F isinjective. For example, the structural sheaf Oy
provided with the canonical differential is an O y-coherent D y-module. A finite
direct sum of copies of the Dy-module Oy is caled a trivial Dy-module.
A Dx-module F is said to be unipotent if there is a sequence of D y-submodules
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FO=0cC FlcC..-c F" = F suchthat all of the quotients 7' / 7'~ areisomorphic
to thetrivial D y-module O x. Such a D y-module F is automatically O y-coherent.

The de Rham cohomology groups His (X, F) of a D x-module F are the hyper-
cohomology groups of the complex F ® o, 2°, with respect to the functor of global
sectionson X. If F = Oy, they are called the de Rham cohomology groups of X
and denoted by Hg(X). Notice that since the characteristic of « is zero it does
not matter if we calculate the groups in the étale or the usual topology of X (see
[Ber2, 84.2]). There are two spectral sequences that converge to the de Rham
cohomology groups. The term E4*? in the first one is H?(HY(X, F ®o, Qy)).
It follows that, if F is Ox-coherent and X is a union of an increasing sequence
of affinoid subdomains such that each of them is Weierstrass in the next one, then
HY(X,F®0, Q%) =0foral p>0andg > 1and, therefore, HgR(X, JF) coincide
with the cohomology groups of the complex (F ® o, Q) (X). Theterm E5? inthe
second spectral sequence is H” (X, (F ®o, Q%)% /V(F ®o, Q‘/’Y_l)), and it gives
rise to an exact sequence

0— HY(X, FY) - HR(X, F) - H' X, (F®o, QL)Y/V(F) - H*(X, FY).

Given aD y-submodule F of 9%, we denote by Q"f  theimage of the canonical
injective homomorphism F ®, Q% — Qf’nk - IT G isanother D y-submodule of

MK, we denote by F -G and F + G the O y-submodules of 95 locally generated
by products and sums of local sections of F and G, respectively. They are also
D x-submodules of N5 aswell astheir intersection £ N G.

Assume we are given a non-Archimedean field &', a smooth &’-analytic space
X', afiltered k’-algebra K’, and a morphism of analytic spaces¢ : X’ — X and a
homomorphism of filtered algebras K — K’ over an isometric embedding of fields
k < k'. Assume also we are given D y-submodule F of M5 such that the pullback
¢*(f) iswell defined for all local sections f of F (e.g., this assumption is true if
k' is asubfield of 'k\a). In this case we denote by ¢ (F) the image of the canonical
homomorphism of Dy -modules ¢*(F) — NK, i.e., the Oy -submodule of MK
generated by the local sections ¢*( f), where f isaloca section of F. (We want
to note that even under the assumptionsthat £’ isfiniteover £ and K’ = K ®; k' we
do not know whether the canonical homomorphism ¢* (M%) — 0% isinjective.)

Let X be a rig-smooth k-analytic space. A Dx-module on X is an O(X)-
submodule M ¢ MX(X) such that dM C Q}W(X), where Q4 (X), ¢ > 0, denotes
the image of M ®o(x) 7(X) in quK(X). For example, OX (X) isa Dy-module
and, if X is smooth and Q} is afree O xy-module, then, for every D y-submodule
F of MK, F(X) isa Dy-module. For Dy-modules M and N on X, we denote
by M- N and M + N the O(X)-submodule of 91X (X) generated by products and
sums of elements of M and N, respectively. They are also D y-modules. Given a
morphism of rig-smooth k-analytic spaces ¢ : Y — X and a D y-module M on X,
we denote by ¢ (M) the O(Y)-submodule of MX (Y) generated by the functions
p*(f) for f e M.Itisa Dy-moduleon Y.

An open subset Y of the affine line AL = X x A® over X is said to be discoid
over X if every point y € Y has an open neighborhood in Y of the form U x D,
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where U/ is an open neighborhood of theimage of y in X and D isan opendiscin
Al with center at zero. A morphism ¢ : Y — X issaid to be discoid of dimension 1
if thereis an isomorphism of ¥ with an open subset of A%, which isdiscoid over X.
A morphism ¢ : Y — X is said to be discoid of dimension # if it is a composition
of n discoid morphisms of dimension 1.

PROPOSITION Let ¢ : Y — X be a surjective discoid morphism of rig-smooth
k-analytic spaces. Then for any D y-module M on X the canonical homomorphism
of complexes €2;,(X) — €, (Y) is a homotopy equivalence.

Proof. We may assume that ¥  Al. We say that a sequence {w i} j=0 Of elements
of Q},(X), n >0, is g-bounded if there exist elements { fi}i1<;<» C M and
{wij}1<i<m, j=0 C 2" (X) such that, for any j >0, onehasw; = )"/, fiw;;, and,
for any affinoid domain U C X and any closed disc £ C A! of radius ¢ > 0 with
center at zero for which U x £ C Y and for any 1 <i <m, one has ||w;;||yt/ —
0 as j — oo. Here || ||y is a Banach norm on the finite .4-module of one-
differentials 5234, where U = M(A). ([Berl, Proposition 2.1.5] implies that the
equivalence class of the Banach norm is uniquely defined.)

It follows easily from the definition of ¢ M that each element f € ¢ M (resp.
w e Q) ,(Y) for n > 1) has a unique representation as a sum > 20T/ g (resp.
> o T/n;+3 520 T/€; AdT), wherethe sequences {g;} ;=0 C M (resp. {n} 0 C
Qh,(X) and {£;} 50 C Q’I’W’l(n) are p-bounded. Moreover, such a sum aways
defines an element of ¢ M (resp. Q2 ().

Let / denote the homomorphism from the formulation, and let R denote the
homomorphism of complexes Q('p (¥ — Q;,(X) that takes the above element

fep M(resp.w e Qg (Y) forn > 1) totheelement go € M (resp. no € 2,(X)).

One clearly has Ro I = 1. Let B be the homomorphism Q| (¥) — QZ_A]/-I(Y)’

n > 1, that takes the above element o to the element (—1)" 1 >0 Tf+1j%. (The
&

sequence { “h }j>0 is ¢-bounded, and so the latter sum is an element of Q;’All(Y).)
It is easy to verify that Bod +d o B =1— I o R, and the lemmafollows. O

COROLLARY Any unipotent D p-module on an open polydisc D with center
at zero is trivial.

Proof. Let F be a unipotent Dp-module of rank ». We claim that the following
sequence is exact:
v 1 v 2 v
F(D) — (F®o, 2p)(D) — (F ®0, Qp)(D) —> -+~

and FV (D) is a vector space over k of dimension ». Indeed, if » = 1, the claim
follows from Proposition 1.3.2 and is easily extended by induction for al ». It
follows that FV is afree ¢p-module of rank » and, therefore, there is an isomor-
phism of Dp-modules F¥ ®¢, Op = F. O

In particular, the following sequence is exact (classical Poincaré lemma):

0— k — O(D) -5 Q%(D) -5 Q4(D) -5 -
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LOGA T MS

The first example of a closed one-form which has no primitive in the class of
analytic functions is provided by the one-form dTT on the analytic multiplicative
group G, = A\ {0}. In comparison with the classical situation, the space G, is
simply connected and, in fact, H*(Gp, cg,) = 0. This means that, if an integra-
tion theory we are looking for exists, the one-form # must have a primitive 1
in a bigger class of functions on the whole space G,. Let us normalize it by
the condition f(1) = 0. Furthermore, let m (resp p;) denote the multiplication
morphism (resp. the projection to the i-th coordinate) G, x G, — Gp. One has
m* (40 = pi(45) + p3(4L). Again, if we want the primitive to behave functorially,
it should satisfy the relation m*( f) = pi(f) + p5(f) which in the usual form is
written as f(a-b) = f(a)+ f(b).

A branch of the logarithm (over K) is an 9t%1-analytic function / on G,
such that df = <& and m*(f) = pi(f) + p3(f). It is clear that the restriction
of such a function f to D(1; 1), the open disc with center at one and of radius
one, coincides with the usual logarithm log(7) defined by the convergent power
series — Y70, Y=L Let ustry to understand in simpler termswhat abranch of the
logarithm is.

First of all, such a function f gives rise to a homomorphism of abelian £* —
K whose restriction to the subgroup &* N D(1; 1) coincides with log(7). More
generaly, if &’ is a finite extension of k, the pullback of f to Gy, @k’ defines a
similar homomorphism £"* — K ®, k', and these homomorphismsfor different £”’s
are compatible. Thus, f definesaGal (k?/ k)-equivariant homomorphism of abelian
groups A s : k% — K'®; k* whose restriction to the open unit disc with center at
one coincides with log(7’). A homomorphism A : k% — K ®; k? with the latter
properties will be called a logarithmic character with values in K.

LEMMA (i) The correspondence f '+ A r gives rise to a bijection between the
set of branches of the logarithm over K and the set of logarithmic characters with
valuesin K;

(ii) the analyticity set of any branch of the logarithm £ is the complement of the
set S(Gm) = {p(E(0; r))|r > 0} € G, where p(E(O; r)) is the maximal point of
the closed disc £(0O; r) of radius » with center at zero.

Proof. (i) That the map considered is injective is trivial. Let A : A** — K!®; k?
be a logarithmic character. For a point x € (Gm)o, let D be the open disc of
radius |7 (x)| with center at x, i.e., theopen set {y € Gm||P(y)| < |T(x)|"}, where
P(T) =T"4a;T" Y+ ---+a, is the monic polynomial which generates the
maximal ideal of £[7'] that corresponds to x. Furthermore, let ' be a finite Galois
extension of & such that al points from ¢~%(x) are k’-rational, where ¢ is the
morphism Gp ® 1k’ — Gm. Then ¢~3(D) = [ [, D;, where each D; is of the
form D(b; |T (b)|) for some point b € ¢~1(x). Let f; be the k’-analytic function
A(b) + Iog(%) on D;. The propertiesof A and log(7") imply that f; does not depend
on the choice of the point » € ¢~1(x) N D;. It follows that the analytic function on
¢~ (D) defined by the family { f;}1<i<,, isinvariant under the action of the Galois
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group of £’ over k and, therefore, it is the pullback of some analytic function f;, on
D. It is easy to see that the 91%-1-analytic function on G, defined by the family
{/p}, isabranch of the logarithm and 1 y = A.

(if) By the construction, the complement of the analyticity set of f is contained
in the set S(Gn,). To show that they coincide, it suffices to prove that there is no
connected open subset U/ C G, which is strictly bigger than D(1; 1) and such that
f|u e OU), and to verify the latter we may assume that thefield & is algebraically
closed. Assume such a subset U/ exists. Recall ([Berl, 84]) that the topological
boundary of D(1; 1) in Gy, isthepoint x = p(E(1; 1)) and that the set I/ isarcwise
connected. It followsthat x € /. Let I be aconnected affinoid neighborhood of x in
U.OnehasV = E(L;r)\[ /-, D(a;; r;), wherer >1,0<r; <landay,...,a, €
k* aresuchthat |a; —1| =1and |a; —a;| = 1foral 1 <i, j <n. Weseethat the set
V" contains all but finitely many roots of unity of degree prime to the characteristic
of the residue field £, i.e., the function f has infinitely many zeroson V', which is
impossible. O

Given alogarithmic character A : k** — K ® k2, the corresponding branch of
the logarithm is denoted by Log". Given an embedding of non-Archimedean fields
k — k' such that the subfield of the elements of &’ algebraic over & is dense in
k', the pullback of Log" under the induced morphism G, ® 1k’ — G, is abranch
of the logarithm on G, ® (k' over K’ = K ®; k’. The corresponding logarithmic
character (k'%)* — K'* @ k'*= K'®; k'*isthe unique one that extends A. (Notice
that for any element o € (K'%)* thereexist n > 1 and 8, y € (¥’®)* such that 8 is
agebraicoverk, |y — 1| <lando” = By.)

Let now X be a rig-smooth k-analytic space. An invertible analytic function
f € O(X)* defines a morphism f : X — Gp,, and we denote by Log"( f) the
n&-Lanaytic function f*Log* on X. If f e O(X) issuch that | f(x)—1] <1
for all x € X, then Log" (/) isanalytic (it coincides with log( /) = f*log). Given
f,ge€ O(X)*, onehasLog*(fg) =Log"( f)+Log"(g). Onealso hasdLog"( f) =
de. In particular, for every n > 0 the O(X)-submodule of 91X (X), generated by
elements of theformaLog*(f1)- ... -Log"(f;)) withO<i <n,a € K", and f; €
O(X)*, isa Dy-module. It will be denoted by L*"(X). The Dx-module L*(X) =
Uh—o L (X) is afiltered O(X)-algebra If X is smooth, the O x-submodule of
‘Jt?” associated to the presheaf U +— L*"(U) is a D y-submodule denoted by
L%". One dso has a Dy-submodule £} = limL%" of Mk which is a filtered

O x-subalgebra.

LEMMA Let X be a connected open subset of Gy, which contains a nonempty
open annulus with center at zero, and let f be a function from L*(X) of the form
' o fiLogh(T)" with f; € OK(X). If f}u = 0 for a nonempty open subset i/ C X,
then f; =0forall0<i <n.

Proof. Let{e,}, beabasisof thek-vector space K, and set f; =}, fi .e,. Notice
that the latter representation is unique and that we have to show that f; , = O for all
i and w. If n =0, the required fact follows from the uniqueness property of analytic
functions on the affine line. Assume » > 1 and that the fact is true for » — 1, and
let / be the number of n’swith f, , # 0. The fact is evidently trueif / = 0, and so
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assumethat / > 1 and that it istruefor / — 1, and let v be such that f, , # 0. If £,
isnot aconstant, we replace X by the open subset where it does not vanish and then
replace 1 by f/f,.,, and so we may assumethat f, , isanonzero constant. Notice
that X isstill connected and contains a nonempty open annulus with center at zero.
Consider the derivative

= 1 |
f=2 (fé,uLOQA(T)" +2 (f/,ﬂ + %fm,u) Log"(T)" ) ey
I i=0

Theinduction hypothesisimpliesthat f,_; ,+ % f,.» = 0, whichisimpossible since
fu.v 1S @nonzero constant and X contains a nonempty open annulus with center
at zero. 0

EXAMPLES (i) Let £ be a non-Archimedean field over Q, such that the
residue field % is agebraic over , and the group |£*|/|Q7] is torsion. Then a
logarithmic character A : (k%)* — K'®; k2 is uniquely determined by its value
at p which belongsto K* and, therefore, in this case, it will be identified with that
element of K. Let koy denote the ring of polynomials k[Log(p)] (in the variable
Log(p)). Itis afiltered k-algebrain which k{og is the subspace of polynomials of
degree at most i. We write 9%y, 9Ny, Ci, and Cy instead of MyL’, s chios’
and Cl)‘;"g, respectively, and denote by L og the corresponding 91 y-analytic function.
Notice that the 91X -analytic function Log" is the image of Log under the homo-
morphism of the sheaves Mg, — mgm which corresponds to the homomorphism
of filtered k-algebras k og — K that takes Log(p) to A. The main example of a
field with the above property considered in this book is a closed subfield of C,,
the completion of an algebraic closure Q » 0f Q,. (Recal that, by the Ax-Sen-Tate
theorem (see [Ax]), every closed subfield k& of C, coincides with the closure of
kNQ , InC,.) Furthermore, if k£ possesses the above property and X isak-anaytic
space, then the field H (x) of every point x € X possesses the same property.

(i) Let k£ be the field of Laurent power series C((7)). Each element of £* has a
unique representation in the form a7"g witha e C*, n € and |g—1| <1 (i.e,
g=1+>7,4;T"). It follows easily that any logarithmic character 1 : (k%)* —
K'®; k2 is uniquely determined by the element A(7) and the induced homo-
morphism C* — K*. A natural class of the latter consists of homomorphisms of
theforma +— log|a|, where log is a branch of the real logarithm.

REMARK If an object depends on the algebra K, we indicate K in its nota-
tion (e.g., CX, M%). If it also depends on alogarithmic character A (or an element
L e K'asinExample 1.4.3(i)), we only indicate A, having in mind the algebra K
it is related to (e.g., £, £3"). If, in Example 1.4.3(i), K = k_og With K’ = ki og
and A = Log(p), we omit the reference to K and X in the notation. In principle,
such a system of notation is ambiguous, but since we use A only as a variable
and do not use its place for a concrete value which is an integer, notation like £%
should be understood as the first member of the filtration on £ x (for K = ki og and
A = Log(p)) and not as the whole OX -algebra associated to A = 1.
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LOGA T M CPONCA LEMMA

Let X beak-analytic space. Anopensubset Y C X x G, issaid to be annular over
X if it has connected fibers over X and every point y € Y has an open neighborhood
inY of theform U/ x B, where U/ is an open neighborhood of the image of y in X
and B isan open annulusin Gy, with center at zero. A morphismg : ¥ — Xissad
to be annular of dimension one if there is an isomorphism of ¥ with an open subset
of X x Gy, which is annular over X. A morphism ¢ : ¥ — X is said to be semi-
annular of dimension (m, n) if itisacomposition (in any order) of m annular and n
discoid morphisms of dimension one. If n» = 0, it is called annular of dimension .
If X = M(k), the k-analytic space Y itself is said to be semi-annular, annular, or
discoid. If Y isof dimension (m, n), then every point of it hasan open neighborhood
isomorphic to adirect product of an open poly-annulus of dimension m and an open
disc of dimension n.

In this subsection we consider the following situation. Let ¢ : ¥ — X be a
semi-annular morphism between rig-smooth k-analytic spaces, and assume we are
given an increasing sequence of Dy-modules P ¢ Pt c P2 c --- c MK (X) with
L*(X)c P'and P'-L*/(X) C P/ forali, j>0.Weset M" =) " ¢ (P)-
L*"=1(Y). Our purpose is to relate the complexes Q27, (X) and Q;,.(Y). For this
we denote by 7, and Ip the canonical morphisms of complexes 2, (Y) —
Qa(Y) and Q5 (X) — Q3,1 (X), respectively, and by J, the canonical
morphism 7, (X) — @3, (Y). We have a commutative diagram of morphisms
of complexes

Iy,

Qi (Y) Qi (Y)
T Tt
Lo (1) 5 Qpa(X)
PROPOSITION Assume that ¢ is surjective. Then there is a compatible system

of morphisms R, : 23, (Y) — Q. (X) such that the composition R, o J, is identical
on %, (X) and the morphisms 7+ and J,,1 0 Ip» o R, are homotopy equivalent.

Proof. It suffices to consider the cases when Y is adiscoid subset of X x Al or an
annular subset of Y x Gp,. In thefirst case, every invertible analytic function on Y
isof theform f.gwith f € O(X)* and g € O(Y)* such that |g(y) — 1| < 1 for al
ye Y. Thisimpliesthat L*(Y) =¢ (L*'(X)) and M’ = ¢ (P'), and the required
fact follows from Proposition 1.3.2 (with R constructed in its proof). Thus, assume
Y isan annular subset of X x Gp,.

We say that a sequence {®;} o< ;< Of elements of Q%,(X) is -bounded if
there exist elements { fi}1<i<m C P" and {w;;}1<i<m,—o0o<j<0o C 27(X) such that,
for any —oo < j < oo, onehas w; = > "I, fiw;;, and, for any affinoid domain
U c X and any closed annulus 4 C Gy, with center at zero whose radii are both
¢t > 0and for which U x 4 C Y, one has ||w;;||yt/ — 0as j — Foo, where || ||y
is as in the proof of Proposition 1.3.2. Notice that every analytic function on Y
has a unique representation in the form 3°%2 T/ f;, where {fj} oo j<c iS @
@-bounded sequence of elementsof O(.X). Notice also that every invertible analytic
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functiononY isof theform 7' fgwithm € , f € O(X)*,and g€ O(Y)* suchthat
lg(»)—1| < 1foral y e Y.lItfollowsthat every element /' € M" (resp.w € Q4. (Y)
for ¢ > 1) can be uniquely represented asasum >/ o> > T/Log"(T)' g,

Jj=—00
(resp. Y1 o X% T7Log (T i + Y1 o 30 oo T/LOGH(T) &1 AdT), where
for each 0 < i < n the sequences {gj;} —oo<j<oo C P (resp. {Mij}—co<j<co C
Q% (X) and (&} —oo< j<o0 € 2%, (X)) are p-bounded.

Let R, be the morphism ;. (Y) — Q7%.(X) that takes an element /' € M"
(resp. w € Q1 ,(Y) for ¢ > 1), represented in the above form, to go € P (resp.
noo € Q%.,(X)). Furthermore, let Z: be the subcomplex of €2,.(Y) such that Z,?
(resp. Z for ¢ > 1) consists of the sums Y7 Log"(T)'g; with g; € P"~" (resp.

Y oLog (1) ni+ Y1_gLogh(T) & A 4L with y; € %, (X) and & € Q1,7 (X).
U

LEMMA The canonical morphism Z; — €, (Y) is a homotopy equivalence.

Proof. Let N denote the morphism considered, and let Res denote the morphism
in the opposite direction that takes an element ' € M" (resp. Q¢ ., (Y) for ¢ > 1),
represented in the above form, to 37 Log"(T) g0 (resp. Yr_oLog*(T) nio +
> oLogh(T)& —1 A "TT). One evidently has Reso N = 1. To prove the lemma,
we have to construct a k-linear map C : Q). (Y) — ), (Y) of degree —1 with
Cod+doC=1—NoRes

First of al, for integersi > 0 and ; # —1 we introduce a polynomial in one
variable

1, i g G-, ;!

D= ra G G Y G
Onehas ;] ;+(j+Dh; ;= T' and, therefore, T/**h; ;(Log"(T)) isaprimitive of
T/Log™(T)". If i > 1, oneaso has (j +1)h; ; +ih;—1; = T'. We now define, for
an element w € Q4,,(Y), ¢ > 1, represented in the above form, the element C(w)
asfollows

Clw)= (DY 3" T/ ;(Logh(T))&;
i=0 j=—00
g
It is easy to check that the sum on the right-hand side is a well defined element of
Q4 1(¥),andthat Cod +doC =1— NoRes. O

Consider now the diagram of morphisms of complexes

. I”W" .
Zn Zn+l
LR, T
I n .
Q.Pn (X) i QPnJrl (X)

where 7},, denotes the canonical morphism Z, — Z,.1, R, denotes the restric-
tion of R, to Z;, and J, denotes the canonical morphism Q,,(X) — Z;. The
proposition follows from the following lemma.
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LEMMA The morphisms 7}, and J;  ; o Ip» o R, are homotopy equivalent.

Proof. To prove thelemma, we have to construct ak-linear map C : 2, — 2, , of
degree —1 with COd-I-dOC =1 — J’+1olp,1 oR,. Ifw= Z?:OLog)‘(T)im 4
> oLogh(T)'g AL € 2, q > 1, wedefine

C@) = (1L Logh (Ty+1 1

(@) = (-1) ; g'(1) =
Therequired equality is easily verified. O
COROLLARY Let X be a semi-annular k-analytic space. Then the morphism

of complexes 2, , (X) — ;... (X) is homotopy equivalent to zero and, in partic-
ular, there is an exact sequence

0—K—I'X-5ahmn-5Halmn-5.... 0

The following consequences of Proposition 1.5.1 are formulated in the form
convenient for applicationsin 83 and 87, respectively.

Let X be a semi-annular k-analytic space. Given a subgroup G C O(X)* with
O(X)* = G-k* and Log* () € k* for al @ € G Nk*, let L}(X) denote the filtered
O x-subalgebraof L*(X) generated over O(X) by thelogarithms of functionsfrom
G. Onecan easily seethat L§(X) isafiltered D x-algebra, and the canonical homo-
morphism of filtered D y- aIgebrasL (X) ®r K — L*(X) isanisomorphism.

COROLLARY In the above situation, the morphism of complexes ©2° L (X)) —

20 (X) is homotopy equivalent to zero and, in particular, there is ‘an exact
seqlience

0— k— LH(X) -5 QL (0 -5 92,0 -5 - 0

Let X be a smooth k-analytic space whose sheaf of one-differentials Q7 is free
over O, and assume we are given an increasing sequence of D X—subm_odulasS0 C
Stc...c & c Nk with the properties that £’ ¢ 8’ and S'-L£y/ c S/ for
dl0<i<nand0<j<n—i. Notice that the assumption on Q% guarantees
that S?(X) are Dy-modules. Furthermore, let ¢ : Y — X be a surjective semi-
annular morphism. Consider the Dy-modules M =Y"" ¢ (S'(X))-L*"~'(Y) and
N =" ¢ (S(X)-L"H7(Y).

COROLLARY There is a morphism of complexes R : ;,(Y) — Q. (X)
whose composition with the canonical morphism Q, (X) — Q;,(Y) is identical
on R, (X) and such that the morphisms 7 and J o R from the following diagram
are homotopy equivalent:

Q,(Y) — Q)
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Proof. It is enough to apply Proposition 1.5.1 to the increasing sequence of D x-
modules P°=8%(X) C---C P"=8"(X)C P"*t C---,where P' =" _(S/(X)-
L*=J(X) fori > n, and to notice that M" = M and M"+1 = N. O

O M LATONO T EMAN ES LTS

THEOREM Given a closed subfield £ C C,, a filtered k-algebra K, and an
element 1 € K1, there is a unique way to provide every smooth k-analytic space X
with a filtered D y-subalgebra S% C MK so that the following are true:

@ Sy°=0%"
i d i

(© Ker(l,, (= 0%, ) cdSy™;

(d) S}l“ is generated by the local sections f for which d f is a local section of
Qi x

() Log"(T) € $*'(Gm);

(f) for any a morphism of smooth k-analytic spaces ¢ : X’ — X, one has
¢ (SyhH Sy

In the following theorem £ is a closed subfield of C,, K is afiltered k-algebra,
) isan element of K1, and X is asmooth k-analytic space.

THEOREM (i) If X is connected, then for any nonempty open subset &/ C X
the canonical map S*(X) — S*@) : [+ f],, is injective;

(i1) if ¢(X) contains a finite extension £” of £ and X" is X considered as a strictly
k’-analytic space, then (S%)’ = S%,, where 1" is the element A ® 1 of K’ = K ® k';

(iii) given a closed subfield £” of C,, a smooth £’-analytic space X, a morphism
¢ : X’ — X over an isometric embedding k£ — k’, a filtered £’-algebra K’, and a
homomorphism of filtered algebras K — K’ over the embedding £ <— £’ that takes
Atoanelement ' € K'*, one has ¢ (S}') c 84"

(iv) in the situation of (iii), if &’ = k and X’ = X, then S}, ®x K’ > Sﬁ(';

(v) in the situation of (iii), if K’ = K @, k" and ' = 2 ® 1, then ¢*(Sy") >
¢ (S%") and, if in addition X' = X & k', then ¢ (Sy') > 8%/

(vi) for any geometric point X of X, the stalk Sy’ (resp. Sk;) is a free
Ox x-module (resp. OF ;-module).

Theorems 1.6.1 and 1.6.2(i)—(iii) will be proved in §7. In 88, we shall prove the
statements (iv)—(vi) and establish more properties of the sheaves S

REMARKS (i) Property (iv) of Theorem 1.6.2 impliesthat thereis an isomor-
phism of filtered D x-algebras Sy ®y,,, K = S% with respect to the homomorphism
kLog — K that takes Log(p) to A. In §8.3, we shall construct, for every geometric
point X over a point x € X, a Gy/,-invariant filtered D-subalgebra £} C S«
which depends functorially on (k, X, X, K, ) and such that each £} is a free
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O x.x-module of at most countable rank, the homomorphism k o — K : Log(p) —
A givesriseto anisomorphism Exx = £ ¢, and, if fi,..., f; areelementsof O%
for which | /1(x)|, ..., | f;(x)| form abasis of the Q-vector space /| H (x)*|//1k*],
then there is an isomorphism of filtered D-algebras £} ([T1. ..., ;1@ K = Sy ¢
T; — Log"(fi).

(i) The formulation of the main result makes sense for an arbitrary non-
Archimedean field k£ of characteristic zero if A is considered as a logarithmic
character with values in K. We believe it is true at least for the field C((T"))
provided with alogarithmic character asin Example 1.4.3(ii).






Chapter Two

Ftale Neighborhoods of a Point in a Smooth
Analytic Space

In this section we describe a fundamental system of étale neighborhoods of a point
x in a smooth k-analytic space X. If s(x) = dim(X), we use a result of J. de Jong
[deJ3] to show that there is a morphism ¢ : X, — X from the generic fiber of a
so-called proper marked formal scheme X over the ring of integers £’° of a finite
extension &’ of k such that ¢ is étale in an open neighborhood of the generic point
of X which is a unique preimage of x in X,. (This morphism ¢ is in fact étale
everywhere if dim(X) = 1.) In 82.2, we recall a result from [Ber2] on the local
structure of smooth analytic curves, and we apply it in §82.3 to the case s(x) <
dim(X). Namely, shrinking X one can find a morphism ¢ : X — Y to a smooth
k-analytic space Y of dimension dim(X) — 1 such that s(y) = s(x) for y = ¢(x)
and, if z(y) = t(x) (resp. 1(y) < t(x)), there are an étale neighborhood Y’ — Y
of y and an open neighborhood X’ of a preimage of x in X xy Y’ such that X’
is isomorphic to a direct product of Y’ and an open disc (resp. an open annulus).
(Such an X is called a Y-split étale neighborhood of x over the étale morphism
Y — Y.) In 82.4, we introduce so-called smooth basic curves and show that they
are precisely the generic fibers of proper marked formal schemes of dimension one.
We also introduce affinoid basic curves and establish a property of morphisms from
them to the generic fibers of formal schemes.

2.1 ETALE NEIGHBORHOODS OF A POINT WITH s(x) = (X)

Recall that for any formal scheme X locally finitely presented over £° one can
define areduction map r : X, — X, such that the preimage of aclosed (resp. open)
subset of X, isopen (resp. closed) in X, (see [Ber3, §3]). If X ispluri-nodal over k°
(in the sense of [Ber7, 81]) then, by [Ber7, Corollary 1.7], the generic point of an
irreducible component ) of X has a unique preimage x in X,, and 7-/[(}/) =kQ).
In particular, one has s(x) = dim, (X,)) and ¢ (x) = 0. The point x will be called the
generic point of ) in X,. Notice that such a point cannot lie in a nowhere dense
Zariski closed subset of X,,. Examples of pluri-nodal formal schemes are nondegen-
erate strictly poly-stable formal schemes, which were introduced in [Ber9, 84] and
whose definition will be recalled in 83. An example of the latter isany base change
of astrictly semi-stable formal scheme, i.e., X ® kgk®, where kg is aclosed subfield
of £ onwhich the valuation isdiscrete and X isastrictly semi-stable formal scheme
over k3. (An example of astrictly semi-stable formal scheme over kg isthe formal
completion X of astrictly semi-stable scheme X’ over kg aong its closed fiber A;.)
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Let ko be anon-Archimedean field with a nontrivial discrete valuation, and let &
be an extension of ko which is a closed subfield of the completion 758 of an alge-
braic closure k§ of ko. A ko-special formal scheme over £° is a formal scheme X
isomorphicto X’ @kéok", where & isasubfield of « finite over ko and X’ isaspecial
formal scheme over k;° in the sense of [Ber5] (recall that special formal schemes
were introduced in [Ber5] only over fields with discrete valuation). Such a formal
scheme X has aclosed fiber X, which isascheme of locally finite type over k, and
ageneric fiber 3617 whichisastrictly k-analytic space, and there is areduction map
7w : %, — ¥,. Of course, one has X, = X/ ®?67; and X, = X, ® . k.

A ko-special formal scheme X over £° is said to be marked if it isisomorphic to
aformal scheme of the form :Y\'/y/ ® k,ok°, where kj is a subfield of £ finite over
ko, X’ is a nondegenerate strictly poly-stable separated scheme of finite type over
ky°, V' is an irreducible component of the closed fiber &7 such that the scheme
y=Yy 7 k is also irreducible, and X7 /y isthe formal completion of A" aong
Y'. The closed fiber X, of such X coincides with ) and the generic fiber X, is
adtrictly analytic subdomain of the analytification X" of the generic fiber X, of
the nondegenerate strictly poly-stable scheme X = X’ ®y,- k° over k°. The generic
point of ) in X, will be called the generic point of X and denoted by o = oy..
If in addition the scheme ) is proper, we say that X is proper marked. If X is
proper marked, its generic fiber X, is an open subset of X" and, therefore, it is
a connected smooth k-analytic space. Recall also that if X' is proper over k° then
i’,l = X" We say that a ko-special formal scheme X over k° is strongly marked if
the above scheme X" is a strictly semi-stable projective over k;. Of course, in this
case X is proper marked.

If the field &, and the schemes X" and )’ are not important in our consideration
of a marked formal scheme X as above, we say, by abuse of language, that X is
the formal completion Xy, of the scheme X’ along the irreducible component ).
(Recall again that the object 2?/3; was defined in [Ber5] only in the case when the
valuation on k is discrete.)

Let X be a smooth k-analytic space, and x a point of X with s(x) = dim(X).
A marked (resp. strongly marked) neighborhood of x is a morphism of strictly
k-analytic spaces ¢ : X, — X which is étale outside Z*"N X, and such that
@(ox) = x, where X is a proper marked (resp. strongly marked) formal scheme
over k'°, k' is afinite extension of &, and Z is a nowhere dense Zariski closed
subset of &, (from the above definition). If dim(X) = 1, we requirein addition that
the morphism is étale everywhere, i.e., one can take Z = ¢. Furthermore, given two
marked neighborhoods ¢’ : X — X and ¢” : X, — X of the point x with X’ = 2?/’3,,
and X" = f\f\/”y and the corresponding fields £’ and k", we say that the latter refines

the former, if there is a morphism of formal schemes X” — X’ over an embedding
of fields k' — k” which takes the generic point of X” to that of X’ and is étale
outside Z2*"N X7, where Z is anowhere dense Zariski closed subset of .

PROPOSITION Assume that the characteristic of kg is zero, and let X be
a smooth k-analytic space. Then

(i) every point x € X with s(x) = dim(X) admits a strongly marked neighbor-
hood;
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(if) given two marked neighborhoods of the point x, there exists a third one
which is strongly marked and refines both of them.

LEMMA Let & be a non-Archimedean field of characteristic zero with a non-
trivial discrete valuation, X a smooth k-analytic space, and x a point of X with
s(x) = dim(X). Given a morphism of strictly k-analytic spaces X — 2),, where )
is a special formal scheme over k°, there exist a finite extension &’ of &, a strictly
semi-stable projective scheme X over k’°, a geometrically irreducible component
Y of X;, a morphism of strictly k-analytic spaces ¢ : X, — X, with X = Xy, and
a morphism of formal schemes X — 9) such that the following are true:

(i) the following diagram is commutative

X, - X

N
D,

(ii) ¢ is étale outside Z*'N X, where Z is a Zariski closed proper subset of
X,, and, if dim(X) = 1, ¢ is étale everywhere;

(i) p(oyx) =x.

Proof. Step 1. First of all, we may assume that X is an open subset in X", where
X = Spec(B) is a smooth irreducible affine scheme over k. Since s(x) =n =
dim(X), theimage of x in X is the generic point of X. Furthermore, we may
assume that there are elements f1,..., f, € B with | f;(x)| = 1 such that their
imagesin ﬁfx/) are algebraically independent over %. This meansthat, if f denotes
the morphism from X to the n-dimensional affine space defined by f1,..., f,,
then the image of the point x under the morphism & : X — A” is the maxi-
mal point of the closed unit polydisc £ with center at zero. Let f,.1,..., fn b€
elements of B such that | f;(x)| < 1, the elements 11, ..., f,, generate B over k,
and the strictly affinoid domain Z = {z € Xa”||ﬁ(z)| <1,1<i<m}iscontained
in X. Since f®(x) isthe maximal point of E, it follows that the image of x under
the reduction map = : Z —>~7 is the generic point of an irreducible component
of Z. (If Z=M(A), then Z = Spec(A), where A = A°/A°°.) Furthermore, we
can find numbers a; € 4/]k*] bigger than one such that the strictly affinoid domain
W ={zeX?||fi(z)] <a;,1<i <m}isalso contained in X. Notice that I is
aneighborhood of the point x.

Step 2. Let o denote the induced morphism of strictly k-analytic spaces W —
9),- Since the space ), is Hausdorff (see [Ber5, §1]), one has (W) C U._,);,
where2)" are open affine subschemes of %), and the intersection of o (/) with each
2); is compact. It follows that there is a strictly affinoid subdomain Y; C mj? that
contains o (W) N9, and, therefore, W; = a~1(Y;) = «~1(¥;) isastrictly affinoid
subdomain of . Onehas W = J!_, W;.

Step 3. By [Ber7, Lemma 9.4], there are an open embedding of X" in ),, where
Y is an integral scheme proper and at over k°, open subschemes Z c W C ),
and aclosed subscheme V' C ), which isaunion of irreducible components of ),
suchthat Z = 7=%(2), W =x~ (W), and 7w (x) € V € W. Making afinite number
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of additional blow-ups asin the proof of [Ber7, Lemma 9.4], we may also assume
that there are open subschemes W, ¢ W with W, = x=2(W;) and W = [ J]_; Wi.
Step 4. By a result of de Jong's [deJ3, Theorem 6.5] (resp. the semi-stable
reduction theorem for curves if dim(X) = 1), there are a finite extension &’ of %,
a projective strictly semi-stable scheme )" over £’°, and a proper, dominant, and
genericaly finite morphism ¢ : )" — Y (resp. with the property Y, — Y, ®; k).
Since k is of characteristic zero, the morphism ¢ is étale outside a closed proper
subset of ), (resp. étale everywhere). If necessary, we may replace thefield " by a
finite unramifield extension and assume that all of the irreducible components of )V,
are geometrically irreducible. Let x” be a point from the preimage of x in Y. We
claim that (x’) is the generic point of an irreducible component P of .. Indeed,
let 3 = Spf(C) be an open affine subscheme of )7’ with 7 (x") € 3, C ¢ X(2).
By [Ber7, Proposition 1.4], one has C = C°, where C = C ®- k. It follows that
the morphism of strictly k-affinoid spaces 3, — Z gives rise to a morphism of
schemes of dimension 3, = 3, — 7. Since 7 (x) is the generic point of an irre-
ducible component of Z, the claim follows. Notice that P e I(V) C ot W).
Step 5. It remainsto show that there isawell-defined morphism of special formal
schemes 37;7) — ) compatible with the canonical morphism between their generic

fibers. For thisit sufficesto show that there is awell-defined morphism 37;W, -2

with the same property, where W’ = ¢ 1 (W), or, equivalently, that thereisasystem
of compatible morphisms y}W{ — ' LetY’ = Spf(4), and let T = Spf(B) bean
open affine subscheme of ji\;w_,. The generic fiber ¥, isthe strictly k-affinoid space
M(B), where B = B Q- k'. The canonical morphism of strictly k-analytic spaces
T, = &U’n Is induced by a homomorphism 4 — B. The image of A4 is contained
in B° and, again by [Ber7, Proposition 1.4], one has B = 13°. The homomor-
phisms 4 — B constructed in this way give rise to the required morphism of
formal schemes ?}W’, — 9. O

LEMMA Let ko C k C k& be non-Archimedean fields, and assume that, if & is
not finite over ko, & is perfect. Then

(i) given a ko-analytic space X, any étale morphism ¢ : ¥ — X ®,k is, locally on
Y, abase change of an étale morphism ¥/ — X ® kokq for some finite extension
kg of ko in k;

(i) given a ko-affinoid (resp. strictly kp-affinoid) space X, any rational affinoid
(resp. strictly affinoid) subdomain of X® k is a base change of a rational
affinoid (resp. strictly affinoid) subdomain of X ® 4,k for some finite extension
k6 of ko in k.

Proof. (i) Let y beapointof Y, let x itsimagein X ® ;,k, and, for afinite extension
kg of ko in k, let x;; be theimage of x in X® kg Since k is perfect, the Ax-Sen-
Tate theorem ([AX]) impliesthat the subfield £ N 4§ isdensein k. It follows that the
subfield |, H(xx,) isdensein H(x) and, therefore, one can find such k; that the
finite separa:ble extension H(y)/H (x) isinduced by afinite separable extension of
H(xx,) of the same degree. The required fact now follows from [Ber2, Proposition
34.1].



FTALE NEIGHBORHOODS OF A POINT IN A SMOOTH ANALYTIC SPACE 27

(i) Let X = M(A), and let Y be arationa affinoid subdomain of X@kok =
M(A® k). By the definition, ¥ = {x X®kok||f(x)| < a;lg(x)| foral 1 <
i <n}, where fi,..., f,, g are elements of A®,k without common zeroes on
X® .k, and ay, ..., a, are positive numbers. (If X and ¥ are strictly affinoid, one
may assumethat a; = 1 foral 1 <i <n.) It followsthat the element g isinvertible
on Y and, therefore, |g(x)| > b for al x e Y and some b € |kj|. Thus, if Z isthe
Laurent subdomain of X ® ;,k defined by thelnequallty |g(x)| > b, Y isthe Weier-
strass subdomain in Z defined by thelnequalltles|—(x)| <a;,1<i<n.Sincethe
subfield £ N k§ is dense in k, the subalgebra Uy, A®kok’ isdensein A®kok and,
therefore, there are a finite extension &, of ko in k and an element g’ € A® 1.k}
with ||g’ g|| < b. 1tfollowsthat Z = Z’®k k, where Z’ isthe Laurent subdomain
of X ® 4, k; defined by the inequality |g'(x)| > b. Replacing ko by kj, be Z',and
f: by £, we may assume that Y is the Weierstrass subdomain of X ® ok defined
by the inequalities | f;(x)| < a;, 1 <i < n. For the same reason, there is a finite
extension kg, of ko in k and elements f; € A®k0k6 with || f/ — fil| < a;. It follows
that Y = Y' &k, where Y’ is the Weierstrass subdomain of X & x,k; defined by
the inequalities | f/(x)| <a;, 1 <i <n. O

Proof of Proposition . . . (i) Shrinking X, we may assume that there is an étale
morphism from X to the affine space A} over k. Since A} = Al ® 1.k, Lemma
2.1.3(i) implies that we can shrink X and find a finite extension k; of ko in & such
that X = X' ® x,k for some smooth kj-analytic space X'. By Lemma 2.1.2 applied
tothe point x’, theimage of x in X’, and themorphism X" — 9), with ) = Spf(ky),
we can find afinite extension kg of k; in k§, astrictly semi-stable projective scheme
X over kj°, a geometrlcally irreducible component Y of X;, and a morphism of
strictly k-analytic spaces ¢’ : 36 — X with X' = X/y étale outside Z2"N 3€ and
such that ¢’ (o) = x'. Let k&’ be the composite of k£ and &j in ka andg: X, - X
the induced morphism with X = X' ® y-k’°. Since Y is geometrically irreducibl e
the closed fiber X; isirreducible and, therefore, ¢ (ox) = x, i.e., the morphism ¢
possesses the required properties.

(i) Increasing the field £, we may assume that we are given two marked neigh-
borhoods ¢ : X] — X and ¢” : X] — X of the point x with X" and X" proper
marked over k°. By Lemma 2.1.3, we can increase the field 4o and find an open
neighborhood of the point x in X of the form Y ® ,k, where Y is a smooth
ko-analytic space, and two étale neighborhoods Y’ — Y and Y” — Y of theimage
of x in Y whose base change to & are isomorphic to the restrictions of ¢” and ¢” to
some open neighborhoods of the points oy and oy, respectively. In what follows
we identify ¥ ® sk, ¥'® sk, and Y ® s,k with open subsets of X, X], and X7,
respectively. Let Z’ and Z” be strictly affinoid neighborhoods of the images )/
and y” of the points oy and oy In Y" and Y”, respectively. We can find a ratio-
nal strictly affinoid covering {W/}1<;<, Of Z’®k0k (resp. {W”}1<]<1 of 2" ®k0k)
with '/ C 3€;, (resp. W C 36;/ ') for some open affine subschemes X" ¢ X’ (resp.
X" c x”). By Lemma2.1.3(ii), we can increase the field ko so that W/ = Z| ® ,k
(resp. W/ = Z7 ®1,k) for rational strictly affinoid subdomains Z! C Z' (resp.
Z'7 C Z"). We now can construct aformal scheme 3’ (resp. 3") of finite type over
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k§ and its open covering {3" }1<i<m (resp. {3" }1<;</) With 3} = 7’ and 3 = Z;
(resp. 3, = Z" and 3;’" = Z')). It follows from the construction that the canoni-
cal embedding Z' ® ,k — X, (resp. Z" ® s,k — X) isinduced by a morphism of
formal schemes 3’ ® y:k° — X' (resp. 3" ® ysk® — X”). Finally, let z be a point
of Z’ xy Z” over the points y' and y”, and let Z be an open neighborhood of z
inZ' xy Z” whichisasoopeninY’ xy Y”. By Lemma 2.1.2, applied to the pair
(Z, z) and the canonical morphism of strictly F-anaytic spaces Z — (3’ x 3"),,
thereexist afiniteextension F” of F, astrongly marked formal scheme9) over k7, a
morphism of strictly k-analytic spaces®), — Z, and amorphism of formal schemes
2 — 3’ x 3" over kg for which properties (i)iii) aretrue. If £ is the composite of
k and kj ink3and X =) & 4-k'°, it follows that the induced morphism X, — X is
astrongly marked neighborhood of the point x which refines the marked neighbor-
hoods we started from. O

T ELOCALST CT EO ASMOOT ANAL TCC E

In this subsection we recall a result from [Ber2, 83.6], which will be used in the
following two subsections. It describes the local structure of a smooth k-analytic
curve, where £ is an arbitrary non-Archimedean field. | am very grateful to Brian
Conrad for pointing out that a part of the proof of [Ber2, Proposition 3.6.1] does not
work if the field £ is nonperfect and that its formulation should be slightly changed
if, in addition, the valuation on £ istrivial (see a'so Remark 2.2.2).

Recall that the affine line A isthe set of all multiplicative seminorm on the ring
of polynomials k[ 7] that extend the valuation on k. Here is a description of points
of Al from [Berl, 1.1.4] in the case when the field k is algebraically closed.

First of all, every element a € k defines amultiplicative seminorm £[7] — 4 :
£+ | f(a)|. The corresponding point of A' is said to be of type (1). Furthermore,
every closed disc E = E(a, p) = {x € AY||T (x)| < p} definesamultiplicative semi-
norm f + | f|z = max, |a,|p", where Y>> ja,(T —a)" istheexpansion of f with
center at a. The corresponding point of A! isdenoted by p(E) and is said to be of
type (2) if p e |k| and of type (3) if p & |k|. Findly, let £ = {E®} be a family
of embedded discsin AL, i.e., E isaclosed disc of radius p and E® > E®)
if p > p’. Then &£ defines a multiplicative seminorm f +— | f|e = inf| f|z». The
corresponding point of Al is denoted by p(£). Let o denote the intersection of all
E® . If o Nk is nonempty, then o isapoint a € k and p(§) =a, or else o isa
closed disc £ and p(€) = p(E). If o Nk isempty, we obtain anew point which is
said to be of type (4). Each point of At is of one of the above types. We list some
properties of points x € A®:

1. if x = a isof type (1), then H(x) = k, and abasis of open neighborhoods of
x isformed by the open discs D(a, p);

2. if x = p(E(a, p)) is of type (2), then H(x) > K(T), |H(x)| = |k|, and a
basis of open neighborhoods of x is formed by open sets of the form
D(a,r)\1'_; E(a;,ri) withr; < p <r, |a; —a| < p, and |a; —a ;| = p for

I # J;
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3. if x = p(E(a, p)) isof type (3), then % =%, 1) is generated by |k*|
and p, and a basis of open neighborhoods of x is formed by the open annuli
B(a;r, Ry withr < p < R;

4. if x = p(€) is of type (4), where £ = {E(a,, p)}, then ’ﬁfx/) — % and
[H(x)| = |k| (i.e,, H(x) isan immediate extension of k), and a basis of open
neighborhoods of x isformed by the open discs D(a,, p).

If the field & is not necessarily algebraically closed, the type of apoint x € Al is,
by definition, the type of some (and therefore all) of its preimages in AlR %2 If
x is of type (1) or (4), then H(x) is algebraic over k¥ and \/[H(x)*| = /TF*] and,
in particular, s(x) = t(x) = 0. If x isof type (2), then % is finitely generated
of transcendence degree one over & and the group | (x)*|/|k*| is finite and, in
particular, s(x) = 1 and ¢(x) = O. If x is of type (3), then H(x) isfinite over ¥ and
the Q-vector space /| H (x)*|/+/]k*| isof dimension oneand, in particular, s(x) =0
andf(x) =1.

Now let X be a smooth k-analytic curve. For each point x € X thereis an étale
morphism from an open neighborhood of x to the affine line A*. The type of the
images of x in A*, which does not depend on the choice of the étale morphism, is
said to be thetype of x. Notice that each point x from Xo = {x € X|[H(x) : k] < o0}
isof type (1) and itslocal ring Oy, isadiscrete valuation ring. In all other cases,
Oy isafield. Here is a corrected version of [Ber2, Proposition 3.6.1] (see also
Remark 2.2.2).

PROPOSITION Assume that the field % is perfect or its valuation is nontrivial
(resp. nonperfect and the valuation is trivial). Then for every point x € X there exist
a finite separable (resp. non-necessarily separable) extension 4" of £ and an open
subset X’ ¢ X ® k’ such that x has a unique preimage x’ in X" and X" is isomorphic
to the following &’-analytic curve (depending on the type of x):

(1) or (4): an open disc with center at zero;

(2) an open annulus with center at zero;

(3) A\ [, Xi, n = 1, where X is a connected smooth projective curve over
k'°, each X; is an affinoid subdomain isomorphic to a closed disc with center
at zero, all of them are in pairwise different residue classes of X", and x" is
the generic point of X; in X2

Proof. Theproof of [Ber2, Proposition 3.6.1] consisted of thefollowing three steps.
(A) By [Ber2, Lemma 3.6.2], one can shrink X so that there is an open embedding
of X intheanalytification X'®" of asmooth affine curve X" of finite type over k. (B)
One claims that there is an open embedding of X’ in a smooth projective curve X
over k, which is of course wrong if the field & is nonperfect. (C) The required fact
is proved under the assumption that there is an open embedding of X in X®, where
X isasmooth projective curve over k. (The proof of (C) is based on the semi-stable
reduction theorem for curves.)

Thus, to correct the proof, it suffices to establish the following fact. If the valua-
tion on k is nontrivial, then for every point x € X there exist a finite separable exten-
sion k" of k£ and an open subset X’ ¢ X ® &’ such that x has a nonempty preimage
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in X" and there is an open embedding of X’ in X", where X" is a smooth projective
curve over k’. Of course, it suffices to consider the case when £ is nonperfect of
characteristic p > 0.

Step 1. We can find an open embedding of X in X*, where X" isonly aregular
projective curve. Let ) be the smooth locus of X'. Of course, it suffices to consider
the case where )) does not coincide with X. In this case ) = Spec(4) is a smooth
affine curve of finite type over k. We may assume that X is relatively compact in
Y&, and we may replace k by afinite separable extension so that the cardinality of
the complement X'\ )Y does not change after bigger finite separable extensions and
that there exists a finite purely inseparable extension &’ of k& such that the normal-
ization X’ of the curve X ® k' is smooth over £” and all of its points over X'\ are
k’-rational. Our further construction is of the type used in the proof of (C), and the
purpose is to make a surgery of X" in a small neighborhood of apoint € X'\Y
(after afinite separable extension of k) so that its result is a new regular projective
curve whose nonsmoothness locus has strictly smaller cardinality than that of the
set X\).

Step 2. Let )’ = Spec(4’) be the preimage of ) in X/, ' the preimage of the
point , and X’ the preimage of X in X'®". Of course, AQk' = A', ' ¢, and
X' is relatively compact in )’®". Since the point ' is k’-rational, it has an open
neighborhood V' isomorphic to the open unit disc D(0; 1) over £’. We may assume
that this disc does not intersect with X’, and fix an isomorphism D(0; 1) = V so
that the images of zero isthe point ’.

Step 3. By the Riemann-Roch theorem, there exists arational function f on X’
with its only nontrivial pole at the point " and, in particular, f € 4’. Since k' is
purely inseparable over k, we can replace f by some power of p and assume that
infact f € A. Then fisarationa function on X withitsonly nontrivial poleat .
We can shrink the disc V so that f hasno zeros at it.

Step 4. Let a be a positive number big enough that the preimage of the affinoid
subdomain U = {x € Xa”]|f(x)| > q} of X in X' is contained in V, and so it
isaclosed disc £(0O; R); . Take a bigger number » > a, and consider the affinoid
subdomain W = {x € U||f(x)| < b} of X, The preimage of 7 in X'*" isaclosed
annulus W’ = A(r, R);» with center at zeroand r < R. If W = M(A) and W' =
M(A), onehas AQK = A.

Step 5. We claim that, after replacing & by a finite separable extension, one
can slightly deform the isomorphism W’ = A(r, R); so that it can be induced by
an isomorphism W = A(r, R). Indeed, let g’ € A’ be the pullback of the coor-
dinate function from A(r, R) C A,},. Since the separable closure of £ is dense
in its algebraic closure, we can replace k& by a finite separable extension so that
there exists an element g € A with |(g' — 2)(x")| < |g/(x")| for al pointsx” € W".
Then the morphism g : W' — A}, induces an isomorphism W’ = A(r, R), and is
induced by themorphism g : W — Al. Sincethelatter givesriseto theisomorphism
W' =Wk = A(r, R)p = A(r, R) k', it followsthat W = A(r, R).

Step 6. Let VW be the preimage of the open annulus B(r, R) = {x € A(r, R) ]r <
|T (x)| < R} with respect to the latter isomorphism. One has W = {x € X™|a <

| f(x)| < b}. We now glue the open set {x € Xa”\|f(x)| < b} and the open disc
D(0; R) via the isomorphism W = B(r, R). The k-analytic space obtained is a
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proper k-analytic curve and, therefore, it is the analytification Z2" of a projective
regular curve Z. By the construction, X isan open subset of Z2" and the cardinality
of the nonsmoothness locus of Z is dtrictly less than that of X'. Repeating this
procedure with other nonsmooth points, we get the required fact. O

The genus of a point x € X of type (2) is the genus of the smooth projective
curve &, over k' from Proposition 2.2.1. It iswell defined, and is equal to the genus

of the smooth projective curve over k' whose field of rational functions is H(x’)
(with the point x” also from Proposition 2.2.1). Since the genus of any point of type
(2) inthe affine lineis zero, it follows that subset of points of type (2) and positive
genusin any smooth k-analytic curveisdiscreteiniit.

A smooth k-analytic curve isomorphic to an open disc D or an open annulus B
with center at zero, or to X"\ [ [{_; X;, n > 1, asabove (with k' = k), was called in
[Ber2] elementary. Notice that an open disc D = D(0; r) with» > 1 isof the third
form since its complement in the projective line P! isisomorphic to the closed disc
E(0; 7~1). In particular, if the valuation on k is nontrivial, any open disc is of that
form. An open annulus B = B(0; r, R) withr < 1 < R isaso of that form sinceits
complement in P isisomorphic to adisoint union of £(0; ») and E(0; R™1).

REMARK The change in the formulation of [Ber2, Proposition 3.6.1] implies
that the formulations of [Ber2, Theorem 3.7.2] and Corollary 3.7.3 should also be
changed. Recall that [Ber2, Theorem 3.7.2] describes a smooth morphism of good
k-analytic spaces ¢ : Y — X of pure dimension one in an étale neighborhood of
apoint y € Y. It is stated that there are an étale morphism X’ — X and an open
subset Y’ C Y/ =Y x y X’ such that the point y hasaunique preimage y’ in Y and
the induced morphism Y — X’ is an elementary fibration of pure dimension one
at the point y'. In the case when thefield H(¢(y)) isnot perfect and its valuation is
trivial, the correct statement is that all of the above is true except the requirement
on the étaleness of the morphism X" — X. Namely, it is only a composition of a
radicial morphism X’ — X” with an éale morphism X” — X. Here a morphism
of good k-analytic spaces f: X’ — X issaid to beradicia if it isfinite and every
point of X has an affinoid neighborhood V' = M (A) such that for its preimage
V'=MA) in X onehas A' = A[Ty, ..., T,1/(T" — f) with fi,..., f, € A*
and iy, ..., i, > 0. (Such amorphism is awaysfinite at, and it induces a homeo-
morphism between the underlying topological spaces.) In the same case (of the
nonperfect field # (¢ (y)) with the trivial valuation) the correct statement of Corol-
lary 3.7.3 should require that both morphism X’ — XandY” — Y' =Y x y X are
compositions of aradicial morphism with an étale one. The above changes do not
affect the applications of [Ber2, Theorem 3.7.2.] Here is one more application.

PROPOSITION Given smooth k-analytic spaces X’ and X” of equal dimen-
sion n and points x’ € X" and x” € X” with s(x") = s(x”) = n, there exist étale
morphisms ¢’ : X — X’ and ¢” : X — X" that take a point x € X to x" and x”,
respectively.

Proof. We may assume that X” = A” and x” is the maximal point of the closed
unit polydisc with center at zero. If the valuation on % is trivial, then the image of
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the point x” under any étale morphism from an open neighborhood of x’ to A” is
the point x”. Assume therefore that the valuation on & isnontrivial. If n = 1, then x’
istype (2) and so, replacing & by afinite separable extension, we may assume that
X =x" [ 172, X;, m > 1, where X is a connected smooth projective curve over
k°, x isthe generic point of X in A, and the X;’s are asin Proposition 2.2.1(2).
Then any étale morphism Z — A" from a (nonempty) open affine subscheme of
X givesriseto an étale morphism from an open neighborhood of the point x to A”
that takes x to the point x”. Assume now that » > 2 and the required fact is true
for n — 1. We may then assume that there are a smooth morphism ¢ : X’ — Y of
dimension one with s(y) = n — 1, where y = ¢(x’), such that Y admits an étale
morphism to A"~ that takes y to the maximal point of the closed unit polydisc
with center at zero. By [Ber2, Theorem 3.7.2], the situation is reduced to the case
when ¢ isan elementary fibration. It follows easily from the definition of the latter
and Proposition 2.2.1 that one can replace Y by an étale neighborhood of the point
y and find an étale morphism ¢ : X’ — Y x Al over Y that takes x’ to the maximal
point of the closed unit discin A%{( 5 With center at zero. Then the étale morphism
X — A" = A" 1 x Al induced by the above étale morphism ¥ — A”~! and v
takes x’ to the point x”. O

TALENEG O OODSO APONTWT s(x)< (X)

In this subsection, & is an arbitrary non-Archimedean field with a nontrivial valua-
tion. Let X isasmooth k-analytic space of dimension» at apoint x € X.

PROPOSITION Assume that s(x) < n. Then

(i) one can shrink X so that there exists a smooth morphism ¢ : X — Y to a
smooth k-analytic space Y of dimension n — 1 with s(y) = s(x) for y = ¢(x);

(if) given a smooth morphism ¢ : X — Y asin (i), there exist an étale morphism
Y’ — Y and an open subset X’ C Y’ xy X such that the image of X" in X
contains the point x and X’ is isomorphic over Y’ to Y’ x D, if t(y) = t(x),
andto Y’ x B, if t(y) < t(x), where D and B are an open disc and an open
annulus with center at zero.

Proof. (i) We may assume that X isan open subset in X", where X = Spec(B) is
asmooth irreducible affine scheme over k. Let betheimageof x in X. If isnot
the generic point of X’ then, by Step 2 of Case (a) from the proof of [Ber7, Theorem
9.1], there exists an isomorphism of an open neighborhood of x onto D(0; r) x Y
that takes x to {0} x Y, where Y is a smooth k-analytic space of dimension n — 1.
Thus, we may assumethat isthe generic point of X. Let s = s(x).

Theimage of thefield k() isdensein H (x). It follows that we can find elements
Fis ey fo € k() with | £i(x)] = 1 such that their images in 2 (x) are algebraically
independent over k. It is then clear that fi,..., /s are dgebraicaly independent
over k. We can extend this system of elements to a system 11, ..., f,_1 of age
braically independent elements of k() over k. Shrinking X', we may assume that
fis .-+, fu_1 € B. Consider the morphism f from X to the (» — 1)-dimensional
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affine space defined by the elements f1,..., f,_1. Then = f( ) is the generic
point of the affine space and, therefore, the morphism " is smooth at the point .
Shrinking X', we may assume that f is smooth. It follows that the morphism of
k-analytic spaces ¢ = f@ : XY™ — A" isaso smooth and, by the construction,
s(y) = s, where y = ¢(x).

(ii) Since s(y) = s(x), it followsthat s4;(,) (x) = 0, i.e., the type of x in the fiber
of ¢ a yisnot (2). By thelocal description of smooth analytic curves (Proposition
2.2.1),if x isof type (1) or (4) (resp. (3)), therearean é&alemorphismg: ¥ — A"1
with g71(y) = {y’} and an open subset X’ C X x .1 Y such that x has a unique
preimage x’ in X" and X', is isomorphic to D(0; )y (resp. B(0; 7, R)3y)).
By [Ber2, Proposition 3.7.8 (resp. 3.7.5)], one can shrink Y and X’ so that X' =
DO; 7y x Y withO <7 <7 (resp. X’ = B(O;r', R') x Y withr <" < R' < R).O

In the situation of Proposition 2.3.1 we say that the morphism X’ — XisaY-
split neighborhood of x. Furthermore, given two Y-split neighborhoods X" — X
and X” — X of the point x, we say that the latter refines the former if X" — X
and the corresponding morphism Y” — Y go through compatible étale morphisms
X - XadY — Y.

COROLLARY Given two Y-split neighborhoods X’ — X and X” — X of x,
there exists a Y -split neighborhood of the same point that refines both of them.

Proof. It is enough to apply Proposition 2.3.1 to the induced morphism
X' xx X" — Y xyY” and apreimage of the point x in X’ x y X”. O

COROLLARY Let x be a point of a smooth k-analytic space X with
n =dim,(X). Then;

() s(x) is the minimal number s such that x has a fundamental system of étale
neighborhoods isomorphic to a direct product of a smooth k-analytic space
of dimension s and a semi-annular space (of dimension n — s);

(i) ¢(x) is the minimal number ¢ such that x has a fundamental system of
étale neighborhoods as in (i) with semi-annular spaces of dimension
(t,n—s(x)—1).

Proof. Proposition 2.3.1 implies that x has a fundamental system of étale neigh-
borhoods isomorphic to a direct product of a smooth k-analytic space of dimen-
sion s(x) and a semi-annular space of dimension (¢(x),n — s(x) — ¢(x)). Assume
that there exists a fundamental system as in (i) with s < s(x), and let f be an
element of Oy, with | f(x)| = 1whoseimage7(\x/) of f(x)in ”ﬁfx/) is transcen-
dent over . Increasing &, we can find elements ay, ..., a, 11 € (k°)* such that
their imagein k are pairwise distinct. Shrinking X, we may assumethat / € O(X)
and all of the functions f — a; are invertible. By the assumption, we may replace
X by an éale neighborhood of x isomorphic to Y x Z, where Y is a smooth
k-analytic space of dimension s and Z is a semi-annular space of dimension n —s.
The description of invertible analytic functions on such X implies that there exists
(i1, .o in—sy1) € "THO} with (f —a))™-...- (f — ay_s41)"~* = gh, where
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ge O)* and h € O(X)* is such that |#(x") — 1| < 1 for al points x’ € X.
Thei The image of tt of this equality in ’H(x) gives an equation of algebralc dependence of
f(x) over ’H(y) where y istheimage of x in Y. It follows that 'H(x) is algebraic
over H( ¥), which is a contradiction. Assume now that there exists a fundamen-
tal system as in (ii) with # <m =1(x), and let fy,..., f, be elements of O
whose images in the Q-vector space +/|H (x)*|/+/]k*| formits basis. Shrinking X,
we may assume that f1,..., f,, € O(X)* and X =Y x Z, where Y is a smooth
k-analytic space of dimension s(x) and Z is a semi-annular space of dimension
(t,n —s(x) —t). From the description of invertible analytic functions on such X
it follows that there exists (i, ...,i,) € ™\{0} with £i*-.... fi» = gh, where
geO)*andh e O(X)* issuchthat |2 (x") — 1| < 1for al pointsx’ € X. Since
JVIH(p)*| = /Ik*|, the latter contradicts the property of 13,..., f, at x. O

COROLLARY Let F be an étale O y-submodule of MX, and let X be a geomet-
ric point of X such that the stalk 7= is a union of free O y z-modules. Then, for any
morphism ¢ : ¥ — X from a smooth k-analytic space Y and any geometric point
y of Y over x, the canonical homomorphism ¢*(F)y = Fx ®0,. Oy3 — mf’? is
injective.

Proof. If ¢ (F) denotes the image of the homomorphism ¢*(F) — 95, then the
required fact is equivalent to the bijectivity of the map ¢*(F); — ¢ (F)y and, if
thelatter istrue, then ¢ (F) isaunion of free Oy 5-module. It followsthat, if ¢ isa
composition of two morphismsfor which therequired fact istrue, then it isalso true
for ¢. Since we can shrink X and Y so that ¢ can be represented as a composition
of a closed immersion of Y into X x D and the canonical projection X x D —
X, where D is an open polydisc, it suffices to consider the following two cases.
In both of them we verify that, given elements f1, ..., f, € F(X) whoseimagesin
the stalk F, of apoint x € X arelinearly independent over Oy ., their pullbacksin
¢ (F)y, Where y € ¢~ 1(x), are linearly independent over Oy,,. Assume the latter
is not true. Shrinking X and Y, we may assume that there exist analytic functions
g, & eOX)withd " | figi=0.

Case 1. ¢ isaclosed immersion. Since the statement is local with respect to the
étale topology, we may assumethat X = Y x D, where D isthe unit open polydisc
with center at zero, and the immersion identifies Y with the zero section of the
projection p: X =Y x D — Y. It followsthat ) _’_, f; p*(g;) = 0 and, therefore,
al g;’sare zero.

Case 2: ¢ is smooth. We may assume that ¢ is of dimension one. To show that
g1=---=g, =0, wemay replace Y by an étale neighborhood of any point from
the preimage ¢~1(x). We can therefore shrink X and Y in the étale topology and
assumethat Y = X x D, where D is the unit open disc with center at zero. If o is
asection of ¢, then Y_"_; fio*(g)) = 0 and, by the assumption on linear indepen-
dence, 0*(g;) = 0for al 1 <i <n. Thus, it suffices to show that, given a nonzero
analytic function g € O(X x D), thereisasection o with o*(g) # 0.

Thefunction gisof theform Y 72 h; T*, where h; € O(X). Every element o € &
with || < 1 defines a section o, that takes z to (z, a) and, if o*(g) = 0, one has
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Y 2 ohia’ = 0. Restricting the latter equality to the fiber ~1(x") at an arbitrary
point x" € X, weget /;(x’) =0foral i > 0. It followsthat al #;’s are zero which
is acontradiction. O

ASCC ES

If isaclosed point of the closed fiber of a scheme or formal scheme over °
such that the field k( ) is separable over k, we denote by & the finite unramified
extension of k with the residue field k( ). Assume that & is a closed subfield of
%g that contains ko, where kg is a fixed non-Archimedean field whose valuation is
nontrivial and discrete.

A smooth basic curve is a connected smooth k-analytic space X isomorphic to
X' ® ik with afinite extension k{ of ko ink and X' = X\ [[_; X;, n > 0, where
X is asmooth projective curve over kg, and each X; is an affinoid subdomain of

771( ;) for aclosed point ; € X, whose field ko( ;) is separable over ko, and is
isomorphic to a closed disc E(0; r;) ® (ky) , with r € |k, and the closed points

1, ..., n € Xy arepairwisedistinct.

PROPOSITION The following properties of a smooth k-analytic curve X are
equivalent:

(8 Xis asmooth basic curve;
(b) X is isomorphic to the generic fiber X, of a proper marked formal scheme
X over k°.

Proof. To prove the statement we may assume that k£ = ko.

(@=(b) Assume X isisomorphic to X"\ [ [;_; X;, n > O, as above. We claim
that there is an admissible blow-up ¢ : X’ — X whose center is supported in
{ 1,..., »}andsuch that the scheme X" is nondegenerate strictly poly-stable over
k° and X = 7 ~1()), where Y is the irreducible component of X’ for which the
induced morphism ) — X is surjective. Indeed, it is enough to construct such a
blow-up separately for each point = ;. Since the field () is separable over &,
there is an étale morphism from an open neighborhood of  to the affine line over
k° that takes ; to the zero point. It induces an isomorphism of 7=%( ) x W|th
the open disc D(O 1)@k that takes X; to aclosed disc £(0, r) with r € |k*|
J be the coherent sheaf of ideals which coincides with Oy outside the poi nt
and is generated by the coordinate function 7' of the affine line and an element
a € k° with |a| = r. Theblow-up ¢ : X’ — X with center at 7 induces an isomor-
phism X"\¢~1( ) > X\{ },and p~1( ) isanirreducible component of X’ isomor-
phic to the projective line over k( ). There is an éale morphism from an open
neighborhood of ', the zero point of the projective line, to the affine scheme
Spec(k°[T, u]/(Tu —a)). The claim now follows from the fact that the preimage
of o X(H\{ '} in X/a" under the reduction map is identified with the closed disc
E(; |a])®k , and the preimage of the infinity point of ¢~1( ) isidentified with
the open disc D(0; |a|) ® k . Since X = 7 ~1()) coincides with (X y),], we get the
required fact.
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(b)=(a) Let X be the formal completlon 7 of anondegenerate strictly pon-

stable curve X' over k° aong an irreducible component Y of X, proper over %,
andlet 1,..., , bethe closed pointsof ) that lie also in some of the other irre-
ducible components of X;. The assumption on X’ impliesthat every point ; hasan
open neighborhood in X’ that admits an étale morphism to a scheme Spec(k°[u, v]/
(uv — a;)) with a; € k°\{0}.) The point ; goes under this éale morphism to the
zero point and, therefore, thefield k( ;) is separable over k. This easily implies that
the open subset 7 ( ;) of X2 is isomorphic to the open annulus B(a;l, 1) Rk
over k , with center at zero (see Lemma 3.1.2 for a more general statement). Let
X' be the k-analytic space obtained by gluing X with the open discs D(0; 1) ® k |,
along the above annuli, respectively. The space X’ is a smooth, compact k-analytic
curve and, therefore, it is the analytification of a smooth projective curve over k. It
is also easy to see that that curve has good reduction, i.e., X’ isisomorphic to X/,
where A" is a smooth projective curve over £°. It follows that X isisomorphic to
X\ Ui E(0; la;|)®k ,, i.e, itisabasic curve. O

A k-affinoid basic curve is aconnected strictly £-affinoid space X isomorphic to
Y ® i,k with k) afinite extension of kg ink and ¥ = X\ [[7_, Y;, n > 1, where X
is a smooth projective curve over kg, and each Y; is an open subset of 71 ;) for
aclosed point ; € X,, whosefield k),( ;) is separable over &, and isisomorphic to
an open disc D(0; ;) ® (ko) , withr; € |kg|, and the closed points 4,..., , € X
are pairwise distinct. For a k-affinoid basic curve X provided with such an isomor-
phism, let X" denote the open subset that c/;grr&eponds to Y = XM [1/_, Y/, where
Y/ denotesthe bigger closed disc £(0, r;) ® (kg) ,. Then X" isasmooth basic curve.

PROPOSITION In the above situation, given a kog-special formal scheme 2)
over k° and a morphism of strictly k-analytic spaces ¢ X—> 2),, there exist a
finite extension &’ of k and a finite open covering X' ® k' = U/, X} such that
each X! is the generic fiber 36’,, of a strongly marked formal scheme X' over k”°
(and, in particular, X; is a smooth basic 4’-analytic curve) and the induced
morphism X; — ), comes from a morphism of formal schemes X' — 9 over k°.

Proof. First of all, we can increase the field kg and assume that X comes from a
ko-affinoid basic curve Y. By the proof of Proposition 2.4.1, there is a non-
degenerate strictly poly-stable curve ) projective over kg whose closed fiber Y,
is a union of irreducible components Z,2,...,2, such that each Z; is isomor-
phic to the projective line over F ZNZ={;}and Z;NZ; =P fori # j, and
one has Y’ = (y/z)n and Y = (y/w),], where W is an open subset of ), with
Y \W={1,..., »,yandeach ; isaclosed point of Z; different from ;. Further-
more, as in the proof of Proposition 2.1.1(ii), we can increase the field & and find
a rational strictly affinoid covering {W;}1<;<; of Y such that o(¥; ® k) C 9,
for some open affine subschemes 9t...,9" 9. One can then construct an
admissible blow-up v : Y — Y and open subschemes W, C v~ 1(W), 1 < j <1,
with W = U’jzl W; and W; =z ~*(W,). By the semi-stable reduction theorem for
curves, there exist a finite extension k; of ko and a morphism )’ — 37 s ky
from a strictly semi-stable projective curve )’ over kg that gives rise to an
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~

isomorphism Y, = Y, ®x, ko. If Z’ denotes the preimage of Z in );, we get an

isomorphism (V) .), = Y &, kg. If k' is the composite of k and kj in k<o, one
shows as in Step 4 of the proof of Proposition 2.1.1 that the induced morphism
(37; 2)n ® x k" — 2, comesfrom amorphism of formal schemesfi; = ® kéok"’ -9
over k°. Since Z is an irreducible component of ), its preimage Z’ is a union of
irreducible components Z;, ..., Z, of V.. It follows that the required fact holds
for the strongly marked formal schemes X' = ;)7; = ® p-k’° and the smooth basic
curves X = X! . I O






Chapter Three

Properties of Strictly Poly-stable and Marked
Formal Schemes

In this section we study properties of a proper marked formal scheme X over °
and its generic fiber X,. For example, the reduction map 7 : X, — X; is surjective
and the preimage n*l(x) of a closed point x € X, with k(x) separable over k is a
semi-annular space. In particular, if the characteristic of £ is zero and the field kis
perfect, any closed one-form on X, whose restriction to the residue class = ~(x) of
every closed point x € X; isin Q}A (r~1(x)) has a primitive in the class of functions
whose restrictions to every residue class = ~1(x) are in L* (7 ~1(x)). The following
property is of crucial importance for the construction in §7, which provides a way
to connect all of such primitives: the generic point of X (i.e., the unique preimage of
the generic point of X, in X)) has a fundamental system of open neighborhoods in
X, whose intersections with all of the residue classes are nonempty and connected.
Furthermore, we consider the stratification of the closed fiber X, constructed in
[Ber7], and show that for any morphism of marked formal schemes X’ — X the
image of a stratum of X/ is contained in a stratum of X,. We also construct for
every stratum closure ) C X, an open neighborhood ©, of the image of 7~1(})
under the diagonal map X, — X, x X, and establish a geometric property of the
canonical projection to the first coordinate ®y — 7 ~().

3.1 STRICTLY POLY STABLE FORMAL SCHEMES

Recall (see [Ber7, 81]) that a scheme (resp. formal scheme) over k° is said to be
strictly poly-stable if it has alocally finite covering by open affine subschemes that
admit an étale morphism to an affine scheme of the form Spec(4o) x - - - x Spec(4 )
(resp. Spf(A4og) x --- x Spf(4,)), where each 4; is of the form k°[To, ..., T,,1/
(To-...-T,—a) (resp. k°{To, ..., T,}/(To-...- T, —a)) witha € k° and n > 0. If all
of the elementsa are nonzero, the strictly poly-stable scheme (resp. formal scheme)
is said to be nondegenerate (see [Ber9]). In this case its generic fiber is smooth
(resp. rig-smooth). Recall that all irreducible components of the closed fiber of a
strictly poly-stable scheme or formal scheme over £° are smooth over k.1f ascheme
X isstrictly poly-stable over £°, then so isits forma completion along the closed
fiber X. If the valuation on & is nontrivial and discrete, any strictly semi-stable
scheme or formal scheme over £° is nondegenerate strictly poly-stable. The advan-
tages of strictly poly-stable schemes and formal schemes are that they are defined
over non-Archimedean fields with not necessarily discrete valuation and that their
classis preserved under direct products and the ground field extension functor.
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For an integral algebra 4 over afield L, let ¢(4/L) denote the subfield of the
elements of 4 which are algebraic and separable over L. When it is clear what
field L isconsidered, the field ¢(4/L) is denoted by ¢(A4). For example, by [Ber9,
Corollary 8.1.3(ii)], the stalk ¢ x,, of the sheaf of constant analytic functions ¢y on
ageometrically reduced strictly k-analytic space X at apoint x € X coincides with
c(H(x)) = c(H(x)/k).

LEMMA Let X be a formal scheme locally finitely presented over k°, ) a
smooth irreducible component of X, and o the generic point of ) in X,,. Then

(i) the algebraic closure of £ in H (o) is the finite unramified extension of £ with
the residue field c(k()’)) and, in particular, it coincides with ¢(#(0));
(i) @) = c«(H(0)).

Proof. Let ) be anonempty open subscheme of X such that ), C ) and ), does
not intersect with the other irreducible components of X;. Then %) issmooth, ), is
irreducible, and o isits generic point in 2),. By [Ber7, Corollary 1.7(ii)], one has

ﬁfg) = k() and, therefore, the finite unramified extension &’ of k with the residue
field ¢(k())) isembedded in H (o). We claim that each element of £/ comesfrom a
constant analytic function on 7 ~1()). Indeed, consider theinduced étale morphism
¢: X =X®K° — X. Since Y is smooth, there is an irreducible component )’
of X such that ¢ induces an isomorphism )’ = ), i.e., by [Ber7, Lemma 4.4],
it induces an isomorphism 7 =1()’) = 7)) and the claim follows. It remains
to show that the algebraic closure of £ in H (o) coincides with &’. For this we can
replacek by &/, X by X', and ) by ), and so we may assumethat ) isgeometrically
irreducible. Furthermore, we may shrink X and assume that X = Spf(4) is affine
and X; isirreducible. Consider an arbitrary epimorphism k°{Ty, ..., T,} — 4. By
[Ber7, Proposition 1.4], one has A° = 4 and | Algyp = |k|, where A = 4 ® k, and,
therefore, [BGR, Corollary 6.4.3/6] implies that the spectral norm on A coincides
with the quotient norm with respect to the induced epimorphism k{71, ..., T,} —
A. From [Berl, 5.2.2 and 5.2.5] it follows that for any non-Archimedean field K
over k the norm on the Banach algebra H(x) ® K is multiplicative. Applying this
to finite extensions of &, we get the required fact. O

From Lemma 3.1.1 it follows that, for any connected open neighborhood ¢/ of
the point o inw~1(Y), onehas c(r~1())) = «U) = c«(H(0)).

Recall that a standard formal scheme over k° is a formal scheme of the form
T(, )x&(m), whereeither = (ng,...,n,) e Pn;>1 = (ao,...,ap) €
(k>)P+h 2( )—Spf(Ao)x-~><Spf(Ap) Ai =k{To, ..., Tin,}/(Tio" - -~ Tin,
a;), &(m) = Spfk{S1, ..., Sp, 503 )), OF p=no =0, ap =1, and
T(0,1) = Spf(k°) (see [Ber7, 81)). ‘Given astrlctly poly-stable formal scheme X
over k°, every point € X, has an open connected affine neighborhood X’ of
for which there exists an étale morphism to a standard formal scheme ¢ : X' —
T=%(, )x&(m) such that the point ¢,( ) is contained in the intersection of
all irreducible components of ¥;. The tuples and | | are determined uniquely,
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up to a permutation of the set {0, ..., p}, by the stratum of X; (see §3.3) that
containsthepoint (see[Ber7, 84]). Thetriple ( , | |, m) will be called the type of
(or of the stratum).

LEMMA Given aclosed point € X, oftype ( , | |, m) suchthat the field k()
is separable over , there is an isomorphism 7—1( ) = (Y x D")®k , where D"
is an open unit polydisc of dimension m with center at zero, Y is the closed analytic
subset of the open unit polydisc D! I*7+1 defined by the equations Tjo-. .. T;,, = a;
forO<i<p,and| |=no+ni+---+n,.

Proof. We may assume that X’ = X. There exists a -rational point ' € X, @k
over . If /isthe unique preimage of in T, ®% then, by [Ber7, Lemma 4.4],
the induced étale morphisms X®4° — T®4° and X®k° — X give rise to
isomorphisms 7=( ) = 7= (’") and #=( ) = 7~1( ), and the lemma easily

follows. O
COROLLARY In the situation of Lemma . . , assume that X is nondegener-
ate. Then

(i) w=1( ) is a semi-annular & -analytic space;
(i) for any f e O(r~1( ))*, the real-valued function x — | f(x)| extends by
continuity to the closure of 772( ) in X,.

Proof. Using the notation from the formulation and proof of Lemma 3.1.2, the
projection from 7z ~1( ) to the coordinates 7j1, ..., Tj,,, 0 <i < p, givesriseto an
isomorphism of 7=1( ) with (Z x D™)®k , where Z is the open subset of G,
defined by the inequalities |7;;(x)| < 1 and |(T;1- ...  Tin,)(x)| > |a;| for 0 <i <
pand1l<;<n; Itisasemi-annular £ -analytic space. To prove (ii), we may
assume that X = Spf(B) is affine. From [Ber7, Theorem 5.2] it follows that the
multiplicative monoid B N B*, where B = B ®;- k, IS generated by the subgroup
B* and the coordinate functions 7;;, and from [Ber7, Proposition 1.4] it follows
that B* = (BN B*) - k*. These facts easily imply that /' = g- &, where g € B* and
heO@( ))*issuchthat |h(x) — 1| < 1foral x e #71( ), and (ii) follows. O

We are going to formulate consequences of Lemmas 3.1.1 and 3.1.2 in the
situation we are interested in. Namely, let ko be a non-Archimedean field with a
nontrivial discrete valuation and a perfect residue field ko, let k be an extension of
ko which is a closed subfield of 7€a, and let X be a marked forma scheme over k°
ando = ox.

COROLLARY (i) c(X,) is the finite unramified extension of & with the
residue field £(X), and it coincides with ¢(H(0));

(i) X is a marked formal scheme over £’° for any intermediate subfield k C &’ C
c(X,).

Proof. Increasing the field ko, we may assume that X = Q) = ® ssk°, where @) is a
nondegenerate strictly poly-stable formal scheme over kg and Z is an irreducible
component of 9 for which 2’ = Z ®;, k isan irreducible component of ), where



42 CHAPTER 3

Y = PR sk®. Since X, = 771(2") and X, = Z’, Lemma 3.1.1 implies (i).
It follows also that [c(k(Z")) : k] = [c(ko(Z)) : ko] and, therefore, for any interme-
diate subfield k C k' C ¢(X,) thereis an intermediate subfield ko C k{, C c(w ~1(2))
such that £” isthe composite of k£ and & and [k’ : k] = [k : ko]. The reasoning from
the proof of Lemma 3.1.1 shows that %) > can be considered as a marked formal
scheme over k;°, and (ii) follows. O

Furthermore, assume that the characteristic of kg is zero. We fix a filtered
k-algebra K and a logarithmic character A : k* — K* (see 81.4). For a differen-
tial form w € ngk(%n)’ g >0, and aclosed point € X, we denote by » the

restriction of w to the open subset 7 ~1( ). Furthermore, given an integer n > O,
we denote by Cf”(%) (resp. R*"(X)) the set of al functions f € MK (X,) such
that / e CX"(n71( ) =k ®; K" (resp. f € L*"(n~1( ))) for al closed points

€ X,. We aso denote by Q%,, (%) the set of al MX-differential ¢g-forms w €

R)L.n
Qgt,((%,,) such that w € Q7,,(w~1( )) for al closed points e X,. Notice that

d(R*" (%)) c QL,,(%).

RAn

COROLLARY In the above situation, the following are true:

() Ker(RM"(%) 5 QL. (%)) = CK" (%);
(i) the morphism of complexes 2., (X) — Q2,,..(X) is homotopy equivalent
to zero.

Proof. We increase the field ko and use the notation from the proof of Corollary
3.1.3. Assumeaclosed point €9, isof type( ,| |,m)in%).. Thentheprojection
from 7 =1( ) asdescribed in Lemma 3.1.2 to the coordinates 7;y, ..., T, ,0<i <
p, givesriseto anisomorphism of 7 ~1( ) with (Y x D")®k , where Y isthe open
subset of G, defined by theinequalities |7;;(x)| < 1and |(Ti1-...- Tin,)(x)| > |ai]
forO<i <pandl<j<n,;.ltisasemi-annular £ -anaytic space, and therequired
statements follow from Corollary 1.5.4. O

Finally, assume that Log" (a) € k for all a € k* with |a| = 1. (For example, this
assumption is satisfied if the residue field & is algebraic over afinite field.) Given
n > 0, we denote by Ré’”(%) the subspace of functions f € R*"(X) such that
flaacy € Ly"(m=1( ) for al closed points € X, where Lj(~( )) is the fil-
tered O(~1( ))-algebraof L*(w~1( )) generated by Log*(g) for g € O(r~1( ))*
with |g(o)| = 1 (see Corollary 1.5.5). (Notice that the number |g(o) | iswell defined

by Corollary 3.1.3(ii).) In a similar way we introduce that subspaces ij (X) C
Qf,.,(X) and notice that d(R§" (X)) C 5213_,1 (¥). We also denote by cr(X) the

subspace of functions f € n(X,) suchthat f| _, | € cr i) =k.

COROLLARY In the above situation, the following are true:

(i) Ker(RE"(X) 5 QL (%)) = cp(X);

R)m1
(ii) the morphism of co?nplexes Q}e*-" (%) —> Q'RA.,,H(BE) is homotopy equivalent
0 0

to zero. 0
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OPENNEG O OODSO T EGENE CPO NTO AN
ED C LECOMPONENT

In this subsection X is a strictly poly-stable formal scheme over £°. For an irre-
ducible component X of X;, let X denote the maximal subset of X’ which does not
intersect any of the other irreducible components of X;. Notice that X" is open in
X, and X issmooth at al pointsof X.

LEMMA Let X be an irreducible component of X, and let o be the generic
point of X in X,. Then every open neighborhood of o in X, contains a closed

subset of the form w~1()’), where ) is a nonempty open subset of X

Proof. Let ) = Spf(A) be anonempty open affine subscheme of X with ), C X.
Then o isthe maximal point of the affinoid space 9, = M(A), where A = 4 ®k,
ie, | f(x)] <[f(o) fordl x €9, and f € Aand, inparticular, | f(o)] = | flap
(see [Berl, §82.4]). It follows that a fundamental system of open neighborhoods of
o inQ), isformed by sets of the formU = {x €9, || i(x)| > r; for L <i < n},
where f1, ..., fu € Aand r; < | filsp- Since |A|gp = |k| and A° = 4 (see [Ber7,
Proposition 1.4]), we can multiply each f; by an element of £ and assume that
fi € Aand | f;|sp = 1. ThenU contains = —*(), where Y is the open subset of ),
defined by nonvanishing of theimage of fi-...- f,in A= A/k* A. O

THEOREM Let ) be a nonempty open subset of X; which is contained in

only one irreducible component X’ of X, i.e., Y C X. Then there is a fundamental

system of open neighborhoods 2/ of 7 ~1()) in X,, such that, for every closed point
€ X, the intersection &/ N ~1( ) is nonempty and connected.

Proof. Step 1. Of course, we may assume that X is quasicompact. Here are more
remarks of thistype.

(1) If the theorem is true for the pair (X, ), then it is true for any pair (X', )"),
where X' is an open subscheme of X and )’ = Y N X.. Indeed, this follows
from the facts that the topology on 35;7 isinduced by that on X, and that the
preimages of any point € X in X] and in X, coincide.

(2) If YV’ and )" are open subschemes of ) such that Y = )’ UY”, and the
theorem is true for )’, V" and )’ NY”, then it is also true for ). Indeed,
let V be an open neighborhood of = ~1())) in X,,. By the assumption, there
exist open neighborhoods ¢4’ of #=1()"), U” of z=X(”) in V, and W of
772’ NY") inUd’ NU" with the required properties. The union U =’ U
U" is an open neighborhood of 7~1() in V. For a closed point € X,
UNm~1( ) isaunion of the nonempty connected open subsets /' N ~1( )
and " N~%( ), and the intersection of the latter contains the nonempty
subset WN (), i.e, itisnonempty and connected.

(3) If X’ and X" are open subschemes of X such that X = X’ U X" and the
theorem is true for the pairs (X', )’) and (X”,)”), with ' = YN %, and
Y’'=YnXxY, then it is also true for the pair (X,)). Indeed, let V be an
open neighborhood of = ~1()) in X,,. By the assumption, there exist open
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neighborhoods ¢/’ of #=1()”) in 36; NY and " of z71(’) in 361; NY with
the required properties. It suffices to show that the topological interior &/ of
theset U =U"UU"” in X, possesses the required properties. First of all, i/
is evidently an open neighborhood of 7 ~1())) in V. Let be a closed point
of X,andset X' =X NX, and X" = XNX/. Sincer~1( ) iscontained in
the interior of X,, it followsthat Y Nz~ ) =UnN=~1( ). If ¢ &’ the
latter intersection coincides with &’ N7 —1( ). If e X’ N X", it coincides
with the union of the setsi/’ Nz ~( ) and U’ N7 ~2( ), and so it remains to
show that the intersection of the sets is nonempty. But this follows from the
remark (1) and the fact that /' N24” isan open neighborhood of 7=1()'NY")
inxX Nx.

By the previous remarks, the situation is reduced to the case when X = Spf(4)
is affine and ) is a principal open subset of X, i.e, Y ={ € %S\f( ) # 0} for
some f € A\k*°A. It follows that a fundamental system of open neighborhoods
of #71()) in X, is formed by sets of the form ¢, = {x € X, || f(x)| > r} with
0 <r < 1. Since Y does not intersect any of the other irreducible components of X,
the absolute values of al f;’s at the generic points of those irreducible components
in X, arestrictly lessthan 1. Thus, it suffices to prove the following fact.

Let X = Spf(A4) be an affine strictly poly-stable formal scheme over £°, X an
irreducible component of X;, o the generic point of X in X,, f an element of
A, and o the maximum of the absolute values of f at the generic points of the
other irreducible components of X, in X,,. (If X = X, one sets « = 0.) Assume
that o < | f(o)|. Then for every o <r < | f(o)| the set U, = {x € X, || f(x)| > r}
possesses the property of the theorem.

Step 2. Let  be a closed point of X'. We notice that we may always replace
the triple (X, X, ) by atriple (X, X’, /) with a morphism X’ — X of one of
the following two forms and where ' isapoint over and A’ is the irreducible
component of X', that containsthe point ’: (a) X’ isan étale affine neighborhood of

, and (b) X’ is an open affine subset of X ® ;-k'°, where &’ is afinite extension of
k. Indeed, this follows from the fact that in both cases the induced map 7 ~( /) —
7~1( ) isopen and surjective. B

Thus, we may assume that the point is k-rational and is contained in the inter-
section of al irreducible components of X, and that there is an éale morphism
p:X—>FT=%(, )xB&@m)with = (ng,...,n,) and = (ag,...,a,), which
induces a bijection between the sets of irreducible components Irr(X;) = Irr(<y).

Step 3. Assume first that X issmooth a ,i.e, = (0) and = (1). (Notice
that it is the only possible case when the valuation on £ istrivia.) In [Ber7, 85] we
constructed astrong deformation retraction ® : X, x [0, 1] — X, : (x, t) — x, of X,
to the skeleton S(X), which in our case consists of the generic point o of X' in X,,.
Since ® (7 ~1( ) x[0,1]) ¢ 7#~1( ), it follows that the closure of 7~1( ) contains
the point o and, therefore, the intersection 24, N ~1( ) is nonempty. Furthermore,
since | f(x)| < | f(x;)| foral x € X, and ¢ € [0, 1], the set U, is preserved under
the homotopy ®. The set 7 ~%( ) isisomorphic to the m-dimensional open unit disc
D with center at zero, and if the absolute values of all of the coordinate functions
onn~( )= D at apoint x € 7~1( ) are equal to or less than g, then, for every
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B<t<1 x, =0, where0, = (0, ¢) isthe maximal point of the closed disc of
radius (¢, ..., t). If £ denotes the homeomorphic embedding [0, 1] — X, : ¢ — O,
it follows that 4. N £([0, 1]) coincides with either £(]8, 1) for some0 < B < 1, if
| f(O)] <r,or£([0, 1)), if | f(O)] > r. Thus, we may assume that the formal scheme
X isnot smooth at .

Step 4. By [Ber7, Corollary 7.4], there exist an étale morphism & — &(m) and
an open subscheme X' C X x g () G such that X, containsapoint ' over the point

and the induced morphism X — &’ is geometrically elementary. By Step 2, we
may assume that the point ' is k-rational, and we can replace the triple (X, X, )
by thetriple (X', X', '), where X’ isthe irreducible component of X, that contains

', and so we may assume that there is an étale morphism X — 3 =%( , ) x &
with a smooth forma scheme & such that the induced morphism v : X — & is
geometrically elementary. Consider the strong deformation retraction ¢ : X, x
[0,1] — X, : (x, 1) — x, tothe skeleton S(X/6), constructed in [Ber7, §7]. Recall
that S(X/6) = UyEG,, S(X,), where X, = X x s Spf(H(»)°). Recall also that there
are canonical isomorphisms X, , = X, , and X, s = X,, ®j( )772;), where =
7(y). Thesets 7 ~1( ) and U, are preserved under ® s and, therefore, it sufficesto
show that the set 24, N S(X/&) N ~2( ) is nonempty and connected.

Since the morphism v is geometrically elementary, the canonical map
S(X/6) — S(3/6) identifies the former with its image in the latter. Notice that
5(3/6)> %, | x &. Since 771 )3 771 ), where istheimageof in 3, it
follows that the latter identifies S(X/&) Nz ~*( ) with £ | x 7~*( ). Recall that
771( )3 D, where D isthe m-dimensional open unit polydisc with center at zero.

Furthermore, by [Ber7, Theorem 7.2], the homotopy &, x [0, 1] - &, consid-
ered in Step 3 can be lifted to a homotopy S(X/6) x [0, 1] — S(X/6) : (x,t) —
x;. Again, since | f(x)| < | f(x;)|, the set U, is preserved under ®. Thus, if £ :
[0, 1] — &,, isthe embedding constructed in Step 3 for the point , L = S(X/&)N
Y~1([0,1])) = %, x[0,1]and L = LNz~ ) > £, x [0, 1, then it suffices
to show that the intersection &/, N L Ny ~1(£([B, 1[) is nonempty and connected
forsome0<pg < 1.

Finaly, the point ¢ is a vertex of S(¥) = LNy ~1(1) > It follows
that there exists 0 < B < 1 such that the set {o} x [B, 1] is contained in U, (and,
in particular, the set 4. N L Ny ~1(¢[B, 1[) is nonempty). We can increase 8 so
that | f(o,t)| > r for dl ¢t € [B, 1], where (o, ¢) is identified with the correspond-
ing vertex of LNy ~1(£()) = X, |. It suffices to show that 24, N L Ny ~1(£(1)) is
connected for al 7 € [, 1[. Since for any other vertex T of X, |, onehas| f(z, 1) <
| f(7)| < «a, it suffices to consider the formal scheme X, instead of X, i.e., the
situation is reduced to the case when m = 0.

Step 5. The étalemorphism X — 3 =T( , ) identifies S(¥) and S(X)Nz~1( )
with 2, and %, |, respectively. Recall that X, consists of the points =
(uij)of,-fp,oijfni € [0, 1][ I with Ujo* ... Ujp, = |a,-| foral 0<i < D, and E| |
consists of the points € X, | withu;; <lforal 0<i <pand0=<j<n,.
Since 771( )3 7n~%( ), where isthe image of in 3, the restriction of f to
7~1( ) can be represented as a power series ZH c, TH, where = (uo, ..., ip),

Mi = (,u,-o, ---’Min,) € 3_i+1, and Cy = O for all n with min0§j§n,~{lu’ij} >1 for
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some0<i<p.If e€X then|f( )l =supflc,|- *}.Firstof al, wearegoing
to reduce the situation to the casewhena; #Oforal 0<i < p.

Assumethat ¢; =0for0<i <ganda; #0forg+1<i < p. We may assume
that the coordinates of the vertex o aresuchthat 0,0 =0ando;; =1foral 0<i <g¢
and 1 < j <n;. We claim that for any point € %,  with|f( )| > r one has u;o =0
and u;; #0forall0<i <g and 1 < j < n,. Indeed, assume thisis not true, i.e.,
ujj=0forsome0<i<gand1l<j<n; Lett beanarbitrary vertex of X,  with
;;=0and r; =1forall 0 </ <n; with! # j. Then | f(t)| > | f( )| > r, and the
claim follows.

Furthermore, we set ' = (no, ..., n,) and denote by ¢ the projection X, | —
[O, 1]‘ /l . = (ul'j)OSiSp’OSani = (ul'j)oSl'Sq’]_Sani . TthIber wil( ) Of ea:h pOInt
€ [0,1]' ! is canonically identified with T, |, where = (ng41,...,n,) and

= (ay+1,---,a,). We can find 0 < B < 1 such that, for every € [B,1]' |, the
absolute value of 1 at the vertex of —1( ) > X, | that corresponds to o is bigger
than » and of the other verticesis smaller than r. By the above claim, if isapoint
from =, with|f( )| >r,theny( ) €]0, 1" |, andif, forz € [0, 1],  denotesthe

point of X, | with the following coordinates: u;;) =u!; for0<i < g, and u;)
forg+1<i<p,then|f( @) =[f()l>r.Onedsohas @ ey (8 1"
for every 0 < ¢ < 1 sufficiently close to 0. Thus, to prove the theorem, it suffices

to show that, for every e[, 1[' I, thesetofal ey ~'()> %, with|f( )] >

r which lie in X, | is connected. (The above reasoning is similar to that from
Step 4.)

We get the required reduction, and the theorem now follows from the following
simple fact.

LEMMA Let V' be a polytope and V' its interior. Assume we are given a
continuous function f on ' which takes its maximum at only one vertex o of V'
and whose restriction to 7 is the supremum of a family of linear functions. If
is the maximal value of f at all other vertices of V', then for every o <r < f(0)
the set U = {x € V| f(x) > r} is connected.

Proof. Let f\V be the supremum of linear functions { f;},c;, and set J = {i €
I|fi(o) > r}. Each of the sets U; = {x € V| f;(x) > r} for i € J is convex and
contains the intersection of an open neighborhood of o in V' with V' and, there-
fore, the union (J,., U; is connected. We claim that U coincides with the latter
union. Indeed, assume x € U. Then there exists i € 1 with f;(x) > r. Since the
function f; is linear, it takes its maximum at a vertex © of V. It follows that
f(tr) > fi(r) > r > a and, therefore, t =0 andi € J,i.e, x € U;. OJ

The following is a consequence of the proof of Theorem 3.2.2.

COROLLARY _Inthe situation of Theorem . . , let be a closed point of X
such that the field £( ) is separable over k. Then
(i) cx ' (N =k;
(i) ifi is an open neighborhood of & in X, such that the intersection 4/ N7z =2( )
is connected, then c(x~1( )) = cWUNm~1( ).
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Proof. (i) followsfrom Lemma 3.1.2. To verify (ii), we may assume that the point

isk-rational. By the proof of Theorem 3.2.2, theintersection/ Nz ~1( ) contains
apoint x with H(x) = H(y), where y is the maximal point of a closed polydisc.
It follows that for any non-Archimedean field K over k& the norm on the Banach
algebra #(x) ® K is multiplicative and, therefore, the algebraic closure of % in
‘H(x) coincides with £. Thisimplies (ii). O

Thefollowing corollary lists consequences of the previous resultsin the situation
we are interested in.

Let ko be a non-Archimedean field with a nontrivial discrete valuation and a
perfect residue field 750, k aclosed subfield of 7%‘ that contains ko, and K afiltered
k-algebra. Furthermore, let X be a marked formal scheme over £°, X the maximal
open subscheme of X which isa smooth formal scheme (locally finitely presented)
over k°, and o = oy¢. For n > 0 and an open neighborhood I/ of o, let Cf’"(%, U)
denote the set of all functions f € MX (/) such that f\mﬂ,l( ) € CErUNT™I( )

for al closed points € X,. For example, Cx™" (%, X,) = Cx " (%), where the right-
hand sideisintroduced at the end of §3.1. Weaso set Cx ™" (X, o) = limCx " (%, U),
where the limit is taken over al open neighborhoods of o in X,.

COROLLARY In the above situation, the following are true:

(i) any open neighborhood of the point o contains a subset of the form = =1(}),
where ) is a nonempty open subset of Xj;

(if) given a nonempty open subset Y C X, a fundamental system of open neigh-
borhoods 2/ of 7 =1()) is formed by those ¢/ with the property that the inter-
section &/ N ~1( ) is nonempty and connected for all closed points € X;;

(iii) for any open neighborhood ¢/ of o with property (ii), one has Cf’”(%) =
CE"(%,U) and, in particular, C§ " (X) = CE" (X, 0).

AP OPE T O ST ATA

Recall (see [Ber7, §2]) that the closed fiber X; of any pluri-nodal formal scheme
X over k° is provided with a stratification by locally closed irreducible normal
subsets so that the closure of any stratum (which is called a stratum closure) is a
strata subset (i.e., a union of strata). Furthermore, any étale morphism¢ : X’ — X
gives rise to an étale morphism of every stratum of X/ to a stratum of X, and, in
particular, the image of a stratum is contained in a stratum. In this subsection we
show that, if both formal schemes are nondegenerate strictly poly-stable or marked,
the latter property holds without the assumption on étaleness of the morphism.
Recall that, if X is strictly poly-stable, then the intersection of any set of irre-
ducible components of X, is smooth over %, and the family of strata coincides with
the family of irreducible components of sets of the form ([, D\(Uyg4 1),
where A4 is afinite set of irreducible components of X;. If X is marked (in this
case we assume the field £ satisfies the assumptions used in the definition of such
formal schemes), the above stratification gives rise to a stratification on the closed
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fiber X;. For astratum closure X" in X, the corresponding stratum will be denoted
by X. (Thisis consistent with the similar notation in the previous subsection.)

PROPOSITION Let X be a nondegenerate strictly poly-stable formal scheme
over k°, and let ¢ : X' — X be a morphism of formal schemes over £°, where X' is
either strictly poly-stable or marked. Then the preimage of any stratum of X; is a
strata subset of X.

Proof. Stepl.Let T beastandard formal schemeX( , ) x &(m). Inthiscasethere
isabijection betweentheset[ |=|[ng]l x---x[n,],where[n]=1{0, --- ,n}, andthe
set Irr(T,) of irreducible components of T that takesan element = (jo,--- , j,) €
[ ] to the irreducible component Z of ¥ the stratum defined by the equations
Toj, = --- = T,;, = 0, and each stratum of T is of the form (N c;Z)\(U ¢, 2),
where J isasubset of [ ] of theform Jp x - - - x J, with J; C [r;]. We denote it by
Z; and its closure by Z ;. Furthermore, let M be the multiplicative submonoid of
A which is generated by all of the coordinate functions 7;; and the subgroup 4*,
where ¥ = Spf(4). Noticethat M > 4N .A*, where A = 4 ®;- k. If T isnondegen-
erate, then M = AN A*. Given elements f, g1, ,gn e M, &V (f; 21, -, &n)
denote the locally closed subset { < islf( )#0and g;( )=0foral 1<i <m}.
Itiseasy toseethat V' (f; g1, -, gn) iSastratasubset of T, and that each stratum
of T, isof theform V' (f; g1,---, gn)- (For example, the above stratum Z; is of
the required form, in which " is the product of the coordinate functions 7;; with
j & J;andtheset {g1, ..., g,} consists of the other coordinate functions.)

Step 2. Let ¢ : X" = Spf(4”) — T be an étale morphism, and assume that X/ is
connected and the induced map Irr(X7) — Irr(%;) isinjective. Let also M” denote
the multiplicative submonoid of 4” which is generated by M and the subgroup
A"*. From Step 1 it follows that similar locally closed sets V' (f; g1, ..., gn) ae
stratasubsets of X7 for dl f, g1, ..., gn € M”. Noticethat M” > 4" N.A"*, where
A" = A" Q- k, and if T is nondegenerate then, by [Ber7, 85], M" = A" N A"*.
Furthermore, if X’ = Spf(A4’) isthe completion of X” along an irreducible compo-
nent, then 4’ N (9(36%)* iscontained in the multiplicative submonoid of 4" generated
by M" and the subgroup 4'*. Thisimpliesthat, given f, g1, ..., gn € 4A'NO(X))*,
thelocally closed set 7 (f; g1, - - ., gn) IS@strata subset of X.

Step 3. The statement of the proposition is local with respect to the étale
topologies of X and X and, therefore, it suffices to consider the case when X =%
isstandard asin Step 1 and X’ isasin Step 2. In this case the required fact follows
from Step 2. O

COROLLARY Let ¢ : X' — X be a morphism between marked formal schemes
over k°. Then the image of any stratum of X/ is contained in a stratum of X,. O

AT LA NEG O OODO T ED AGONAL
O AST AT MCLOS E

For aformal scheme X locally finitely presented over k°, let A denote the diagonal
morphism X— X x X, and let p; and p, denote the canonical projections X x X— X.
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LEMMA Given an étale morphism ¢ : X’ — X, the following diagram is
cartesian
X, > X,
Tpl Tpl
A Y AR

Proof. Itisclear that the same diagram with 7 ~1(I",, (X)) instead of 7 1(A(X)))
is Cartesian, where T, is the graph morphism X' — X' x X : x’ — (x/, p(x")).
But since the étale morphism (13, ¢) : X' x X’ — X’ x X induces an isomor-
phism between closed subschemes A(X) = I, (X)), [Ber7, Lemma 4.4] implies
that 7 ~1(A(X))) > n (', (X))), and the required statement follows. O

We say that a formal scheme X issmall if it is connected affine and admits an
étale morphism to a nondegenerate standard formal scheme € = T( , ) x &(m)
such that the induced map between the sets of irreducible components Irr(X;) —
Irr (%) isinjective. In this case the latter property holds for any étale morphism to
a standard formal scheme, and, if X = Spf(A4), the multiplicative monoid 4 N .A*,
where A = 4 ®- k, is generated by the coordinate functions 7;; and the subgroup
A* (see [Ber7, 85]). Notice that any open connected affine subscheme of a small
formal schemeisalso small, and that any nondegenerate strictly poly-stable formal
scheme has an open covering by small open subschemes.

Let X = Spf(4) be asmall formal scheme, and let ) be a stratum closurein X.
We denote by M,, the multiplicative monoid of the elements /' € 4 N A* with the
property that theimage of 1 in A/k°° 4 isnot zero at ), and we set

Dy ={x e HAWN|I(pif— Ps N < |pifx)| foral fe My}

LEMMA In the above situation, the following are true:

(i) ®yisopenin X, x X, and contains 7N AQ));
(ii) for every stratum closure )’ in X, with )’ C ), one has ©y Nz~ H(A(Y")) C
@y/;
(iii) given an étale morphism ¢ : X’ — X with small X’ and a stratum closure )’
in X! with ¢()) C ), the following diagram is cartesian:

) — 7NY)
Tpl Tpl

@yr —> @y

(iv) if Y is of type ( ,| |, m), then there are morphisms « : ®y — Gp,' and 8 :
Dy — A" such that the image of (p1, &) : Dy — 771(Y) x Gl coincides
with an open subset Y which is annular over 7=1()’), and the morphism
(pr.a, B) : Dy — 77 LY) x Gl x A™ gives rise to an isomorphism
Dy 5 Y x D"

Proof. (i) Let € = %( , ) x &(m) be a nondegenerate standard formal scheme
with = (ng,...,n,) and = (ao, ...,a,) for which there is an étale morphism
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¥ : X — T such that the induced map Irr(X;) — Irr(%y) isinjective, and let the
image of ) be contained in Z;, where J isasubset of [ ] of theform Jy x --- x J,,
with J; C [n;]. (We use here the notation from Step 1 of the proof of Proposition
3.3.1.) We may assume that J; = {0,...,n;} for adl 0 <i < p, where 0 < n} <
ni,n;>1for0<i<p,andn; =0for p+1<i < p. Thenthetypeof ) is
(',17],m"), where "= (ni),...,n;j,), "=(ag,....,ay)andm’' =| [+m—]| |,
and the monoid My, is generated by 4* and the coordinate functions 7;; for 0 <
i < pandn;+1< j<n;. Sincetheinequdlitiesin the definition of ©, hold for
all elementsof 4*, it follows that © is defined by afinite number of inequalities,
and so it isopenin X, x X,. Since elements of M5, do not vanish at any point of
Y, itfollowsthat ®y > 7 1(A(Y)), i.e, (i) istrue.

(i) follows from the fact that My, C My .

(iii) follows from Lemma 3.4.1 and the fact that, if X’ = Spf(4’), the monoid
My isgenerated by A" and the image of the monoid My, in 4'.

(iv) By (iii) we may assume that X = <. In the above situation, the type of ) is
(', ',m’), and %, is the affinoid subdomain of the analytic torus G, " defined
by the inequaities |7;;(x)| <1, [(Ti1-- .. Tin,)(x)| > |a;|, and |S;(x)| = 1 for 0 <
i<p,1<j<n;and1l<I]<m.Thetubular neighborhood ® isthe open subset
of T, x %, defined by the inequalities | p}T;;(y)| < 1forve{l,2},0<i < p’ and
1<j=n, (piTij—psT))W| < |piTi;(»|forO0<i < pandn;+1<j<n,,
and |(p:S; — p3S)(y)| < 1for 1 <1 < m. If o denotes the morphism Dy, — G},
defined by the functions {p57;;}o<i<,.1<;<n;, then the image of (p1, o) : Dy —

Pl R il B

7=1(Y) x Gh! coincides with the open subset ¥ defined by the inequalities
Vii(nl <lforO<i<p'and1< j<n;and

|a; |
|(Tinisa o Tin) (X))

|Viz- oo Vi) D) >

for 0 <i < p/, where V;; are the pullbacks of the coordinate functions on Gh'
and x istheimage of y in 7~%()). Notice that Y isannular of dimension | ’| over
71(Y). If now B denotes the morphism ®y, — A™' defined by the functions

{pi lj_l} ,{pil—l} ’
P> Tl'j 0<i<p,n,+1<j<n; 2 Si 1<l<m

then the morphism (p1, @, B) : Dy — 7~ 1Y) x Gh' x A" identifies D with
the open set Y x D™, where D™’ is the open unit poly-disc in A”" with center at
zero. U

If X is an arbitrary nondegenerate strictly poly-stable formal scheme over £°
and Y is a stratum closure of X, one defines © as the union ., ©y,, where
{X:}ic; isacovering of X by open small subschemesand ); = YN X, ;. By Lemma
3.4.2(iii), ©y does not depend on the choice of a covering. From Proposition 3.3.1
and its proof it follows easily that, given amorphism ¢ : X" — X of nondegenerate
strictly poly-stable formal schemes k°, for any stratum closure )’ in X, one has
p(®y) C Dy, where ) isthe stratum closurein X; with ¢()) C ).
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T ESAME O P OPE MA KED O MAL SC EMES

Let ko be a non-Archimedean field with a nontrivial discrete valuation, let k£ be
an extension of ko which is a closed subfield of %2, and let X be a proper marked
formal scheme over k° which is the formal completion X,z of a nondegenerate
strictly poly-stable separated scheme X' over £° aong an irreducible component
Z of X proper over k (see 82.1). Notice that X coincides with that irreducible
component and X, is an open subset of the smooth k-analytic space X". Given
a stratum closure Y of X in X, the tubular neighborhood ©, constructed in the
previous subsection for the nondegenerate strictly poly-stable formal scheme X is
contained in 7 ~1(A(Y)) C X, x X,,. From the construction of Dy, it follows easily
that it depends only on the formal scheme X. If Y = X, we denoteit by D 4. From
Proposition 3.3.1 it follows that, given a morphism ¢ : X’ — X of proper marked
formal schemes over £°, for any stratum closure )" in X, one has ¢(©y/) C Dy,
where Y isthe stratum closure in X, with ¢()") C V.

We say that an open affine subscheme X’ c X is small if it is the the formal
completion 2?/’3,, of aconnected open affine subscheme X’ C X along Y’ = YN A&7,
where X7 is assumed to admit an étale morphism to a nondegenerate standard
scheme 7 =T ( , ) x S(m) such that theinduced map Irr(X;) — Irr(7;) isinjec-
tive. Notice that 3€j7 is an open subset of the strictly affinoid subdomain /’E; of the
open subset X7 of X™". Notice also that, since 7, is an open subset of an affine
space over k, the sheaf of differential one-forms Q- isfreeand, therefore, the sheaf
of analytic differential one-forms is free over an open neighborhood of 3€/,} in X,.
By Lemma 3.4.2(iv), the projection p; : Dy — 7 ~1()”') isadiscoid morphism, if
Y = X, and a semi-annular morphism, in general.

PROPOSITION or every open neighborhood W of ®y in ©y,, there exist
open neighborhoods 7)) cU C X,and Dy CV CWsuchthat AlY) CV C
pl_l(U) and the projection p; : V — U is a discoid morphism, if J = X, and a
semi-annular morphism, in general.

Proof. We use the notation from the proof of Lemma 3.4.2. The analytic torus

m ™" considered there isthe analytification 7,2 of 7;,, ¥ isthe formal completion
?ofTalongitsclosedfiberﬁ,andy’isof thetype ( /,| /|, m"). We may assume
that V is an open neighborhood of Dy, in X" x X" It what follows, we use the
notation Iy, instead 7 ~1())).

Let Z denote the stratum closure of 7; for which Z contains the image
of Y.ForO<r <1, let D7 (resp. 5?) denote the closed analytic subdomain
of T, x T, (resp. 7" x T,™") defined by the inequalities |p;7;;(»)| < r and
p;(Tia - - T = 4 for v e (1,2}, 0<i<p, and 1< j<n
|(piTi; — p3 T < rlpiTi(»)| for 0 <i < p and n;+1 </ < n,
and [(p; S — p5SH (V| < r|p;Si(y)| for 1 <1 <m.We also denote by ©Z" (resp.
D7) the open subset of 7, x 7, (resp. 7> x 7,) defined by the corresponding
strict inequalities. Onehas®z = |J,_, D%

r<1l
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Furthermore, we denote by I1Z" (resp. 1‘[ ") the closed analytic subdomain of T
(resp. 7,") defined by thelnequalltles|Tl](x)| <rand|(Tiz-... Tpp)(x)] > for
0<i<p' and1l< j<n;, andwedenoteby ITZ" (resp. I1Z") the open subset of 7,
(resp. 7,™") defined by the corresponding strict inequalities. Notice that if Z = 7
(i.e, Y = X,), the system of inequalitiesis empty and, therefore, TTZ" = nz = 77
and 3" =3 = 7™ Inthe general case Mz =, _, ng =U,_, 13, and the
unionJ, _, HZ is an open subset of 7,". One also has A(M%) C D% C p,y M%)
(resp. A(T1%) C@Z c p;N(11%)), wherev € {1,2} and ? € {<, <}.

The formulas for the morphisms « and 8 from the proof of Lemma 3.4.2(iv)
give rise to morphisms a : % — Gl and B : D :— A™ such that the image
of (p1.a) : D3 — 15 x G coincides with the closed analytic subdomain Y ="
defined by the inequalities |V;;(y)| <rfor0<i < p'and1 < j <n}, and

|a;|
P(Tpgas e Tin) ()]

|Viz-oo - Vi )W) =

for 0<i < p/, where x istheimage of y in ﬁ;’, and the morphism (py, «, B) :

D, — [T xGh! x A" identifies D7 with Y=" x D=, where D=" is the closed

polydisc of radius » with center at zero. The same morphism identifies ©" with

Y<"x D<",where Y <" isthe open subset of II 3 x Gh, ! defined by the correspond-

ing strict inequalities and D=" is the open polydisc of radius W|th center at zero.
Let IT5, and l‘I<’ (resp. T3 and 1‘I<’) be the preimages of I1Z" and I15" (resp.

l‘[<’ and H<’) in X,; , respectively, and let D3 (resp. D3) be the preimage of

2 (resp. ©3) in Dy,. Consider the commutative diagram

ﬁ;f — ﬁzf
/' n T Tp
14 ~< ~<r ~<r

< =
2y  — Ny xm=9z; — D3

From Lemma 3.4.2(iii) it follows that the morphism y identifies 3 with an
affinoid subdomain of 15 x 7= ©7 € X" x T,. Recall that y is the restriction
to D3 of the étale morphism X" x X" — X" x T2 If now 35;7 denotes the
preimage of X;” X7 D7 inx" x X’m under the latter étale morphism, we get an
étale morphism @ — X X T o > that identifies the affinoid subdomain D3

of the source W|th an affi n0|d subdomain of the target. By [Ber3, Lemma 3.4], |t
givesrisetoan |somorph|sm V="= W=, where V=" and W=" are open neighbor-

hoods of ©<’, in @ » and of itsimagein 1‘[ ) X7 @z We can shrink both open
Sets so that V<” is contal ned in the open set w glven in the proposition. Further-

more, since the projection p; : ’5§ — ﬁfg’ IS proper, we may assume that W="
is the preimage of an open neighborhood l'Iy/ CU™ C l‘Iy, in X X T @ﬁ,’
Noticethat A(U=") C V="_WesetU~" =U"N l‘[<r and denote by V<’ the preim-
age of =" in ©3; (with respect to the projection pl) Since the set 1‘[;', is open
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in X", it follows that /=" is an open neighborhood of I3 in X, and one has
AU C V" C ptU™).

By the construction, the morphism (p1, «, B) gives rise to an isomorphism
V<" 3 Z<" x D=, where Z<" denotesthe preimage of Y <" inZ/<" x Gl,|. The set
U =J,_,U~" isan open neighborhood of ITy: in X,;m, andtheset V=1, V"
is an open neighborhood of ©y in W. Since AU~") C V=" C p[l(u<r) for all
r <1, it follows that AU) C V C p;*(U). That the morphism p; : V — U is
discoid, if Y = X, and semi-annular, in general, follows from the construction. [

An open neighborhood V of ©,, in X, is said to be p;-discoid or pi-semi-
annular if it possesses the properties of Proposition 3.5.1.






Chapter Four

Properties of the Sheaves Q;('C'/dOX

In this section we study the quotient sheaf Ql ! 1d Oy, which measures nonexact-
ness of the de Rham complex of a smooth %- analytlc space X (at Q). The study is
based on the following property of analytic spaces: any two points from the subset
Xo of a connected closed analytic space X can be connected by smooth analytic
curves. This property allows one to reduce certain problems to the one-dimensional
case. It is used in the proof of the main result in §7 and of the following facts here.
Let O% be the subsheaf of O% consisting of the functions f with | f(x) — 1| < 1,
and let O¢ be the bigger subsheaf consisting of the functions f for which the real-
valued function x — | f'(x)| is locally constant. We show that O¢ is generated by
O% and c%. The latter implies that, for any local section f of the sheaf ©¢, the
one-form d7f is exact. If O% denotes the quotient sheaf 0% /O¢, we prove that the
induced homomorphism dLog : O% ®z cx — Q}C'/d(’)x IS injective. We define
a subscheaf ¥y C Qﬁf'/d(’)x and show that its intersection with the image Y x
of the homomorphism dLog is zero and that, in the case when dim(X) = 1 and
k is algebraic over a finite field, Qﬁgc'/d(’)x = Yy & Wy. Finally, for every point
x € X we define a subspace Vy . C Ql c ~./dOx , which has a direct complement

in Q5% /d O with a basis formed by the classes of one-forms dfl it \where
fis .5 J1 € O aresuch that | f1(x)l, ..., | f;(x)| is a basis of tlhe abellan group
|7—L(x)*|/|k*|.

4.1 ANALYTIC CURVE CONNECTEDNESS OF CLOSED
ANALYTIC SPACES

In this subsection k& is an arbitrary non-Archimedean field with a nontrivial
valuation.

THEOREM 4.1.1 Let X be a connected closed k-analytic space. Given two
points x, y € Xp, there exist morphisms ¢; : Y/ — X, 1 <i < n, such that
x e (YY), yep,(Y"), and ¢;(Y3) N1 (YT # @ forall 1 <i <n—1, where
each Y’ is an elementary k;-analytic curve for a finite separable extension
k; of k.

REMARK J. de Jong's result [deJ2, Theorem 6.1.1] states that, under the
assumption of discrete valuation on k&, the same is true for an arbitrary connected
strictly k-analytic space X but with strictly k-affinoid curves Y'. Besides the
assumption on the valuation, Theorem 4.1.1 is different because the curves Y? in it
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are required to be closed (in the sense of [Berl, p. 49] and [Ber2, p. 34]) and, asa
conseguence, X isrequired to be closed (otherwise the statement is not true already
in dimension one).

Proof. Consider first the case when X is smooth. It suffices to show that for every
point of X thereexistsa at quasifinite morphism X’ — X whose image contains
the point and in which X’ possesses the required property. (Recal that, by
[Ber2, 3.2.3], at quasifinite morphismsare open maps.) By the local description of
smooth analytic curves (see 82.3), the statement istrueif dim(X) = 1. Assume that
dim(X) > 2 and that the statement is true in dimension dim(X) — 1. Shrinking X,
we may assume that there are asmooth k-analytic space Y of dimensiondim(.X) —1
and a smooth morphism ¢ : X — Y of pure dimension one. By [Ber2, Theorem
3.7.2], there exist an étale morphism f: Y’ — Y and an open subset X' C X xy Y’
such that x has aunique preimage x” in X’ and the induced morphism ¢’ : X’ — Y’
isan elementary fibration of pure dimension one at the point x’. The only properties
of such an elementary fibration we need are the following: (1) the geometric fibers
of ¢’ are connected, and (2) there is a commutative diagram

Y x B N X

PN\ ¢
Y/

where B is an open annulus with center at zero, j isan open immersion, and p; is
the canonical projection. Let £’ be afinite separable extension of £ with B(k") # @.
After tensoring X7, Y’, and B with &/, we may assume that the projection p; :
Y’ x B — Y’ has a section. By the induction hypothesis, the required statement is
truefor Y’. It follows that it isaso true for X'.

Consider now the general case. It suffices to show that there is afinite surjective
morphism X’ — X such that all connected components of X’ possess the required
property. We can therefore assume that X isnormal and, in particular, that its regu-
larity locus is a dense Zariski open subset. By [Ber4, 85], we can replace k by a
finite extension so that we may assume that X is normal and its smoothness locus
is a dense Zariski open subset. Let X’ be the nonsmoothness locus of X. By a
result of W. Litkebohmert ([Lt1, 1.6]; see aso [Berl, 3.3.15]), the complement
of any Zariski closed proper subset of X is connected. Thus, by the previous case,
it suffices to show that for each point x € Xj, there are an open neighborhood ¢/
in X and a connected closed analytic subset Y c ¢/ of smaller dimension, which
contains x but isnot contained in X’. Let f be an element of the maximal ideal of
the local ring O, which is not contained in the ideal of definition of X', and let
U be asufficiently small open neighborhood of x in X such that the closed analytic
Subset Y = {y € u\f(y) = 0} is connected. Then ¢/ and Y satisfy the necessary
condition. O

COROLLARY Let X be a reduced strictly k-analytic space and f € 9% ().

(i) If there exists a surjective at quasifinite morphism ¢ : ¥ — X from a reduced
strictly k-analytic space Y such that ¢*( 1) € CX(Y), then f € CX(X);
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(i) If X is closed and, for every morphism ¢ : ¥ — X from an elementary
k’-analytic curve Y with a finite separable extension &' of k&, one has
0*(f) € CK(Y), then ¢*(f) € CX(X), where K' = K @ k'.

Proof. (i) The assumption implies that ¢*( /) € Ker(CX(Y) = CX(Z)), where Z
is the reduction of ¥ x y Y. The kernel coincides with CX(X) ¢ OX(X) since the
correspondence X' — O(X’) isasheaf in the at quasi-finite topology of X (see
[Ber2, 4.1.2]).

(i) By (i), we may replace k by afinite extension and assumethat X is connected
and contains ak-rational point x. If f(x) =a € K, Theorem 4.1.1 and the assump-
tion imply that 1(y) = a for al points y € Xp. O

COROLLARY Assume that & is a closed subfield of k2 that contains ko,
where kg is a fixed non-Archimedean field whose valuation is nontrivial and
discrete. Then the conclusions of Theorem . . and orollary . . (ii) are true
with smooth basic curves instead of elementary ones.

Proof. The statement follows from Propositions 2.1.1 and 2.4.1. O

T ES EA ESO O, AND OY

In this subsection & is again an arbitrary non-Archimedean field with a non-
trivial valuation. For a k-analytic space X, let O(X)¢ denote the subgroup of all
f e O(X)* for which the restriction of the real-valued function x — | f(x)| to
every connected component of X is constant. The correspondence U +— O(U)¢
is a subsheaf of the étale abelian sheaf 0% denoted by O¢. Furthermore, we
st O ={fe (’)(X)*“f(x) —1| < 1 for dl x € X}. The correspondence
U — O(U)! isasubsheaf of the étale abelian sheaf O, denoted by O3

THEOREM Let X be a geometrically reduced closed k-analytic space. Then
the étale abelian sheaf O% is generated by the subsheaves O3 and c%.

Proof. Theassumptionimpliesthat the set of pointsx € X suchthat X issmooth at
x and thefield H (x) is separable over £ isdense ([Ber9, Lemma8.1.2]). Replacing
k by afinite separable extension, we may assume that X contains a k-rational point
x and that X is connected. Let f € O(X)“. Multiplying /" by an element of &*,
we may assume that | f(x) — 1| < 1. To prove the statement, it suffices to show
that | f(y) — 1| < 1 for al points y € Xp. For this we may assume that the field &
is algebraically closed and, by Theorem 4.1.1, that X is an elementary k-analytic
curve. If X isan open disc with center at zero, every invertible function on X is of
theform ag witha € k* and g € O(X)* and, therefore, f € O(X)*. If X isan open
annulus with center at zero, then any invertible function on X is of the form agT”
witha € k*, g€ O(X)t, andn € , and this easily implies that our function £ is
contained in O(X). Finally, let X = X [I/_; Ei, n > 1, where X is a smooth
projective curve over k°, each E; isan open subset isomorphic to an open disc with
center at zero, and all of them are in pairwise different residue classes of X". We
can aways approximate 1 by arational function on X', and so we may assume that
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fitself isarational function on X'. By the previoustwo cases, f € O(Y)!, where Y
is the residue class that contains the point x. It followsthat | (o) — 1] < 1, where
o isthe generic point of &, in X" and, in particular, the reduction of f on X is
well defined. By the previous two cases again, the restriction of f to each of the
residue classes Z is of the form ag, witha € k* and g € O(Z)*. It follows that the
reduction of f on X, isaregular function and, therefore, it is constant. Since it is
egual to one at the point that correspondsto Y, the required fact follows. O

Let O% denote the quotient sheaf 0% /O5. It is an étale sheaf of torsion-free
abelian groups, and its restriction to the usual topology of X is a subsheaf of the
quotient of the sheaf of positive real-valued continuous functions on X by the
subsheaf of constant functions. If the characteristic of & is zero, Theorem 4.2.1
implies that, for any f € O(X)¢, the one-form de is a section of the sheaf dOy

and, therefore, the correspondence 1 +— % gives rise to a homomorphism dLog :

oy — Q}\;C'/d(’) x- In 884.3 and 4.4 we prove that the induced homomorphism
dlLog: 0% ® cxy — ch'/d(’)x isinjective if X is of dimension one and of an
arbitrary dimension, respectively.

COROLLARY Let X be a geometrically reduced closed k-analytic space X,

X: wne — X ageometric point over a point x € X, and Hz the algebraic separa-
ble closure of H(x) in #(x). Then there is an exact sequence of G,,-modules

0—> HE/Tor —> O%: —> VIH@)*|//Ik*] — 0.

Notice that ¢y 5 coincides with the algebraic separable closure of £ in H(x) and
that [H;| = VIH(x)*[ and [’ ;| = +/Ik*| (see[Ber9, Corollary 8.1.3(ii)]).

Proof. By Theorem 4.2.1, there is an exact sequence
0— c?}kj@}(’f — 0%z — VIk*| — 0.

Ifweset Ss={f € O*Xj| | f(x)| = 1}, the canonical homomorphism from the above
to the exact sequence

0— S — 0% — VIH®)*| — 0

givesrise to an exact sequence

0—> S¢/(c¢5:0%x) — Oz — VIH®)*|//Ik*| — 0.

Finally, an isomorphism of the first term with ﬁ; /¢x 5 is obtained from the exact
sequence

0—>(9/1\,3—>Sf—> Hf—0.
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ST CT EO T ES EA ESQ,/dOx O SMOOT
ANAL T CC ES

Let £ be anon-Archimedean field of characteristic zero with anontrivial valuation.
For asmooth k-analytic space X, we denote by T y theimage of the homomorphism
dLog: 0% ® cx — QL/dOy. Furthermore, for a smooth k-analytic curve X, we
denote by W(X) the subspace of all one-forms w € Q1(X) with the property that
every point x € X has an open neighborhood ¢/ such that w\u\{x} e dOWU\{x}). It

is easy to see that the correspondence U +—> U(U) isashedf in the étale topology
of X. Wedenoteit by W x, and denote by W y the quotient sheaf W /dOy.

THEOREM Let X be a smooth k-analytic curve. Then

(i) the homomorphism dLog : 0% ® cx — Q%/dOy is injective, i.e.,
O}@ CX:> Yyx;

(II) YTyNWy=0;

(iii) the support of every element of W(.X) is contained in the set of points of
type ( ) and positive genus;

(iv) the stalk Wy, of Wy at a point x € X of type ( ) and genus g is a vector
space over cy,, of dimension 2g;

(v) if the residue field k is algebraic over a finite field, then Q1/dOy =
Tx® Wy.

Recall that the first de Rham cohomology group Hg,(X) of a geometrically
connected smooth projective curve of genus g over an abstract field & of character-
istic zero is canonically isomorphic to the quotient of the space of differentials of
the second kind by the subspace of exact differentials. (A differential of the second
kind on X is arational one-form with the property that its residues at all points of
Xo are zero.) One also has H,(X) = k and Hz,(X) = k. The latter isomorphism
is constructed as follows.

First of al, the spectral sequence EYY = HY(X, Q%) = HIY(X) gives
rise to an isomorphism Hi(X) > HY(X,QY) (and an exact sequence
0— HY%X, Q%) — HR(X) — HY(X,Ox) — 0). Consider the exact sequence
0— Q% = Qx) = x)/ 2% — 0. Since the first cohomology group of the
middle term is zero, H'(X, Q%) is canonically isomorphic to the cokernel of the
homomorphism from the space of globa sections of the middle term to that of
global sections of the third term. An element of the latter can be represented as a
family {w,}.ex,, With o, € Q,{(X)/Q}’x, taken over the set of closed points X,
such that @, = 0 for al but finitely many x. The correspondence {w,}icx, —
Do 2, T/ 1 (RES: (@y)) givesriseto anisomorphism between the above cokernel
and k.

Furthermore, let X’ be the complement of asubset X = {x1, ..., x,} C Xy, n > L.
The curve X’ is affine and the de Rham cohomology groups Hi;(X’) coincide
with the cohomology groups H?(2'(X’)) of the complex Q(X”") : 0 > O(X') —
QLX) — 0,i.e, HR(X') =k, HR(X") =0, and H(X') = QYX")/d(O(X)).
The latter is calculated as follows. Consider £ as a non-Archimedean field with
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respect to the trivial valuation, and let X be the corresponding analytification
of X and Hi; 5 (X" the high direct images of the functor of global sections
with support in X evaluated at the de Rham complex of X". By GAGA [Berl,
§3.5], there are canonical isomorphisms Hj,(X) = HR(X®) and HL(X') S
Hio(X'™"). If x isaclosed point of X', an open neighborhood of x in X isisomor-
phic to an open neighborhood of zero in the k(x)-analytic projective line P,}(x). It
follows that Hgg (,,(X®") = 0 and Hi, (,,(X®") > k(x) and, therefore, thereis an
exact sequence

0—> Hip(X) —> Hir(X') —> Hig 5 (X) =@]_ Hx ) (X)) — Ha:(X) — 0.

For every 1 <i < n, the composition of the canonical isomorphism HdZR’ {x,-}(X) =
k(x;) with the homomorphism Hle(X’) — HdzR’ ) () takes a regular one-form
on X’ to its residue at the point x;, and with the homomorphism HdzRy ) (X) —
HdzR(X) correspondsto the trace map Try,)/« : k(x;) — k. In particular, the dimen-
sion of Hjo(X’) over kisequal to2g — 1+ " [k(x;) : k].

Assume now that k£ is a non-Archimedean field of characteristic zero (whose
valuation is not assumed to be nontrivial). By GAGA (see[Berl, §83.4-3.5]), there
are canonical isomorphisms Hg(X) = Hio(X®). Assume we are given pairwise
digoint open neighborhoods D;, ..., D, of the points x4, ..., x, in X", respec-
tively, such that each D; is isomorphic to the open unit disc over H(x;) with
center at zero that corresponds to the point x;. We fix such isomorphisms and,
gven0 < ry,...,r, <1, denote by D(x;;r;) and E(x;; r;) the preimages of the
open and closed discs of radius ; with center at zero. (Notice that D(x;; r;) and
E(x;;r;) do not depend on the choice of the isomorphisms.) Let X be the open
set XY\ [ [}_; E(x;; ;). Since X is a Stein space, the de Rham cohomology groups

HC’{R(X) coincide with the cohomology groups of the complex (X)) : 0—O(X) 4
QY(X) — O0and, in particular, H;(X) = Q1(X)/dO(X).

LEMMA There are canonical isomorphisms

HiH(X) S HR(X'™ S HR(X), ¢>0.

Proof. We already mentioned the validity of the first isomorphism in the case when
thevaluationon k istrivial. Inthe general case, consider the morphism of long exact
sequences

0 — H(?R’Z(X) — HRHX) — HX&X) — Hle,E(X) N

! l ! !

0 — HC?R!E(X"’”) — HRX™) — HRHAX™ — H(}sz(xa“) N

It follows that the validity of the first isomorphism is equivaent to that of the
isomorphism H 5 (X) = Hiz (X™). (In particular, the latter isomorphism holds
over fieldswith trivial valuation.) One has Hgy 5 (X" = @?:lquR,{x,-}(D(xi’ ).
Let x be one of the points x1, ..., x,. Each of the groups in the direct sum is
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isomorphic to HgR,OO(P%{(xi)). Applying the second long exact sequence for the
projective and affine lines and the facts that HgR(P%{(xi)) = H(x;) for g =0, 2,
Hi(Pyyr) =0, Hip(AY, ) = H(x:), and Hiz(A, ) = 0forg = 1,2, we get
the required isomorphisms.

The second isomorphism is verified in asimilar way. Namely, consider the long
exact sequence

0— Hi s(X™) = HRX'™ — HR(X) > Hi (X' — ...

where S = [7_, (E(x;, ri)\{x;}). It sufficesto show that Hj ((X'™") =0forall g >
0. For thisit sufficesto verify that Hg, ((AY) =0forall g > 0with S = A1\ D(0; r).
But thisfollows from the long exact sequence

0— Hgg s(AY) = HR(AY — HR(D(0; 1)) — Hip (A — ...

and the factsthat Hx(AY) = H3,(D(0; 7)) = k and Hir(AY) = HIL(D(0; 7)) =0
forg > 1. O

COROLLARY or any non-Archimedean field £ over k, there are canonical
isomorphisms Hin(X) ®; k' = Hix(X'), ¢ > 0, where X' = X ® (k.

Lemma4.3.2 implies that there is an exact sequence

0—> Ha(X) — Hip(X) — EPH () — k— 0,
i=1

where the first homomorphism is the canonical one, the second homomorphism
takes a one-form w € Q1(X) to the element o € H.(x;) for which the restriction of
w to the open annulus B; = D;\ E(x;; r;) IS adTT up to an exact one-form (where
T is acoordinate function on D; with zero at x;), and the third homomorphism is
induced by the trace maps from 7 (x;) to k. It follows that the first homomorphism
identifies Hz, (X') with the subspace of the classes of those one-forms w € Q1(X)
whose restriction to every annulus B; is an exact one-form.

LEMMA In the above situation, assume that the valuation on & is nontri-
vial, X =), where ) is a smooth projective curve over k°, and the open discs
Da, ..., D, are the residue classes of closed points of ). Then

(i) dOX) > (dOy)(X) and QX (X)/dO(X) > HO(X, Q%/dOy);

(i) the image of Hi,(X) in Hijz(X) = QY(X)/dO(X) coincides with W (X);

(iii) the homomorphism O(X)*/O(X)*® k — QYX)/dOX) : [ % is

injective;

(iv) the intersection of the image of the homomorphism (iii) with W (X) is zero.
Proof. Since H7(X,cy) =0forg > 1, onehas HY(X,dOx) > HY(X,Ox) =0,
and (i) follows. The remark before the formulation now immediately implies (ii).

To prove (iii) and (iv), we may increase the field £ and assume that all of the
pointsxy, ..., x, arek-rational. Notice that the restriction of afunction f € O(X)*
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to each annulus B, is of theform ag7’/, wherea € k*, g€ O(B)*, and; € . |If

3 isthe open affine subscheme of Y with 3%=V\ 1,..., 2}, where ; =m(x;),
then the restriction of the real-valued function x — | f(x)| to 3, is constant. It
followsthat /'€ O(X)¢ if and only if theintegral vector (/4, ..., 1,) iszero. Let now
f1, ..., fm beinvertible analytic functions that generate a free abelian subgroup of
O(X)*/O(X)¢ of rankm,andletw =) """ | A, # Ai € k, besuch that therestriction
of w to each open annulus B;, 1 < j < n, is an exact one-form. To prove (jii) and
(iv), it suffices to show that  is an exact one-form. The restriction of f; to B; is
of the form agT'/ as above. The above remark implies that the integral vectors
(liry ..., lin), 1 <i < m, arelinearly independent over . It follows that they are
linearly independent over Q and, therefore, over k. It remains to notice that the
restriction of w to B; is (3", A,-l,-j)dTT up to an exact one-form. O

Proof of Theorem . . . The local description of smooth k-analytic curves (see
§2.2) and Lemma 4.3.4 straightforwardly imply the statements (i)—(iii). Lemma
4.3.4 implies also the statement (iv) in the case when X is elementary. The general
case of (iv) follows from the latter and the smple fact that, given a finite Galois
extension &’ over £ with the Galois group G and a vector space V' of dimension n
over k' provided with ak-linear action of G such that ? (ev) =“av foral o € G,
ack’,andv eV, onehasdim, (V%) =n.

To prove (v), it suffices to show that, in the situation of Lemma 4.3.4, if the
points x, ..., x, are k-rational and the numbersry, ..., r, are sufficiently close to
one, then Hi,(X) = Hiz(X) @ Y (X). Notice that in this case the space Hj,(X) is
of dimension 2g+n — 1 over k. Let 3 = Spf(A4) be the open affine subscheme of the

formal completion ji\with =Y\l 1,..., »},wWhere ; =m(x;). Theassumption
on the field k& implies that the class of each of the divisors ( 1) —( ;),2<j <n,
is of finite order. This means that there exist elements f1, ..., f,_1 € 4* such that

the divisor of the rational function on X; whose restriction to 3; is the image of
fiin A= A/k*° 4 isanonzero multiple of ( 1) — ( ;). Since the image of O(X)
in 4 ®;- k is dense, we may assume that 71, ..., f, come from analytic functions
on X. If now the r;’s are sufficiently close to one, those functions are invertible on
X. Thus, the subspace of Hj(X), generated by the classes of %, o s of
dimension n — 1, and the required fact follows. O
COROLLARY Let X = X, where X is a geometrically connected smooth
projective curve over k of genus g, let xy, ..., x,, be the points of X of type ( ) and

positive genuses g1, ..., g,, and let b the etti number of X = X ® k7€a. Then
(i) dimi(H°(X, Q%/dOx)) = 2g—b;
(i) dimg(W(X) =237, & =2(g—D);
(iii) if & is algebraic over a finite field, then dim (T (X)) = b.

Proof. The spectral sequence EXY = HP(X, Q%% /dQ4 ™) = HIT!(X) gives
rise to an exact sequence

0— HYX, cx) = Hpz(X) — (2%/dOx)(X) — 0.

Thedimension of the middletermis 2g. Since H1(X, cy) = H(X, k)¢, it follows
that the dimension of the first term is 5 and, therefore, (i) is true. Furthermore,
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Theorem 4.3.1 impliesthefirst equality in (ii) and the fact that (iii) followsfrom the
second equality in (ii). To prove the latter, we may replace k by a finite extension
and assume that X = ), where ) is a strictly semi-stable projective curve over
k° such that al of the double points of ) are k-rational and split. (The latter is
equivalent to the fact that, for suich apoint € ), thepreéimage~2( ) in V=X
isisomorphic to an open annulus with center at zero.) The skeleton S of the formal
completion Yofy aong ) is afinite graph embedded into X whose vertices are
the preimages of the generic points of the irreducible components of ); and whose
edges are the skeletons of the open annuli w~1( ) for the double points € ;. Let
7 be the canonical retraction map X — S and, for avertex x of S, let S, denote the
open subset of S which isaunion of x and the open edges emanating from x. Then
1(S,) isan elementary curve, and al of the sets T ~1(S,) form an open covering
of X. The description of the first de Rham cohomology group of an elementary
curve implies that there is an exact sequence

0— W(X) - Ho(X, QLY/dOx) — Harm(S, k) — O,

where Harm(S, k) is the space of harmonic cochains on S with valuesin & (i.e.,
maps from the set of oriented edges of S to & that satisfy the harmonicity condition
at every vertex of S). The second equality in (ii) follows. O

NECT T O T E OMOMO P SM
dL :0%Q® x—> 2y [/dOyx

THEOREM Let &£ be a non-Archimedean field of characteristic zero with a
nontrivial valuation. Then for any smooth %-analytic space X the homomorphism

O%® cx— Q2YdOy: [ % is injective and, therefore, 0% ® cx = Ty.

Let X be an irreducible reduced scheme of finite type over an abstract field &
(of arbitrary characteristic). We say that rational functions f1, ..., f, € k(X)* are
multiplicatively independent (modulo constants) at a point € X if they are defined
and not equal to zero a&  and their images in the quotient group 4( )*/L* are
linearly independent over , where L isthe algebraic closureof k£ ink( ).

LEMMA Assume that dim(X’) > 1. If rational functions f11,..., f, € k(X)*
are multiplicatively independent at the generic point of X, then they are multiplica-
tively independent at the generic point of an irreducible algebraic curve in X.

Proof. To prove the statement, we may assume that & is algebraicaly closed, X
is smooth affine, f1,..., f, € O(X)*, and it suffices to show that the functions
f, ..., [» aeindependent at the generic point of an irreducible closed subscheme
of smaller dimension. Furthermore, we can find an open immersion of X into
a connected projective normal scheme X. Let Z = X\X. By [deJ3, Theorem
4.1], there exists a proper, dominant, and generically finite morphism ¢ : &’ — X
such that X" is an irreducible smooth projective scheme and ¢~1(2) is a strict
normal crossings divisor. Let Dy, ..., D, be the irreducible components of the
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latter. The functions fi, ..., f, are evidently independent at the generic point of
X' and, therefore, their divisors ( /1), ..., (f,) iIn X/, supported in Dy, ..., D,,, are
linearly independent over . Let X’ be aclosed subscheme of a projective space P,
and let {x1, ..., x;} be k-rational points of X’ such that all irreducible components
of the intersections D; N D; with i # j contain at least one of them. By Bertini’s
theorem (see [Har, Theorem 8.18] of Ch. Il and Remark 7.9.1 of Ch. Ill), there
exists ahyperplane H C P such that the intersection Y = H N X"’ isan irreducible
smooth subscheme of dimension dim(X’) — 1, each intersection H N D; isasmooth
subscheme of dimension dim(X’) — 2, and A does not contain any of the pointsx;. It
followsthat thefunctions 11, ..., f, aredefined and not equal to zero at the generic
point of ), andtheimage of inX liesin X. By the construction, the canonical
map from the divisor subgroup of X, supportedin D4, ..., D,, tothedivisor group
of Y isinjective and, therefore, the images of the functions 11, ..., f, ink( )*/k*
are linearly independent over . It follows that 11, ..., f, are independent at the
point . O

Now let X be a smooth k-analytic space, where & is a non-Archimedean field
with a nontrivial valuation. We say that analytic functions f1, ..., f, € O(X) are

multiplicatively independent at a point x € X if | f1(x)| =--- = f,(x)| = 1 and the
images of fi(x),..., fu(x) in H(x) /L% are linearly independent over , where

L, isthe algebraic closure of & in 2 (x).

LEMMA If functions f1, ..., f, € O(X) are multiplicatively independent at
a point x € X with s(x) = dim(X) > 1, then there are a smooth £’-analytic curve
Y for a finite extension £’ of £ and a morphism ¢ : Y — X such that the functions
©*(f1), ..., 9*(f,) are multiplicatively independent at a point y € Y.

Proof. Step 1. ne may assume that /'E, C X C X, where X is a connected affine
smooth scheme over £°, x € i’,l and mr(x) is the generic point of &. (Notice that,

by [Ber7, 1.7], for such a point x one has 7€(n(x)) = ’ﬁfx/).) To show this we use
the reasoning from the proof of Lemma2.1.2. Namely, asin Step 1 of that proof, we
may assumethat X isan open subset in Y, where ) isasmooth irreducible affine
scheme over &, and that the point x is contained in a strictly affinoid subdomain
W of X such that the image of x under the reduction map W — W isthe generic
point of an irreducible component of 7 . Furthermore, by [Ber7, Lemma9.4], there
are an open embedding of ) in Z,, where Z is an integral scheme proper and

at over k°, and an open subscheme W C Z; such that W = = ~1(W). Finaly, by
de Jong's result (in the form of [Ber7, Lemma 9.2]), there exist a finite extension
k' of k, a poly-stable fibration 2’ = (Z] — --- - Z] — Z[ = Spec(k’)), where
all morphisms f; are projective of dimension one, and a dominant morphism ¢ :
2, — Z that induces a proper generically étale morphism Z; — Z,. The latter
morphism is evidently étale at every point x” from the preimage of x in Z;,n. By the
argument from Step 4 of the proof of Lemma 2.1.2, 7 (x’) is the generic point of
an irreducible component of Z; .. Let now X" be an open connected smooth affine
subscheme of Z/ with 7 (x') € X, C o~ 1(W). Then X, C ¢ 1(X) C X2 and 7 (x')
is the generic point of A.
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Step 2. By Lemma 4.4.2, applied to the irreducible smooth scheme X; over k
and theimagesof fi(x),..., f,(x)in 7€(XS) = % the latter are multiplicatively
independent at the generic point  of a closed subscheme Y ¢ X of dimension
m — 1. Replacing & by afinite extension and X = Spec(A4) by an open affine neigh-
borhood of , we may assume that ) is smooth over k and even defined by one
equation 3 = Ofor some g e A = A/k* A. Let g be an element of 4 whose image
inA4is g, and let Z be the closed subscheme Spec(B) with B = 4/(g). Then the
formal completion Zof Z along its closed fiber isasmooth formal scheme over £°
and Z, = Z;, = Y. It followsthat there existsaunique point z € Z, withw(z) = ,
and one hask( ) > 7/{?2/) In particular, s(z) = dim(Z") = m — 1 and the images
of f1(2),..., fu(2) in OY _ are linearly independent over . Since the k-analytic
space Z is smooth at the point z (and in fact at all points from 2,7), the lemmais
reduced to the case of smaller dimension. O

Proof of Theorem . . . We haveto show that, if f1,..., f, areinvertible analytic
functions on X whose images in the multiplicative group O . of a point x € X

are linearly independent over , then the images of %, o in QY4 /dOy, are
linearly independent over cy . Propositions 2.3.1, 1.3.2, and 1.5.1 easily reduce
the situation to the case s(x) = dim(X). We may then assume that | f;(x)| = 1
for all 1 <i <n and, by Corollary 4.2.2, the assumption means that 11, ..., f,
are multiplicatively independent at x. Lemma 4.4.3 now reduces the situation to

Theorem 4.3.1. O

AS S EA VYycQy /dOxANDAS SPACE
vX,x - Szx,,x/dOX,x

Let £ be anon-Archimedean field of characteristic zero with anontrivial valuation.
For asmooth k-analytic space X, let U (X) denotethe space of al closed one-forms
o Whose pullback under any morphism ¢ : Y — X from an elementary £’-analytic
curve over a finite extension &’ of k is contained in U(Y). The correspondence
U — U(U) isasheaf Wy inthe étale topology of X, and let ¥, denote the quotient
sheaf W y/dOy. (Of course, both coincide with the corresponding sheaves defined
in the one-dimensional case.)

THEOREM M) YxNWy=0;

(i1) the stalk Wy s at a geometric point over a point x € X with s(x) > O is of
infinite dimension over ¢y x;

(i) if ko C k C 753, where kg is a subfield whose valuation is discrete, then the
stalk Wy, ata point x € X with s(x) = dim(X) is the space of the classes of closed
one-forms w € Q7 , for which there exists a marked neighborhood ¢ : X, — X of x
such that w is defined over the image of ¢ and ¢*(w) € dOr~1( )) for all closed
points € X;.

Notice that the stalks Wy . at pointsx € X with s(x) = O are always zero.
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LEMMA Let ¢ : Y — X be a smooth morphism, y a geometric point of Y over
a geometric point x of X, and y and x their images in Y and X, respectively. Then

(i) the canonical homomorphism Q35 /dOx., — Q75 /dOy,, is injective;

(ii) the preimages of Yy, and Wy, in Qlc'/dOXx are YTy, and Wy,
respectively;
(i) if s(y) = s(x), then Wy = Wy 5.

Proof. The statements (i) and (ii) easily follow from the fact that locally in the
étale topology any smooth morphism has a section. (This fact is a consequence of
[Ber2, Theorem 3.7.2].) To prove (iii), we notice that Qlly%' /dOy 5 is adirect sum
of Ql d ~/dOyx5 and the vector subspace over cy; whose basis is formed by the

classes of one-forms dfl, e djf’ , where fi, ..., f; are elements of Oy, such that
| A, ..., | fi(»)| form abasis of \/|H(y)*|/«/|H(x)*|. The intersection of this

vector subspace with Wy 5 is evidently zero, and so (iii) follows from (ii). O

Proof of Theorem . . . (i) It sufficesto verify that Yy N W x5 = O for any geo-
metric point x over apoint x € X. Lemma 4.5.2 reduces the situation to the case
s(x) =dim(X), and Lemma4.4.3 then reducesthe situation to thecasedim(X) =1,
i.e., to Theorem 4.3.1(ii).

(i1) Assume that s(x) > 0 and Wy 5 is of finite dimension over ¢y . Shrinking
X in the étale topology, we may assume that Wy 5 is generated by the classes of
w1, ..., 0, € QX(X)/dO(X) and that thereisafunction f € O(X) with| f(x)| =
1 for WhICh theimage of f(x) in H(x) is transcendent over k. The latter implies
that the corresponding morphism 7 : X — Y = Al takes x to the maximal point
y of the closed unit disc, which is a point of type (2). It follows from Theorem
4.3.1(iii) that we can replace Y by an étale neighborhood of the point y so that there
exist elements 11, ..., N1 € QYY)/dO(Y) whose images in Wy, are linearly
independent over cy ,. Shrinking X, we may assume that, for every 1 <i <n +1,
onehas f*(n;) = Z’J’.Zlaijwj + v Witha;; € ¢(X) and y; € T (X). We now use the
fact that locally in the étale topology the morphism f hasasectiony : ¥ — X. We
get equalities n; = Z’;Zl oY *(w;) + ¥*(y;) which contradict the assumption on
linear independence of the classes of 71, ..., 9,41 iN Wy,

(iii) Assume first that the class of a closed one-form w lies in W(X), and let
¢ : X, — X be amarked neighborhood of x. Then the restriction of ¢*(w) to the
resudue class 7~1( ) of every closed point € X, isin ¥(zx~1( )). Since 7 ~1( )
Is a semi-annular space, it follows that ¢*(w) is an exact one-form. Conversely,
assume that w is a closed one-form on the generic fiber X, of a proper marked
formal scheme X over k° such that ¢*(w) € dO(r~1( )) for al closed points

€ X,. We have to show that, for any morphism ¢ : ¥ — X, from an elementary
k-analytic curve Y, one has ¢*(w) € U (Y). Since the compl ement of the generic
point (of the comprehensive smooth projective curve with good reduction) in Y
isadigoint union of open discs and annuli (defined over afinite extension of k),
it suffices to verify the required fact in the case when Y an open disc D(0; r) or
annulus B(0; r, R). In that case, W(Y) = QL(Y) and, therefore, we may assume
that k isalgebraically closed. Furthermore, it suffices to verify the required fact for
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every smaller open disc D(0; »’) with " < r or annulus B(0; ', R") withr <7’ <
R’ < R. We may therefore assume that Y is D(0; r) or B(0; r, R) as above, but
r, R € |k*| and the morphism ¢ is induced by a morphism ¢ : Z — X,,, where Z
isthe closed disc E(O; r) or annulus A4(O; r, R). It suffices to verify the following
clam: S={ze Z‘(p(z) ¢ w~1( ) for all closed point € X,} is a finite set of points
of type (). Indeed, assume X is the forma completion of a nondegenerate strictly
poly-stable formal scheme 9), and let 9?, ..., 2)" be open affine subscheme of 9
with X, c ", 2. Theneach Z; = ¢*1(2)§,) isastrictly affinoid subdomain of Z,
and the set S is contained in the union of the boundary points of all Z;’s. The latter
union isfinite and consists of points of type (2). The claim follows. O

For a point x of a smooth k-analytic space X, let Vy, denote the subspace
of Q}\,C)'C/dOXx consisting of the classes of closed one-forms w € Q . With the
following property: there exists a quasi-étale morphism¢ : V' — X from astrictly
k-affinoid space ¥ such that x € ¢(V) and ¢*(w) € dO(r~( )) for al closed
points € V. (For _the notion of a quasi-étale morphism, see [Ber3, 83] and, if
V = M(A), then V' = Spec(A) and x is the reduction map V' — V) It is clear
that Vy . isfunctoria with respect to (X, x). Given a geometric point x over x, let
Vxx denote the inductive limit of all Vy ,, taken over the pairs (¢, «) consisting of
an étale morphism ¢ : ¥ — X and amorphism « : o) — Y over X whose image

isapoint y € Y over x. Oneevidently has Vy, =V, ‘/‘.

THEOREM (i) The subspace V., has a direct complement in Qif)'c /dOx ,
which is a vector space over cy, with a basis formed by the classes of one-forms

% f ,where f1,..., f; € 0% aresuch that {| /1(x)|, ..., | f;(x)]} is & basis

of TH(x)*|/+/Tk*] over Q; in particular, if  (x) = 0, then VXx = Q59 /dOy
(ii) in the situation of Lemma . . , the prelmage of Vy,, in Ql o /d(’)X,x 1S Vx.x
and, if in addition s(y) = s(x), then VXx = Vry,
(iif) Vx N Yx 5 IS avector space over ¢y x with the basis { /f }ier, Where {f,},e]e

O ¢ are such that their images in OY ; form a basis of the abelian group Hs /x5
(from orollary . . );
(iv) Uy, C Vy,y.

Proof. Step 1. (i) is true if z(x) = 0. Indeed, if in the situation of Lemma 4.5.2
s(y) =s(x), then Q% /d Oy > Q72 /d Oy 5. Thereforeit suffices to consider the
case s(x) = dim(X). Let w be a closed one-form on X. By Step 1 from the proof
of Lemma 4.4.3, we may replace X by an étale neighborhood of the point x and
assumethat 3 = X, C X C &, with &' a connected affine smooth scheme over

ke, x € X and 7 (x) the generic point of X;. By [Ber7, Proposition 1.4], one has
3,, = 3. We claimthat o € dO(x~( )) for all closed points € 3. Indeed, let
k' be afinite extension of & such that 3, with 3’ =3 ® -k'° contains ak -rational
point ' over . Then 7 ~1( /) isisomorphic to an open unit polydisc over k&’ with
center at zero and, therefore, the pullback of w to it is an exact one-form. Since the
morphism 7 ~%( ') — 7 ~1( ) isafinite éale covering, the claim follows.

Step 2. (ii) is true when, in the situation of Lemma . . , the morphism ¢ is of
dimension one, s(y) = s(x), and ¢#(y) > ¢(x). Indeed, let  be a closed one-form



68 CHAPTER 4

on Y whoseclassin Q;‘;'/d(’)y,y isinVy,,, andlety : ' — Y bethe corresponding
guasi-étale morphism with y € ¢(V'). Replacing V' by astrictly affinoid subdomain
whose image also contains the point y, we may assume that /' isastrictly affinoid
domain in a smooth k-analytic space étale over Y. Replacing Y by the latter, we
may assume that ' isin fact a strictly affinoid subdomain of Y. Finaly, we may
replace Y by an étale neighborhood of y and assumethat Y = X x B, where B =
B(0; R’, R”) is an open annulus) with center at zero, and y is a point in the fiber
¢~ 1(x) of type (3), i.e., the maximal point of the closed disc radius R’ < r < R”
with 7 ¢ «/TH(x)*]. (Notice that the fiber is the similar annulus B,y = B ® H(x)
over H(x).)

LEMMA In the above situation, ¥ contains U x A, where U is a strictly affi-
noid domain in X with x € U and 4 = A(0; /, r”) is a closed annulus in B of radii
r'or" e Jkflwithr <r < r”.

Proof. First of al, we may assume that X = M(A) and Y = M(B) are strictly
k-affinoid with Y = X x 4(0; R’, R") with R’, R"\/]k*] and R' <r < R”, and
that V' is a strictly affinoid rational domain in Y. The latter means that there are
(nonzero) elements g, g1, ..., g& € B without common zerosin Y such that V' =
{y € Y|lg())] < |go(y)| for al 1 <i < n}. Each element g; € B has the form
> 2 oo fijT7 with fi; € A such that, for every point x’ € X and every R’ <
a <R, |fij(x")|a/ = 0as j — +oo. One has |g; ()| = max;{| f;;(x)|r’}. Since
r & /|H(x)*|, thenfor every 0 <i < n with g; (y) # 0the maximum is achieved at
only onevalue j; of j. Theinclusion y € I impliesthat go(y) # 0. Dividing al g;
by 7/, we may assumethat jo = 0. If g;() = 0for some 1 <i < n, we can shrink
X and Y so that the inequality |g;()/)| < |go()')| is satisfied for all points ' € Y.
Hence, we may assume that g;(y) # O for all 1 <i < n. Furthermore, if j; # O for
somel <i <n,then|g;(y)|isstrictly lessthan |go(y)|. We can therefore shrink X
and Y sothat |g;())] < |go()/)| for dll y' € Y, and so we may assumethat j, =0
foral 1 <i < n. Notice that the functions 1w, f10, .., f»0 have no common zeros
in X. Thus, weget V ={)’ € Y|p()) € U}, where U isthe strictly affinoid rational
domain in X defined by the inequalities | fio(x")| < | foo(x")|foral 1 <i <n. O

We may assume that o = ¢*(n) + a4 with n € Q% (X) and a € k, and that
V =U x A asin Lemma4.5.4. Our purpose isto show that ¢ = 0 and the class of
nin Q%ﬂ/do){,x liesin Vy .. Replacing k£ by afinite extension, we may assume
that ', »” € |k*|. The reduction 4 is a union of two affine lines over & intersecting
in the zero point  and 7=%( ) = B(0; 7/, »”). Let be aclosed point of V whose
imagein A is .If istheimageof inU,thenz=1( )3 7~1( ) x B(O;r,r").
By the assumption, w € dO(mw~1( )), itfollowsthata =0andn € dO~1()).
Sincesuch apoint existsfor every closed point € U, the required fact follows.

Step 3. (i) is true. Indeed, this follows from Steps 1 and 2 and the fact that,
in the situation of Step 2, Q35 /dOy5 is a direct sum of 3% /dO .z and a one-
dimensional vector subspace over cy 5 generated by the class of % for an element

fe Oy, with| f(»)] & VIH(&)*.
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Step 4. (ii), (iii), and (iv) are true. For (ii) it suffices to consider the case when ¢
isof dimension one. In this case the claim follows from (i) and the fact mentioned
in Step 3. The statement (iii) follows from Step 1, Corollary 4.2.2, and Theorem
4.4.1, and (iv) is dready evident. O

REMARK By Theorem 4.3.1(v), if % is algebraic over a finite field, then for
any smooth k-analytic curve X one has ch'/d(’)x =Ty ® Vy. It would be inter-
esting to know if the same equality holdsin all dimensions.






Chapter Five

Isocrystals

In this section we study various objects related to a wide germ of a strictly
k-affinoid space, i.e., a germ of an analytic space (X, Y) in which Y is a strictly affi-
noid domain in the interior of a separated analytic space X, and consider a related
notion of a wide germ of a formal scheme (X, Q) (if Q) is affine, it gives rise to
a wide germ of a strictly k-affinoid germ (X, 9),)). First of all, we show that the
correspondence (X, Y) — B = O(X, Y) gives rise to an anti-equivalence between
the category of such germs and that of dagger algebras. We define categories of
sheaves on a germ and, if X is smooth, relate Dy yy-modules to isocrystals over
B. In particular, we show that the correspondence F — F (X, Y) gives rise to an
equivalence between the category of Ox.y)-coherent Dy y,-modules and that of
isocrystals finitely generated over B that preserves de Rham cohomology groups.
We then construct an increasing sequence of isocrystals £, = B C E% C --- with

the property that the canonical homomorphisms Hle(E"B) — H(}R(E"B“) are zero.
The construction in fact depends on certain choices, but the object constructed is
unique up to a noncanonical isomorphism. nder the assumption that the isocrys-
tal E5 = J;2; E'; can be provided with the structure of a filtered B-algebra that
satisfies the Leibniz rule, we relate it to a classical object, the shuffle algebra, which
appeared in the work of K.-T. Chen on iterated integrals (see [Chen]). Finally, if the
germ (X, Y) isalifting of a similar germ (X, Y”) defined over a closed subfield &’ C
k such that the valuation on &’ is discrete and & is isomorphic to a closed subfield &2,
we show that all of the isocrystals E? are unipotent and E% ® B = E', Where
B'=O(X',Y’). This is deduced from a result of O. Gabber (Lemma 5.5.1) and a
finiteness result of E. Grosse-KI nne [GK2]. (In its turn, the latter is an extension
of a result of P. Berthelot and Z. Mebkhout.)

.1 WIDE GERMS OF ANALYTIC SPACES AND OF FORMAL SCHEMES

Let k£ be an arbitrary non-Archimedean field with anontrivial valuation. Recall (see
[Ber2, 83.4]) that the category of germs of a k-analytic space is the localization of
the category of pairs (X, S) (consisting of ak-analytic space X and asubset S C X)
with respect to the system of morphisms ¢ : (Y, T') — (X, S) such that ¢ induces
an isomorphism of Y with an open neighborhood of S in X. This system admits
a calculus of right fractions, and so the set of morphisms Hom((Y, T'), (X, S)) is
the inductive limit of the sets of morphisms ¢ : V — X with ¢(7) C S, where V
runs through open neighborhoods of 7 in Y. We say that agerms (X, S) isstrictly
k-affinoid if S isstrictly affinoid domainin X. We say that agerm (X, S) iswide if
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X isseparated and S is contained in the interior Int(X) of X. In this subsection we
study the category of wide strictly k4-affinoid germs.

For a germ (X, S) we denote by O(X, S) the algebra of functions analytic in
aneighborhood of S'in X, i.e, O(X,S) = Ii_r)n(’)(bl), where U runs through open

neighborhoods of S in X. For example, if Sisapoint x € X, then O(X, x) isthe
local ring Oy . If X = A" isthen-dimensional affine spaceand S = E istheclosed
unit polydisc with center at zero, then O(A”, E) is the algebra of overconvergent
power series

MTu .. T =Ko T p7 )
p>1

Recall (see [MW], [GK1]) that a k-dagger algebrais a k-algebra 4 isomorphic to
a quotient of k{T1,...,T,} . For a k-dagger algebra 4, the equivalence class of
the norm on A4 induced from the Gauss norm of k{74, ..., T,} does not depend
on the representation of 4 asaquotient, and all ideals of 4 are closed and finitely
generated (see[GK 1, 81]). In particular, 4 isNoetherian, and thereisawell-defined
completion 4, which is a strictly k-affinoid algebra. Furthermore, the canonical
homomorphism 4 — 4 is injective and gives rise to a bijection between the sets
of maximal ideals. Finaly, any homomorphism of k-dagger algebras 4 — B is
bounded with respect to the norms on the algebras, so it extendsin acanonical way
to a homomorphism of strictly k-affinoid algebras 4 — B.

LEMMA The correspondence (X,Y) — O(X,Y) gives rise to an anti-
equivalence between the category of wide strictly k-affinoid germs and the cate-
gory of k-dagger algebras.

Proof. First of al, we haveto verify that, for awide strictly k-affinoid germ (X, ),
O(X,7Y) is ak-dagger algebra. By aresult of M. Temkin ([Tem, Theorem 5.1]),
there exists a bigger strictly affinoid domain ¥ C X such that ¥ C Int(/) and
Y is a Weierstrass domain in /. We may assume that X =V = M(A). In this
case it follows from [Berl, 2.5.2] that there exists an admissible epimorphism
kT, .. i T} — A Ty f; such that 7, € /[FF] and max,cy | f; (x)| =
1 <r. Since Y is Weierstrass in X, there exist elements g1,..., g, € A such
that Y = {x € X\|g,-(x)| <1foradl 1l<i <m}. Of course, we may assume that
maX,cy |2 (x)| > 1 for al 1 <i <m and, therefore, we may replace the system
of lements { f1,..., fu} by {f1,..., fu, €1,..., 2n}. Thus, we may assume that
Y = {x € X|| fi(x)| < 1foral 1<i < n} and that there is an admissible epimor-
phism k{T1, ..., T,} — B: T; — f;, where Y = M(B). It follows that there is an
epimorphism k°{T1, ..., T,} — O(X,Y),i.e, O(X,Y) isak-dagger algebra
Furthermore, we have to verify that, for a similar germ (X', Y’), the canonical

map
Hom((X', Y'), (X, Y)) > Hom(O(X, Y), O(X',Y"))

is bijective. That it is injective is easy. Suppose we are given a homomorphism
OX,Y) - O(X',Y'). It extends in a canonical way to a bounded homomor-
phism of strictly k-affinoid algebras B — B’, where Y = M(B’) and B (as well
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as some other objects below) are from the previous paragraph. Let /! be the image
of f; in O(X',Y’). One has max, .y | f/(x)| < 1. We can shrink X" and assume
that X' = M(A") is k-affinoid and that each f/ comes from A" and is of spec-
tral radius at most ;. Then there is a well-defined bounded homomorphism of
k-effinoid algebras k{r; Ty, ..., T,} — A : T, — f/. We can shrink X" and
assume that this homomorphism takes the finitely generated kernel of the epimor-
phism k{rl_lTl,...,rn_lT,,} — A : T; — f; to zero. This means that there is a
bounded homomorphism A — A" which induces a morphism of germs (X', Y') —
(X, Y). Thelatter evidently givesriseto the homomorphismO(X, Y) - O(X', Y’)
we started from.

Finally, let B be a k-dagger algebra, and consider a surjective homomorphism
k{T1,...,T,} — B. Itskerndl is generated by a finite number of elements that
come from k{rl‘lTl, ..., r Yy for somer; € /TF*] withr; > 1. Let A bethe quotient
of the latter by the ideal generated by those elements. Then for X = M(A) the
set Y ={x e X“f,-(x)| <1foradl 1<i <n}, where f; istheimage of T7; in A,
is a Weierstrass domain in X which is contained in Int(X), and one has
OX,Y)=B. Ul

We now introduce a related category of germs of a formal scheme over £°. Its
objectsarethetriples (X, ), «) consisting of ak-analytic space X, aformal scheme
2 locally finitely presented over £°, and an isomorphism « between the generic
fiber 9), and astrictly analytic subdomain ¥ C X. The morphisms (X', 9, &) —
(X,9),«) are the pairs consisting of a morphism of strictly k-analytic spaces
(X,Y)— (X,Y) (withY' = a’(in’n)) and amorphism of formal schemes?)’ — 92),
which are compatible in the evident sense. For brevity, we identify 2), with its
image in X and denote the corresponding germ by (X, )). There are evident func-
tors of generic fiber (X, Q) — (X,Q),) and of closed fiber (X, Q) — 9. We say
that (X, %)) isagerm of a smooth formal scheme if ) is smooth over £°. A germ
(X, %) issaid to bewide if X and Q) are separated and 9),, is contained in the inte-
rior Int(X) of X. For example, if X is a separated forma scheme locally finitely
presented over £°, an if ) is a open subscheme smooth over £° such that ), is
contained in an irreducible component of X; which is proper over k, then (X,,92)
is a wide germ of a smooth formal scheme. (This germ is wide, by a result of
M. Temkin [Tem, Theorem 4.1].)

A morphism (¢, ¥) : (X,9) — (X,9) is said to be étale if the morphisms
¢ (X,9)— (X,9,) ady :Y — 2 ae éale in the sense of [Ber2, §3.4]
and [Ber3, 82], respectively. Notice that any germ (X7, 2)") étale over awide germ
(X,9) isasowide.

LEMMA Given awide germ (X, 9)), the correspondence (X', 9)") — 9’ gives
rise to an equivalence between the category of germs étale over (X, 2)) and that of
schemes étale over Q..

Recall that, by [Ber3, Lemma 2.1], the latter category is equivalent to the
category of formal schemes étale over 2).

Proof. The functor is clearly fully faithful. Therefore to show that it is essen-
tially surjective, it suffices to verify this property locally on ). Thisis done using
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the reasoning from the proof of [Ber3, Proposition 2.3] as follows. By the local
description of éale morphisms, we may assume that we are given an étale mor-
phism v : 9’ = Spf(4| ) = Y = Spf(4), where 4’ = A[T]/(P) = A{P}/(P), P
Is a monic polynomial over 4, and f is an element of A’ such that the image of
the derivative P’ in Z’f = (Z[T]/(ﬁ))f isinvertible. Since 2, lies in the interior
of X, we can shrink X and assume that X = M(B) isstrictly k-affinoid and 9),, is
aWelerstrass domain in it. Then theimage of B in A = 4 ®;- k is dense. We may
therefore assume that the coefficients of the polynomia P are contained in B and
the element f is contained in B’ = B[T]/(P). Consider the finite at morphism
¢: X =M(B)— X.OnehasQ), = {x' € ¢71(Y,)|| /(x| = 1}. We claim that
the morphism ¢ is étale at all points of @’n Indeed, if g denote the image of the
derivative P’ in 5, then ¢ isétale at apoint x" € X’ if and only if g(x") # 0. Since
|g(x")| = 1for al pointsx’ € Y, , the claim follows. d

COROLLARY Let &’ be a closed subfield of & such that the residue field % is
algebraic over k. Then any wide germ of a smooth formal scheme (X, 9)) is, locally
on %), induced by a wide germ of a smooth formal scheme over k"¢ for some finite
extension k” of £ in k.

Proof. By the definition of a smooth formal scheme over £°, one can shrink )
so that there is an étale morphism from 2) to the formal affine scheme over i°.
The generic fiber of the latter is the closed unit polydisc with center at zero in the
affine space. Both are defined over £’° and, therefore, the statement follows from
Lemma5.1.2. OJ

REMARKS (i) In [GK1], E. GroBe-KI| nne introduced a category of dagger
spaces which are glued from affinoid dagger spaces, the maximal spectra of k-
dagger algebras. The functor of Lemma 5.1.1 gives rise to an equivalence between
the category of wide germs of astrictly 4-affinoid space and the category of affinoid
dagger spaces. One can show that this functor can be extended to a fully faithful
functor from the category of wide germs (X, Y), in which Y is a strictly analytic
subdomain of X, to the category of separated dagger spaces, and one can describe
reasonabl e subcategories of the above which are equivalent under that functor (cf.
[Ber2, 81.6]). Similarly, there is afully faithful functor from the category of wide
germs of formal schemes over k° to the category of weak formal schemes over k°,
introduced by D. Meredith [Mer] in the case when the valuation on £ is discrete.

(i) If the valuation on £ is discrete, the results of M. Temkin mentioned above
were proven earlier by W. Litkebohmert in [Lt2].

(iii) Itisvery likely the statement of Lemma5.1.2 istrue without the assumption
that the germ (X, Q) iswide.

D MOD LESONSMOOT ST CTL kKA NO DGE MS
AND SOC STALS

The category of sheaves of sets on a germ (X, S) is defined as the inductive
limit of the categories of sheaves of sets on open neighborhoods of S in X
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(see[SGAA4, Exp. VI]). Namely, asheaf of setson (X, S) isapair (U, F) consisting
of an open neighborhood / of S in X and asheaf of sets F oni/. A representative of
amorphism (V, G) — (U, F) isapar (W, ) consisting of an open neighborhood
W of Sini{ NV and amorphism of sheaves o : G}W — F|W. Two representatives
W, a) and W', «’) of a morphism (V, G) — (U, F) are said to be equivalent
if the restrictions of « and o’ to some open neighborhood of S in W N W' coin-
cide. A morphism (V, G) — (U, F) is an equivalence class of its representatives.
The pullback of a sheaf of sets on U/ to S gives rise to a functor from the cate-
gory of sheaves of setson (X, S) to that on the topological space S (the underlying
topological space of (X, S5)).

In the similar way one defines categories of sheaves on (X, S) with additional
algebraic structures. In particular, one has the abelian category of abelian sheaves
on (X, S). This category has injectives, and the values of the high direct images of
the left exact functor F +— F(X, S) = Ii_nqu(Z/{) are the groups H7((X, S), F) =

limy, H4(U, F). Notice that, if X is Hausdorff and S has a fundamental system of

paracompact neighborhoodsin X (e.g., S iscompact), then the latter inductive limit
coincideswith HY(S, F'), the conomology group of the space S with coefficientsin
the pullback of F on S.

For example, the structural sheaf Oy ) on (X, S) isthe sheaf represented by the
pair (X, Oy) (it isisomorphic to the sheaf represented by any pair (U, Oy)). The
category of O x.s)-modules (resp. coherent Ox,s)-modules) is the inductive limit
of the categories of O;,-modules (resp. coherent O,,-modules) taken over open
neighborhoods ¢/ of S in X. Notice that the correspondence (U, F) — F(X,Y)
gives rise to a functor from the category of O x.s-modules to that of O(X, S)-
modules.

LEMMA Let (X,Y) be a wide strictly k-affinoid germ (X,Y) with B =
O(X,Y). Then

(i) the above functor induces an equivalence between the category of coherent
(resp. and locally free) Ox,y)-modules and that of finitely generated (resp.
and projective) B-modules;

(ii) forany coherent O yy,-module F and any ¢>1, one has H?((X, Y),F)=0;

(iii) if F is a locally free Oy y)-module of finite rank, then for any Oy y)-
module G the canonical map F(X,Y)®pG(X,Y) = (F @0, 9 (X, Y)
is a bijection.

Proof. (i) Asin the proof of Lemma 5.1.1, we may assume that X = M(A) is
strictly k-affinoid, there is a surjective morphism k{rl_lTl, e rn_lT,,} — A with
r>1,and Y = {x € X|| fi(x)] < 1foral 1<i<n}, where f; is the image
of 7; in A. Moreover, we may assume that the coherent (resp. and locally free)
O(x.r)-module considered comes from a coherent (resp. and locally free)
Ox-module F. Then F(X) isafinitely generated (resp. and projective) .A-module.
In particular, there is a surjective A-homomorphism A" — F(X). Given an affi-
noid neighborhood ¥ of Y in X, the latter induces a surjective homomorphism
A} — Fy(V), where Fp is the corresponding coherent Oy -module. Since

B =Ilimy Ay and F(X,Y) = lim, Fy (V), there is a surjective homomorphism
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B" — F(X,Y). This implies that F(X,Y) is a finitely generated (resp. and
projective) B-module, i.e., the functor is well defined. That it is an equivalence
of categoriesis established in the same way.

(if) Theinductive limit defining the cohomol ogy group considered coincideswith
the inductive limit Ii_r)nV H1(V, Fy) taken over affinoid neighborhoods 7 of Y in X.

Since H?(V, Fy) = 0, the required fact follows.

(iii) The statement istrivia if F isafree Ox,y)-module. In the general case, by
(i), we may assume that there is a coherent Oy, y)-module ‘H such that F @ H isa
free O(x.y)-module of finite rank, and the required fact easily follows. O

For any germ of a formal scheme (X, 2)) over k°, one can define as follows a
nearby cycles functor 6 from the category of sheaves on its generic fiber (X, 9),)
to the category of sheavesin the Zariski topology of its closed fiber ), (see [Ber8,
84]). Given a sheaf F on (X,%),), one sets 6(F)(3,) = F(X, 3,) for any open
subset 3, C 2),, where 3 is the open subscheme of ) with the underlying space 3,
and F(X, 3,) istheset of global sections of the pullback of £ to (X, 3,)). For exam-
ple, it follows from Lemma 3.1.1 that the restriction of the sheaf cg) = 6(c(x.9),))
to any connected component 3; of ), is the constant sheaf associated to the field
¢(3,) which isthe finite unramified extension of k£ with the residue field k(3,). We
denote by O(x.9) the sheaf 6(Ox.g),)). It isacoherent sheaf of rings.

COROLLARY Let (X, Q) be a wide germ of a formal scheme over £°. Then

(i) the functor 6 gives rise to an equivalence between the category of coherent
O(x.9,)-modules and that of coherent Ox.g),-modules;

(ii) for any coherent O(x g, ,-module F, one has
HY(Y,,0(F)) = H1((X,2,), F), q = 0.

Furthermore, we say that agerm (X, S) issmooth if X isa separated k-analytic
space smooth in a neighborhood of the set S. Such a germ is automatically wide.
For example, if (X, %)) isawide germ of a smooth formal scheme, then the germ
(X,9),) issmooth.

Assume that the characteristic of % is zero, and let (X, Y) be a smooth germ.
As above, we define the category of D x.yy-modules and those of O x-coherent and
of unipotent D, y,-moduleson (X, Y) as the inductive limit of the corresponding
categories taken over open neighborhoods of Y in X. These three categories are
abelian. The de Rham cohomology groups Hjz((X, Y), F) of a Dy,y)-module F
are the hypercohomology groups of the complex 7 ®o, ., .y, With respect to
the functor of global sectionson (X, Y). If F = Oy, they aredenoted by Hiz(X, Y).

Let (X, Y) be a smooth strictly k-affinoid germ and B = O(X, Y). An isocrys-
tal (resp. a finite isocrystal) over B is an B-module (resp. a finitely generated
B-module) M provided with an integrable connection V : M — M ®p Q3. Itis
known that any finitely generated B-module that can be provided with a connec-
tion is projective and, in particular, any finite isocrystal is a projective B-module.
A unipotent isocrystal over B is afinite isocrystal M over B which is a succes-
sive extension of the trivial isocrystal B. Notice that such an M is aways a free
B-module. A trivial isocrystal over B is a finite isocrystal isomorphic to the
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isocrystal B", n > 0. The de Rham cohomology groups H/r(M) of an isocrystal
M over B are the cohomology groups of the complex

M@pQp: M-> MR > M52 > ... .

LEMMA Let (X, Y) be a smooth strictly k-affinoid germ. Then

() the correspondence F — F (X, Y) gives rise to a functor from the category
of Dx.yy-modules to that of isocrystals over B;

(if) the above functor induces an equivalence between the category of
O(x.r)-coherent (resp. unipotent) Dy yy,-modules and that of finite (resp.
unipotent) isocrystals over B;

(i) for any Oyx-coherent Dy y,-module F one has Hi((X,Y),F)>
Hin(F(X, Y)).

Proof. (i) Since the Ox.y)-module Q(lX,Y) Is locally free of finite rank, the state-
ment follows from Lemma 5.2.1(iii).

(if) That the functor is fully faithful follows from Lemma 5.2.1. To prove that
it is essentialy surjective, it suffices to show that, given alocally free O xy-module
of finite rank F, any connection V : F(X,Y) — F(X, Y) ®p Q} comes from a
connectionon F |u for some open neighborhood ¢/ of Y in X. But thisiseasily seen
since the connection is determined by its values on a finite number of elements of
F(X,Y).

(iii) follows from Lemma5.2.1(ii). O

Let (X,9) be a wide germ of a smooth formal scheme over k°. A D x g9)-
module is a sheaf of Ox,g),-modules F provided with an integrable connection

ViF = F®0,q, 52(1)@), where Q’{m) = G(Q?X%)). The de Rham cohomol-

ogy groups Hjx (), F) of such a module are defined in the same way as above.
If F is the trivial Dx g9),-module O x,9), (and the valuation on k is discrete), its
de Rham cohomology groups coincide with the Monsky-Washnitzer cohomol ogy

groups Hihy (),/k) of 2, over k ((MW]).

COROLLARY (i) The functor 6 gives rise to a functor from the category of
D(x.g,)-modules to that of Dy g))-modules;

(ii) the functor 6 induces an equivalence between the category of Ox.g) )-
coherent (resp. unipotent) Dx g, ,-modules and that of O(x.g)-coherent (resp.
unipotent) Dy, g),-modules;

(i) Hir(Ds. 0(F)) = Hir(X,D,), F) for every Ox.g )-coherent Dx.y )-
module F and every g > 0.

REMARKS (i) Germs of analytic spaces are particular cases of pro-analytic
spaces from [Ber4]. The above definition of the category of sheavesonagermisa
simple variant of amore general definition in [Ber4, 82].

(ii) Our terminology is dlightly different from the standard one in the sense that
finite isocrystals are usually called isocrystals (see also Remark 6.2.2).
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(iii) In the theory of (finite) isocrystals an additional property of overconver-
gence plays an important role. All of the finite isocrystals considered here are uni-
potent and known to be overconvergent (see [LeCh]). We do not invoke this
property explicitly, but consider a closely related property in 87.1.

ACONST CT ONO SOC STALS

Let k£ be afield of characteristic zero, and let B be a commutative k-algebra which
is provided with a projective B-module of finite rank % and a k-linear derivation
d: B — QL with k = Ker(d) and such that locally in the Zariski topology of B
the B-module Q% is freely generated by exact differentials. The latter assump-
tion implies that, setting Q% = A7Q3}, one can define a de Rham complex Q5 :
0> B4 QL < Q2 ... whose cohomology groups, denoted by H}(B), are
vector spaces over k. Similarly, any B-module M with an integrable connection
V:M— M®pgQ} defines a de Rham complex M ® 3 Q5 whose cohomology
groups, denoted by Hg, (M), are vector spaces over k. Such a B-module M will be
called an isocrystal and, if it is finitely generated over B, it will be called a finite
isocrystal. Trivial and unipotent isocrystals are defined in the same way asin §1.3.

Given anisocrystal M over B and ak-vector subspace V' C Hi, (M), we construct
asfollows an isocrystal My . Asa B-module, My isthedirect sum M & (V ®; B).
For an element v € V', we denote by v the corresponding element v ® 1 of M .
Furthermore, we fix a k-linear section to the subspace of closed one-forms
sV — (M®pQL)9, and extend the connection V : M — M ® 3 Q1 to aconnec-
tionV: My — My ®p Q}; by V(v) = s(v) foral v e V. Thisprovides M) withthe
structure of an isocrystal over B. Notice that different choices of the section s give
rise to noncanonically isomorphic isocrystal structures on M) . Indeed, a second
sections’: V — (M ®p Q}B)C' defines a connection V' on M with V' (v) = s’ (v)
and, therefore, s'(v) —s(v) € V(M). Let 1 be ak-linear map V' — M for which
s'(v) —s(v) = V(u(v)) foral v e V. Then the B-linear map ¢ : My — M), identi-
cal on M and defined by ¢(v) = (v)+7v for al v € IV givesriseto an isomorphism
of isocrystals (My, V') = (My, V).

LEMMA (i) There is a canonical isomorphism of isocrystals My /M =
V Qx B;

(il) Hig(M) = Hig(My);

(iii) Ker(Hg(M) — Hgp(My)) =V .

Proof. (i) trivially follows from the construction.

Letey,...,e, beelementsof V' linearly independent over &, and assume that for
aclosed one-formw € M ®5 Q% onehasw = V(m +Y .7, fie;) withm € M and
fi € B. Itfollowsthat Y7 eidfi =w—V(m) =Y "_, fis(e;) € M ®y Q% and,
therefore, df; =0, i.e., f; € k. Thisimplies that the class of w is contained in V,
i.e., (iii) istrue, and, if = 0, we get (ii). g

Notice that the exact sequence of isocrystals0 - M — My — My /M — 0
gives rise to an isomorphism Hix(My /M) = V C Hig(M).
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Let M C M’ beisocrystals over B such that H3(M'/M) ®x B~ M'/M, and
let V = Ker(Hjix(M) — Hi(M')). Then any homomorphism of isocrystals
@ : M — N with VV C Ker(Hjx(M) — Hg(N)) can be extended to a homo-
morphism of isocrystals ¢’ : M’ — N. Indeed, as a B-module, M’ can be iden-
tified with the direct sum M & (U ®; B), where U = H(?R(M//M). The assumption
implies that ¢(V(u® 1)) € V(N) foral u e U. If Bisak-linear map U — N
withp(V(u® 1)) = V(B(u)) for dl u € U, then an extension ¢’ : M’ — N can be
defined by ¢’ (u®1) = B(u) foru e U.

LEMMA Assume that B is oetherian and any finite isocrystal over B is a
projective B-module. Given isocrystals M C M’ as above with H3, (M) Hin(M'),
any homomorphism of isocrystals M” — N injective on M is injective on M’.

Proof. We can replace M’ by the preimage of U’ ®; B for some finite-dimensional
subspace U’ C U = H3,(M), and so we may assume that dim; (U) < oo. Suppose
P =Ker(M' — N) # 0. It suffices to show that Hix(P) # 0 because this would
contradict the assumption. For this we consider the exact sequence of isocrystals
0> P—> M/M=UGQ®;B— Q — 0. By the assumption, Q is a projective
B-module. It follows that the canonical map HgR(Q) ®r B — Q isinjective (see
the proof of Lemma1.3.1). Since B is Noetherian, it follows that di mk(Hg’R(Q)) <
dim, (U) which impliesthat H3,(P) # 0. O

We now construct as follows an increasing sequence of unipotent isocrystals
ESCEYCE2C---i ES=Band fori >0, E5t = (EY)y for V = HiL(EL).
The inductive limit Ez = lim E%; is afiltered isocrystal over B. For an isocrystal
M over B, we denote the@crystals M®p Ep and M ®p E"B by Mg and Mg,
respectively.

Let M be a unipotent isocrystal of rank m over B, and fix a filtration M° =
0c M*cC--- c M" = M such that each quotient M’ /M~ isatrivial isocrystal.
Consider thefiltration on the isocrystal Mg defined by the sub-isocrystals

M Mn +M 1+1+ +M%'i+n—1-

LEMMA (i) (M; ®525)% € V(M;41);
(i) MOV is a vector space over & of dimension m;
(iii) My = MY .

Proof. If n = 1, the claim follows from Lemma 5.3.1. Assume that » > 2 and the
clamistrueforn —1. Weset N = M"~ ! and notice that there are exact sequences
of isocrystals0 — N,+1—> M — (M/N)gi — 0and0— N,+1 — (M + Mgii1) —
(M/N)gi+1 — 0, where N; ;11 Isconsidered for the induced filtration of N of length
n—1.

First of all, let w € (M; @5 Q1 1)d. By the validity of the claim for the trivial
isocrystal M/ N, thereis an element f € Mgi+1 such that w — V(f) € (N,+1 ®3p
QL)d. By the induction hypothesis, there exists an element g € N,+2 with
®—V(f)=V(g),ads0w=V(f+g) With f+g e Mg+ Nij2= M1, i€,
(i) istrue.
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Furthermore, the first of the above exact sequences gives rise to an exact
sequence of vector spaces 0 — N, — MY — (M/N)Y, = (M/N)". To prove
(i) and (iii), it suffices to show that the second homomorphism is surjective. Let
f be an element of M whose image in M/N is contained in (M/N)V. Then
V(f) € (N®s Q1) and, by the induction hypothesis, there exists an element
g € Ny withV(g) = V(f). Theelement /' — g liesin My anditsimagein (M/N)V
coincides with that of f. O

Assumethat thering B is Noetherian and any finiteisocrystal over B isaprojec-
tive B-module (as in Lemma 5.3.2). Assume also that the isocrystal £z can be
provided with a structure of a commutative filtered B-algebra which satisfies the
Leibniz rule (i.e,, V(fg) = V(f)g+ fV(g). (In 86, it will be shown that in the
case of interest for us these assumptions are satisfied.) Then for any isocrystal M
over B thereisacanonical homomorphism of isocrystals My ®; E — Mg, which
isinjectiveif M isfinite over B.

COROLLARY nder the above assumptions, the following properties of
a finite isocrystal M of rank m over B are equivalent:

(d) M is unipotent;
(b) the vector space M is of dimension m and My ®; E = M;
(c) there exists an embedding of isocrystals M < (E)' with [ > 1.

urthermore, if M is unipotent, its level is equal to the minimal » for which there
exists an embedding of isocrystals M < (E"~1) with / > 1.

The level of a unipotent isocrystal M is the minimal » for which there exists
afiltration M°=0c M* C --- ¢ M" = M such that each quotient M’ /M~
isatrivial isocrystal.

Proof. The implication (a) = (b) follows easily from Lemma 5.3.3 (and its
proof), and the implication (b) = (c) istrivial.

(c) = () Since M isfinitely generated over B, itsimageiscontainedin (E"~1)’
for somen > 1. The proof of Lemma 5.3.2 implies that A is unipotent of level at
most 7.

Assume that M is unipotent of level n, andlet M°=0c Mc.-..c M"=M
be a filtration such that each quotient A7 /M~ is atrivial isocrystal. By Lemma
5.3.3, for the corresponding filtration of My one has MY = A?Ov . We claim that
there is a basis of M} such that the isomorphism of isocrystals Mz = (E)™,
induced by it, takes every M; into (E‘T"1). Indeed, if n = 1, the claim is triv-
ial. Assume that » > 2 and the claim is true for » — 1. Then we can find a basis
hi, ..., h; of NY with the required property for N = M"~1. The proof of Lemma
5.3.3 shows that, if f;.1,..., f,, are elements of M whose imagesin M/N form
a basis of (M/N)V, then there exist elements g/.1,..., g, € ZVl such that the
elements h1,....h; iy = fiy1— Q41s - b = fu — gn form abasis of M.
Since M; = Mgi + N; 1, it follows that the constructed basi s possesses the required
property. 0
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T E LTE ED SOC STALSEpANDT ES LEALGE AS

We continue to work here in the general setting of the previous subsection.

Recall that the shuf e algebra Sh()) of a vector space V' over afield &k is a
commutative -graded algebra which, as a vector space, is the tensor algebra
D, V" of ¥ with the multiplication

(v1®'"®Up)'(vp+1®"'®vp+q) :Zvﬁ_l(1)®"‘®v0_l(17+q)’

where the sum istaken over al (p, g)-shuf es, i.e., those of the permutations o of
{1,..., p+g}forwhicho(l) <---<o(p)ando(p+1) <---<o(p+q).

Assume we are in the situation of the beginning of 85.3. For a vector subspace
V C Hle(B), we denote by Shz (V') the  -graded B-algebraSh(V)®; B. (If V =
HL(B), it will be denoted by Shj.) If we fix ak-linear section s : ¥ — Q%9 the
k-linear map

Sh(V) — Sh(V)®; Q% 11® - Q> (1® - ® v, 1) ®5(v,)
extendsto a k-linear connection on the B-module Shg (V)
V:Shp(V) — Shp(V) @5 Qp = Sh(V) @ Q5.

Notice that this connection is not integrable (unless the rank of Q7 is at most
one). The connection V preserves each B-submodule S (V) = @' _o(V 7 ®; B),
and it gives rise to an integrable connection on each quotient Gr” (Shg(V)) =
S (V) /Sh’}g‘l(V), which does not depend on the choice of the section s. One
has Gr" (Shz(V))Y = V'@ and Gr" (Shz(V)) is isomorphic to the free B-module
with an integrable connection Gr" (Shz (V))Y ®y B.

LEMMA The connection V satisfies the Leibniz rule, i.e., V(ab) = aV (b) +
bV (a), and its kernel coincides with %.

Proof. To verify the Leibniz rule, it suffices to consider the case when ¢ = v; ®
Uy, andb=v,11Q --QV,y4,. Onehas

V(a-b) = Z(Ua—l(l) Q@+ @ Vo-1(prq—1)) @S (Vs-1(ptq))s

where the sum is taken over al (p, g)-shuf eso of theset {1,..., p+¢}. Onthe
other hand, one has

a-V(b) = Z(vr—l(l) QR Ur-1(ptg-1) ®S(Vpig)

and

b-V(a)= Z(Url(l) Q- ®Vr-1(p-1) ®Vr-1(p+1) - - B Vr-1(p1g)) @ S(V)),

where the first sumistaken over (p, g —1)-shuf est of theset {1,..., p+q —1},
and the second one is taken over (p —1,¢g)-shuf est of theset {1,..., p—1,
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p+1,..., p+q}. It remans to notice that, for every (p, ¢g)-shuf e o of the set
{1,...,p+gq}, one has either 0 X (p+¢q) = p+qg or o Y(p+q) = p, and 0
there is a one-to-one correspondence between the shuf es o of each of the latter
types and the shuf es ¢ from each of the above sums, respectively. Assume now
that there exists an element a € S, (V)\SIy *(V) with da =0 and n > 1. If
{vi,...,v,} isabass of the k-vector space V', then a basis of the k-vector space
ShB(V) isformed by theelementsv;, . ;,

with g;, ..;, € B. The description of Sh’;;(V)/ShB L) impliesthat giy...i, €k for
al (i1, ...,i,). Furthermore, given (iy, ..., i,—1), the coefficient of da at v;, ;.
is equal to dg;, . i ,+ Z 18iiy1,;5(;). It follows that g;, ; = 0 for all
(i1, ..., I,) which |sacontrad|ct|on O

Let us call a Dp-algebra any B-algebra which is an isocrystal over B whose
connection satisfies the Leibniz rule. Lemma 5.4.1 implies that Gr (Shz(V)) isa
graded Djg-algebra isomorphic to Gr(Shz(V))Y ®; B, and there is a canonical
isomorphism of graded k-algebras Sh(V') = Gr (Sh(V))V.

Assume now that the filtered isocrystal Eg, constructed in 85.3, is provi-
ded with a structure of a commutative filtered Djp-algebra. Recall that each
quotient Gr"(Eg) = E’ /E’};1 Is canonically isomorphic to the trivia isocrystal
Hi(E%™) ®; B. In particular, there are canonical isomorphisms of graded
Dp-algebras Gr(E)Y @ B= Gr(Eg) and of k-vector spaces Gr'(Ep)Y =
HdR(E}; b and HdR(Gr (Ep)) > HR(EW ™) ®; Hk(B). Since the canonical
map HdFj 1) — HL(E™) iszero, thelatter isomorphism and the exact sequence
0— E% *— E%—Gr"(Ep) — 0giveriseto aninjective k-linear map Gr' (Ep)Y —
Hle(B)®" In thlsway we get an injective k-linear map

¥ : Gr(Ep)Y — Sh(Hi(B)).

PROPOSITION The map v is @ homomorphism of k-algebras.

Proof. Let a € EX and b € E% be such that V(a) € EX @5 QL and V(b) €
EY @5 QL. We have to show that v (a-b) = ¥(a) - ¥ (b). If p=0org =0,
the equality is trivial, and so assume that p,q > 1 and that the equality is true
for al of the pairs (p', ¢") with either p’ < pand ¢’ <g or p' < pand ¢’ <gq.
Notice that the element w(a) is constructed as foIIows First of all, consider the
imageof V(a) in(EL Y /EX 2 @5 Q5% = (EX Y EL )Y @ 2% (with E51 =0).
If the image of the latter in Hi(B)®?~D @ Q3 d under the map induced by
¥ (EFHES?)Y — HR(B)®PD sy, (’)® @ub, @ (sl +df),
where f; € B, thenyr(a) =Y 7" u (1’)® -@u'). Similarly, if theimage of V (b) in
HE(B)®UD Ql’d is Zj LV (j) R - ® v;j)1® (s(v(])) +dg;), where g; € B,
then y(a) =310/ @ ® v,/). To find ¥ (a - b) we apply the same procedure
totheelement V(a-b) =a-V(b)+b-V(a). By induction, one has

w(a-b):(l/f(a)-zv(])@) ®v(1))®vc§j)+< (b)- Zu(ll)(g, ®u(l) >®ug).
j=1
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Thus, the required equality v (a -b) = ¥ (a) - ¥ (b) isaconsequence of the formula
which tellsthat the element (11 ® - - ®u,) - (11 ®---®v,) isequal to

(U1 ® - ®1p) - (1@ ®Vy 1) vy + (1@ @) - (U1 B+ Bty 1)) Dl .

This formula is verified in the same way as the Leibniz rule in the proof of
Lemma5.4.1. U

Recall (see [Rad, Theorem 3.1.1]) that the shuf e algebra Sh(7) of a vector
space V' over afield of characteristic zero isisomorphic to the ring of polynomials
over the field with a set of variables consisting of homogeneous elements.

COROLLARY (i) If B has no zero divisors, then neither does the graded
B-algebra Gr'(E), and B is algebraically closed in it;
(if) Gr (E)* = B* and, in particular, (Eg)* = B*.

Finally, assume that the B-module Q% is of rank one. Then the connection
V on Shp is integrable and, in particular, Shp is an isocrystal over B. One has
H3R(Shy) = k and Hi(Sh) = 0foraln >0and g > 2.

LEMMA If the B-module Q% is of rank one, then

(i) the canonical homomorphism H(}R(Sh’l’;l) — H(}R(Sh’;g) IS zero;
(i) Hiz(Shy) = Hia(Gr'(Shp)) = Hgn(B)®"HY;
(i) the map v of Proposition . . is an isomorphism and, in particular, there
is a canonical isomorphism of graded Dg-algebras Gr (Eg) — Gr (Shp).

Proof. (i) The statement is trivialy true for n = 0 (with Sh;;* = 0). Assume that
n > 1 and that the statement is true for n — 1. Each element of Sh; ' ®; Q% =
S L(Hi(B)) ®; Q% is afinite sum of elements of theform v, ® --- ® v, 1 Q@ w
withv; € Hjz(B) and w € Q}. Let w = s(v) +d f for somev € Hiz(B) and f € B.
Onehasv1® - ®v,—1®s(V) =V(01® - Qv,—1Q@v) and v1®- - Qu,_1Qdf =
V(11 ®u,_1)— 11 Q- ®u,_2® (fs(v,_1)). It remains to notice that the
dement v1® - - ® v,_2® (fs(v,_1)) is contained in S, 2 ® 5 Q% and, by induc-
tion, it is contained in V(Sh; 1.

(i) Therequired isomorphism is obtained from the exact sequence 0 — Sh’}};1 —
Sh, — Gr"(Shg) — 0 using (i) and the fact that Hz,(Shy ™) = 0.

(iii) Asin (ii), the required isomorphism is obtained from the exact sequence
0— Ey'— E% — Gr'(Eg) — 0 and the facts that the canonical map
HR(E%Y ™Y — HR(E%) iszeroand H2(E"1) =0, O

REMARK In 86.4 it will be shown that, in the situation considered there, the
isomorphism of Lemma 5.4.4(iii) is induced by a (noncanonical) isomorphism of
filtered Dp-algebras Ez — Shp.

N POTENT SOC STALSE!(X,3)

LEMMA (. Gabber). Let £ be a non-Archimedean field with a nontrivial
valuation. Given an inductive system {F, },>1 of complexes of anach spaces over
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k with dim; H9(lim F;) < oo for some ¢ € , for any anach space W over £ the
canonical linear map

HI(IIME) ®; W — HI(Iim(F, ® ;W)

is an isomorphism.

Proof. We set Z, = Ker(F! — FI™) and B, = Com(E!™* — E) (i.e, the
quotient of F7~' by Ker(F{~' — F!)). These are Banach spaces over k, and
there is a canonical injective bounded linear operator B, — Z,. Since the functor
V — V ® W isexact in the sense that it takes a short exact sequence of Banach
spaces0— V' -V — V" — 0with V' S Ker(V — V") to asimilar short exact
sequence (see [Gru)), it suffices to show that the canonical linear map

(limCoker(B, — Z,)) @ W — Coker(lim(B, @ ;W) — lim(Z, & i W))

Is an isomorphism, provided we know that the inductive limit on the left-hand side
is of finite dimension over k.

Given n < m, let D, , denote the fiber product B, x,, Z,, i.e., the closed
subspace of the direct product B,, x Z, that consists of the pairs (b, z) such that
theimages of » and z in Z,, coincide. Given n > 1, the Banach spaces D,,,, form
an inductive system that maps to Z,,. Assume = is big enough so that there is a
finite-dimensional subspace H C Z,, which maps bijectively onto Ii_r)n Coker(B, —

Z,). Then the canonical injective map from the inductive limit of Banach spaces
lim,,(H x D, ,) to the Banach space Z, is surjective. We claim that there exists

m > n such that the injective map H x D, ,, — Z, is surjective. Indeed, if none
of those maps are surjective, then, by the Banach theorem (see [Bou2, Ch. I, 83,
n° 3]), their images are countable unions of nowhere dense subsets, and so Z,, itself
Isacountable union of nowhere dense subsets, which contradicts the Baire theorem
(see[Boul, Ch. 9, 85, n° 3)).

Thus, for sufficiently bigm > n themap H x D, ,, — Z, isbijective. The same
Banach theorem impliesthat it is an isomorphism and, in particular, that thereisan
isomorphism

(H®k W) X (Dn,m @kW) :> Zn @kW .

Thisimmediately gives the bijectivity of the considered linear map. O

Let £ be anon-Archimedean field of characteristic zero with anontrivial discrete
valuation, X a smooth k-analytic space, and Y a compact strictly analytic sub-
domain of X. By atheorem of E. Grosse-K| nne ([GK2, Theorem A]), the de Rham
cohomology groups Hi (X, Y) are of finite dimension over k (see Remark 5.5.6).
Furthermore, for a non-Archimedean field k¥’ over k, we set X' = X® K’ and
Y =Y ®K'. Notice that, if k' is finite over k, then one has HgR(X, Y)Qik =
HE (X', Y foral g > 0.



ISOCRYSTALS 85

COROLLARY The canonical map Hjz(X,Y) @k’ > Hi(X',Y'), ¢ >0, is
always an isomorphism.

Proof. Let )3 D V, D --- be a decreasing sequence of compact strictly analytic
domainsin X with Y = (2, ¥, and V.41 C Int(V,,), and let F, : 0— F? — F! —
.- bethe de Rham complex of the strictly k-analytic space V,,. Then F,! are Banach
Spaces over k, the complexes form an inductive system F; — F;, — --- and, if F":
0— F9— F'— ... isthe corresponding inductive limit, one has Hé’R(X, Y)=
H9(F). Furthermore, for V] = ¥, ® 1k’ onehas Y’ = (22, ¥, and ¥, ; C Int(V,)
foral n > 1. Thede Rham complex of V' is F; ® ;&' and, if F"" isthe corresponding
inductive limit, one has Hj (X', Y') = HY(F"). Since k' is aBanach space over ,
the required fact follows from Lemma5.5.1. O

Let now k& be anon-Archimedean field of characteristic zero, which is an exten-
sion of anog;Archi medean field £’ with anontrivial discrete valuation and a closed
subfield of k2.

COROLLARY Let X be a smooth k-analytic space. Then

(i) for any compact strictly analytic subdomain Y C X, the de Rham cohomology
groups Hix (X, Y) are of finite dimension over ;

(i) if X = X' ®p k and ¢ denotes the canonical morphism X — X, then the
canonical morphism of étale abelian sheaves on X’

o Y QLYY dOx) @p k — Q3 /d Oy

is an isomorphism, where K’ = kN k2.

Proof. (i) By Lemma 2.1.3, we can find systems of open subsets X; C X and
of strictly affinoid subdomains ¥; C X; such that Y =, ¥; and, for every i, X;
and Y; come from a smooth k;-analytic space X and a strictly affinoid subdomain
Y! C X, respectively, where k; is afinite extension of £’ in k. By Corollary 5.5.2,
the de Rham cohomology groups H iz (X;, ¥;) are of finite dimension over & and,
therefore, the sameistrue for Hjz (X, Y).

(i) The statement is an easy consequence of Lemma 2.1.3 and Corollary
55.2. O

Let Y be a strictly affinoid subdomain of X. Then B = O(X, Y) is a k-dagger
agebra, and, by Corollary 5.5.3(i), the de Rham cohomology groups Hi;(B) are
of finite dimension over k. The construction of 85.3 can be applied to the algebra
B, and so it provides a filtered isocrystal Ez over B. Assume, in addition, that
X=X @rkandY =Y ® k, where X" and Y’ C X’ are smooth £’-analytic space
and a strictly affinoid subdomain, respectively. Then B' = O(X’, Y') isak’-dagger
algebra, and the construction of 85.3 provides afiltered isocrystal £ over B’.

COROLLARY In the above situation, the following are true:

(i) the isocrystals £’ and E’, are unipotent;
(ii) there is a compatible system of isomorphisms of isocrystals
EY, ®p B> El;
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(iii) the isomorphism from (ii) gives rise to an isomorphism of de Rham
cohomology groups Hix(E%) ® k = Hi(EY) for all g > 0.

Proof. The statements are true, by Corollary 5.5.2, for i = 0 and are deduced,
by induction, from the exact sequence of isocrystals 0 — E% — Ej;l —
Hio(E%) ®cp) B — 0. O

COROLLARY In the above situation, the following are true:

(i) every unipotent isocrystal M over B is isomorphic to M’ ®p B for a
unipotent isocrystal M’ over B’;

(i) Hom(M7, M}) ®p k= Hom(M; ®p B, M, ®p B) for every pair of
unipotent isocrystals A7; and M, over B'.

The above construction will be applied in the following situations. Let (X, 3)
be a wide germ of a smooth affine formal scheme over £°. Then (X, 3,) is a
smooth strictly k-affinoid germ. The filtered isocrystal £, provided by the previ-
ous construction for B = O(X, 3,), will be denoted by £(X, 3). Notice that the
isocrystals E£7( X, 3) are unipotent. In 86 we consider germs (X, 3) which are lift-
ings of asimilar germ (X', 3’) over k’° asin Corollary 5.5.4. By that result, thereis
acompatible system of isomorphisms of isocrystals E/(X’, 3" ) ®s B = E'(X, 3).
At the end of §6 and in §7, we consider germs of the form (X,,, 3), where X isa
proper marked formal scheme over k° and 3 is an open affine subscheme of the
smooth locus X of X. Notice that such agerm is of the previous type. Finally, after
Theorem 1.6.1 is proved we consider again (in 88.1) arbitrary germs of a smooth
affine formal scheme over k°.

REMARK In the paper of E. Grosse-KI nne [GK2] as well as in those of
P. Berthelot and Z. Mebkhout only the case char(k) > O is considered, since the
case char(k) = 0ismuch easier and is believed to be previously known.



Chapter Six

F-isocrystals

Beginning with this section the ground field % is assumed to be a closed subfield
of C,. We apply constructions of the previous section to a wide germ of a smooth
affine formal scheme (X, 3) which is a lifting of a similar germ defined over a
finite extension of Q. First of all, we consider the notions of a Frobenius lift-
ing on the associated germ (X, 3,) and of a Frobenius structure on isocrystals over
B =0(X, 3,) (F-isocrystals). We provide the unipotent isocrystals E° (X, 3) = E
with such a structure and, using a result of B. Chiarellotto [Chi], show that they
possess the following nice property: any morphism of F-isocrystals £/ (X, 3) — M
for which the induced map Hgz(E(X, 3)) — Hga(M) is zero can be extended
in a unique way to a morphism of F-isocrystals E‘*1(X, 3) — M. This property
implies, for example, that the unipotent F-isocrystals E/(X, 3) are unique up to a
unique isomorphism, and is used to provide E(X, 3) = |J £’ (X, 3) with a unique
structure of a filtered B-algebra which satisfies the Leibniz rule and commutes
with the Frobenius structure. One more application is as follows. Let R*(X, 3,)
denote the filtered F-isocrystal for which R**(%, 3,) consists of all naive analytic
functions f defined in an open neighborhood ¢/ of 3, such that f\mﬂ_l(x) e LM

U Nx~1(x)) for all closed points x € X,. Then, if dim(X,) = 1, the canonical
map Hjz(R*(X, 3,)) — Hiz(R*+1(X, 3,)) is zero and, therefore, the canoni-
cal map B — R*%(X, 3,) extends in a unique way to a homomorphism of filtered
B-algebras and F-isocrystals E(X,3) — R*(X,3,). We show that, given a
closed one-form with coefficients in E’(X,3) embedded in R*'(X,3,), its
primitive in E771(X, 3) embedded in R***1(X, 3,) is precisely the one given
by R. Coleman’s construction. We also show that the induced homomorphism
EX(X,3)=E(X,3)®; K — R*(X, 3,) is injective.

.1 FROBENIUS LIFTINGS

Assume first that & is finite over Q,, and let (X, 3) be a wide germ of a smooth
affine formal scheme over k°. We set B = O(X, 3, and 4 =ANB, where 3 =
Spf(4). Furthermore, let ¢ be the Frobenius endomorph|sm of 3, which corre-
sponds to the endomorphism ¢* : A — A that takes « to «?, where 4 = A/k>° 4
and ¢ is the number of elements in k. Itis well known (see, e.g. [Col2]) that there is
aliftinggp*: 4 — A of o*. It gives rise to a homomorphism ¢* : B — B, which
induces the Frobenius automorphism of ¢(B) over k. By Lemma 5.1.1(ii), ¢* is
induced by a unique morphism of germs ¢ : (X, 3,) — (X, 3,) which is called a
Frobenius lifting on (X, 3,) of degree % : F,l. The Iatter is deflned by a morphism
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¢ :U — X, wherel{ isan open neighborhood of 3, in X. Notice that, given an open
neighborhood V of 3, in X and m > 1, we can always shrink / so that ¢' (U/) C V
fori <m.

A Frobenius lifting ¢ on (X, 3,) induces a k-linear endomorphism ¢* on
Hlx(X, 3,) = Hiz(B) which is also semilinear with respect to the Frobenius auto-
morphism of ¢(B) over k. Recall that a Weil number of weight » (with respect to
¢) is an agebraic number such that the absolute values of al of its conjugatesin C
areequal to ¢ 2. By aresult of B. Chiarellotto from [Chi], the eigenvalues of ¢* on
HéR(B) are Weil numbers of weightsin theinterval [i, 2i].

LEMMA Let X be a special formal scheme over £°, which is the formal comp-
letion of a separated formal scheme of finite type over £° along an irreducible
component of its closed fiber which is proper over k, and let 3 be an open affine
subscheme of the smooth locus X of 3. Given a robenius lifting ¢ : (X,, 3,) —
(X,, 3,) and an integer » > 1, there exists an open neighborhood ¢/ of 3, at X, in
which all ¢, 1 < i < n, are defined and such that ¢* /N7 ~1( )) c 72 ) for all
1 <i <nandall closed points € X,.

Proof. Let 3 = Spf(A4), k°{Tx,...,T,} — A4:T;+— f; bean epimorphism, and
let 1 be an open neighborhood of 3, at whichall ¢, 1 <i <n, are defined. One has

|(¢*ij”j—f;.ql)(x)| <1forall<i<n,1<j<m,andx € 3,, and wecanfind an
open neighborhood ¢/ of 3, in ') such that the above inequalities hold for all points
x €U. Itfollowsthat |(¢* /— f9)(x)| <1foral fe d,1<i<n,andx eU.In
particular, given f e Aandx €U, | f(x)| < 1if and only if | (¢ (x))| < 1 for all
l<i<n,ie, 7@ (x))=n)foral 1<i<nandx cld. Theset U possesses
the required property. O

Assume now that k isan arbitrary closed subfield of C,,, and let (X, 3) beawide
germ of asmooth affine formal scheme over £° which isalifting of asimilar germ
over afinite extension of Q, in k. A robenius lifting on (X, 3,) is a morphism
of germs ¢ : (X, 3,) — (X, 3,) which is induced by a Frobenius lifting ¢’ on a
germ (X', 3) over afinite extension &’ of Q,, in k whose lift to & is (X, 3). The
degree deg(¢) of ¢ isthat of ¢'. If n = deg(¢), then |(¢* f — /7 )(x)| < | flsup fOr
al fe B=0(X, 3, andx e 3, (Where| f|s,p isthe supremum norm of f on 3,).

The Frobeniuslifting ¢ extendsin auniqueway to aFrobeniusliftingon (X, 2),)
for every nonempty open affine subscheme ) ¢ 3 of theform )’ ® x-k°, where )’
isanonempty open affine subscheme of 3". Notice that the intersection of al 9, is
the generic point o of 3. The Frobeniuslifting ¢ gives rise to amorphism of germs
¢ (X,0)— (X, o) defined by ahomomorphism of local rings¢* : Oy, — Ox.
A robenius lifting at the point o is a morphism of germs ¢ : (X, 0) — (X, 0)
which is induced by a Frobenius lifting on (X,%),) for a nonempty open &ffine
subscheme ) C 3.

A OEN SST CT EONT E SOC STALSE(X,3)

Let ¢ be aFrobeniuslifting on (X, 3,) which comes from atriple (x’, X', 3) asat
the end of the previous subsection. A robenius structure on an isocrystal A over
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B =0(X, 3,) isag*-semilinear homomorphism of B-modules F : M — M which
commutes with V. The homomorphism F induces a k-linear endomorphism of
the de Rham cohomology groups Hz(M). A isocrystal provided with a Frobeinus
structure is called an F-isocrystal (see Remark 6.2.2). A unipotent (resp. trivial)
F-isocrystal over B is a finite F-isocrystal which is unipotent (resp. trivial) as
anisocrystal. Let E%(X,3) = B C E*(X,3) C E?(X,3) C --- betheincreasing
sequence of unipotent isocrystals over B, constructed in 85.5.

LEMMA (i) The isocrystals E?(X, 3) can be provided with a compatible
system of robenius structures;

(ii) the eigenvalues of F on Hiz(E'(X, 3)) are Weil numbers of weights in
[i+1,2G+1)].

Proof. (i) It suffices to show that, given an F-isocrysta M and a c¢(B)-vector
subspace V' C Hj(M) invariant under the action F, one can extend the Frobe-
nius structure from M to My. Indeed, let s : V — (M ®5 Q1) be a ¢(B)-linear
section that defines My . Then F(s(v)) —s(F(v)) € V(M) for all v € V', and an
extension of F canbedefinedby F(v®1) = F(v) @1+ u(v), wherepu : V. — M
isac(B)-linear map with F(s(v)) —s(F(v)) = V(u(v)) foralve V.

(if) The statement is deduced, by induction, from the result of B. Chiarellotto
cited above and thefact that His(E") C Hiz(E'/E'™Y) = Hi(E'™1) Q¢ (p) Hax(B),
where E' = E' (X, 3). g0

REMARK In the usual definition of a (finite) F-isocrystal one requires that
theinduced map F : ¢*M = M @3 4~ B — M isbijective. All finite F-isocrystals
we consider satisfy that condition.

A NQ ENESSP OPE T O CE TANF SOC STALS

Let M C M’ be F-isocrystals over B such that the quotient F-isocrystal M’/ M is
trivial, and let V = Ker(Hjz(M) — Hg(M')). Assume that the eigenvalues of F
on HC?R(M’/M) are not roots of unity (and, in particular, the same is true for the
eigenvaluesof Fon/V).

PROPOSITION Let N be an F-isocrystal with H(N) = lim H3(N)/ W,

where {I¥,} is a filtered family of F-invariant c¢(B)-vector subspaces such that the
action of F on each quotient is of finite order. Then any homomorphism of F-
isocrystals ¢ : M — N with V' C Ker(Hjz(M) — Hi(N)) can be extended in a
unique way to a homomorphism of F-isocrystals ¢": M’ — N.

Proof. Weset K = ¢(B) and denote by g the Frobenius automorphism of K over k.
AsaB-module, M’ can beidentified with thedirect sum M & (U ® ¢ B), whereU =
H%(M'/M).OnehasVu®1) € (M®p Q%)% and Fu®1) = F(u) ® 1+ a(u)
foral u e U, wherea : U — M is a g-semilinear map. By the assumption, there
isa K-linear map g : U — N such that ¢(V(u® 1)) = V(B(u)) for dl u € U.
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It follows that

V(FBw)=FleVul)) =VeFuel))
=V(p(Fu) ® 1+ a))) = V(B(F ) +e(a))) ,

and so the formula (F o 8)(u) = (Bo F)(u) + (p oa) (1) + A(u) defines a g-semi-
linear map 4 : U — H3(N). If anextension ¢’ : M’ — N exists, it must provide a
g-semilinearmap B: U — H(?R(N) with B(u) =¢'(u®1)— B(u) foral u e U, and
the necessary and sufficient condition for its existence isthe validity of the equality
¢ (Fu®l) = F(¢'(u®l) for dl u € U, which is equivalent to the equality
BoF—FoB=A.Thus, ifweset W = HC?R(N) and denote by Homg (U, W) and
Hom, (U, W) the K-vector spaces of K-linear and g-semilinear maps U — W,
respectively, the required statement follows from the following lemma. (The first
case of the lemmawill be used |ater.) O

LEMMA Let K be a finite extension of k£, g an automorphism of K over
k, and W a K-vector space provided with a g-semilinear operator F such that
W =limw /Ww,, where {W,} is afiltered family of F-invariant K-vector subspaces

and the action of F on each quotient W /W, is of finite order. Then

(i) given a polynomial P(T) € k[T] with no roots-of-unity roots, the k-linear
operator P(F) : W — W is invertible;

(if) given a finite-dimensional K-vector space U provided with a g-semilinear
operator G such that its eigenvalues considered as a k-linear operator are
not roots of unity, the k-linear operator Homg (U, W) — Homy(U, W) :
B+ FoB— BoG is bijective.

Proof. In both cases, it suffices to prove the statements for each quotient W /W,
instead of ¥, and so we may assume that the action of F on ¥ is of finite order.
Furthermore, the space W is a union J,., W; of a filtered family of finite-
dimensional K-vector subspaces I¥; invariant under the action of F. Since U is of
finitedimension over K, it sufficesto prove the statementsfor each of the subspaces
W; instead of . Thus, we may assume that dimg (W) < oo and, therefore, it
suffices to prove that the k-linear operators considered are injective. Let m be a
positive integer with F* = 1y, (and, in particular, g” = 1).

(i) By the assumption, there exist Q(T') and R(T) € k[T], with Q(T)P(T) +
R(T)(T™ —1) = 1. If we substitute F for T, we get Q(F)o P(F) = 1y,
and the required fact follows.

(i) For every n > 1, one has F"B — BG" = F""Y(FB — BG) + (F" !B —
BG"H)G. Thus, if FB— BG = 0, it follows by induction that F"B —
BG" =0for dl n > 1. Since F" = 1y, we get B(1y — G™) = 0. By the
assumption, the operator 1, — G™ isinvertible and, therefore, B = 0.

O
We now return to the situation of 86.2, and fix a Frobeniuslifting ¢ on (X, 3,).
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COROLLARY Given two robenius structures F and F’ on E(X, 3),
there exists a unique isomorphism of filtered F-isocrystals (E (X, 3), F) —>
(E(X,3), F). O

Furthermore, let ) be a nonempty open affine subscheme of 3 as at the end of
86.1. We extend ¢ to a Frobenius lifting on (X,9),) and provide the isocrystals
E'(X,92) with a Frobenius structure with respect to that Frobenius lifting. Let
J denote the canonical morphism of germs (X, 2),) — (X, 3,).

COROLLARY There is a unique system of j-homomorphisms of isocrystals
E'(X,3) — E'(X,9) that commute with the robenius structures. O

ST CT EO ACOMM TAT E LTE ED Dy ALGE A
ON E(X, 3)

PROPOSITION The F-isocrystal E(X,3) can be provided with a unique
structure of a commutative filtered D z-algebra which is compatible with the action
of F.

To prove the proposition, we need the following lemma, in which we set
E" = E"(X, 3).

LEMMA Let N' C N be F-isocrystals with N satisfying the assumptions of
Proposition . . and such that the map Hjz(N') — Hg(N) is zero. Then any pair
of homomorphisms of F-isocrystals E” @z E"* — N’ and E" 1®z E" — N/,
which coincide on E”~1®p E"1, can be uniquely extended to a homomorphism
of F-isocrystals E” @ g E" — N.

Proof. Weset M’ = E™ ® g E" and denote by M the sub- F-isocrystal of M’ which
isthesumof E” ® E"tand E"1®p E" in M'. The quotient F-isocrystal M’/ M
is isomorphic to the tensor product £”/E" "1 ®p E"/ E"~1; therefore, it is trivial
and, by Lemma 6.2.1(ii), the eigenvalues of F on H%x(M’'/M) are not roots of
unity. Since the induced homomorphism of F-isocrystals M — N goes through a
homomorphism M — N’, the assumption impliesthat themap Hi (M) — Hjo(N)
is zero, and the required fact follows from Proposition 6.3.1. g

Proof of Proposition ... We set E' = E'(X, 3). Since the canonica maps
Hi-(E") — Hi(E™1) are zero, we can apply Lemma 6.4.2 and construct,
by induction, a unique system of compatible homomorphisms of F-isocrystals
E" ®p E" — E™™ : f® g+> fg. The uniqueness implies that this operation
is commutative. That it is associative is proved in a similar way by induction.
Namely, to show that the diagram

Em Rz En R 5 El —  Emtn Rz El

! !

Em Rz En+l Em+n+l
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IS commutative, one assumes that the corresponding diagrams for the triples
(m,n,l —1), (m,n—1,1), and (m — 1,n,l) are commutative, and applies Pro-
position 6.3.1to M’ = E" @3 E" ®p E' and the sub-F-isocrystal M which is
thesumof E" @3 E"Qp E'™Y, E"Qp E" @3 E',and E" 1@ E"®p E'in M.
(Notice that the quotient M’/M is canonically isomorphic to the tensor product
E"/E"1®p E"/E"'®p E'/E'"1) Thus, E is provided with a unique structure
of a commutative filtered B-algebraon £ = E(X, 3) which satisfies the Leibniz
rule and is compatible with the action of Frobenius. O

COROLLARY If dim(X) = 1, there is an isomorphism of filtered D-algebras
E(X, 3) = Shg which is compatible with the isomorphism of Lemma . . (iii).

Proof. Let ¢ be aFrobenius lifting on (X, 3,). We claim that the isocrystals Sh’
admit a system of compatible robenius structures, which is unique up to a unique
automorphism. Indeed, the claimistrivially truefor » = 0, and so assumern > 1 and
that Sh’;;l is already provided with a Frobenius structure. If {vy, ..., v,} isabass

an element £(V(v;,....;,)) of Sh’};l Q3 Q}g is defined and, by Lemma 5.4.4(i), it is
equal to V(w) for some w € Shl;. We define F (v, ;,) = w. The ¢*-semilinear
map F extended to Sh'; commutes with V and, therefore, it is arequired one. The
uniqueness of F follows from Proposition 6.3.1 and the fact that the eigenval ues of
F on Hjx(Shy) = Hiz(B)®" D are Weil numbers of weights at least n + 1.

Thus, the identity map E°(X, 3) = B — Sh% = B extendsin aunique way to an
injective homomorphism of filtered F-isocrystals and B-algebras E (X, 3) = Shp.
Assume that for some n > 1 the map E""1(X, 3) — Sh’};l is an isomorphism.
Then it induces an isomorphism between their first de Rham cohomology groups.
Since Gr'(E(X, 3)) = Hix(E"Y(X, 3)) ® B and Gr"(Shp) = H} (S ') @ B,
it follows that E” (X, 3) — Sh;. That it is compatible with the isomorphism of
Lemma4.4.4(iii) is easy. O

LTE EDF SOC STALSEX(X,3) AND F*(%, 3)

Let K be a commutative filtered k-algebra. We denote by EX (X, 3) the filtered
F-isocrystal E(X,3) ®; K. It is a commutative filtered B-agebra with
Gr(EX(X, 3)) =Gr(E(X, 3)) ®: Gr(K) and, given ahomomorphism of filtered
k-adgebras K — K’, there is the evident isomorphism of filtered B-algebras
and of isocrystals EX(X,3) ®x K’ EX'(X,3). Notice that, for al i > 0,
HR(EX(X,3))=c(B)®; K' =CKI(X, 3,). If thealgebra K possesses the prop-
erty dim(K") < oo for al i > 0, then each EX-(X, 3) is aunipotent F-isocrystal
isomorphic to the direct sum @',_o(E/ (X, 3) ® K'=//K'=/=Y and, fori > 1, the
quotient EX7(X,3)/EX1(X,3) is isomorphic to the trivia F-isocrystal
D' _o(E/(X.3)/E/"(X,3) ® K"~/ /K'=/~) with K =0 and E~1(X,3) = 0.
If K isarbitrary, it isaunion of filtered subalgebras with the above property (e.g.,
of finitely generated k-subalgebras), and so each EX+/ (X, 3) isaunion of unipotent
sub- F-isocrystals.



Chapter Seven

Construction of the Sheaves S%

The construction of the sheaves S’ is carried out by double induction on m =
dim(X) and the number n. Assume that the sheaves Sﬁ(’i with all required proper-
ties exist for all pairs (i, X) with0 <i <n,ori =n+1and dim(X) < m. In order
to construct the sheaves S%"** for X of dimension m 4 1, we have to construct a
primitive of a closed one-form w with coefficients in S)*(’” in an open neighborhood
of every point of X. For this we make additional induction hypotheses that describe
the form of a function f € S*/(X) in an étale neighborhood of a point x € X. If
s(x) < dim(X) then, given a smooth morphism ¢ : X — Y to a smooth k-analytic
space Y of dimension dim(X) — 1 such that s(y) = s(x) for y = ¢(y), there exists
a Y-split étale neighborhood v : X’ — X of x over an étale morphism Y’ — Y
such that *( f) is contained in the O(X’)-module generated by functions of the
form glLog*(h)/ with g € S*=/(Y’) and h € O(X')*. A primitive of w at such a
point x is easily found among functions of a similar form. If s(x) = dim(X), there
exists a marked neighborhood ¢ : X, — X such that <p*(f)}r1(x) e LM (r71(x))

for all closed points x € X, and, for some open affine subscheme 3 C X, the restric-
tion (p*(f)|(3€ 3., Is contained in the image G (%,, 3) of an injective morphism
n2+Jn

of F-isocrystals EX(%,, 3) — S*(X,, 3,) provided by the construction of §6.
In fact, there is one more technical assumption as well as the hypothesis that,
if dim(X,) = 1, G*(X,, 3) coincides with the image of EX(X,, 3) under the
homomorphism constructed at the end of 86. The induction hypotheses reduce the
problem of constructing a primitive of w at x to that of constructing a primitive
of a closed one-form which is defined on X, and possesses certain properties. The
latter is done in a way which is a generalization of R. Coleman’s construction the
miraculous fact is that the primitive does not depend on all of the objects used in
its construction (marked neighborhoods, Frobenius liftings, and so on). The proof
is based on the geometrical properties of analytic spaces established in 82 and 83
and in [Ber7] and [Ber9].

.1 INDUCTION HYPOTHESES

We construct the D x-submodules S5 of 915" by double induction on » > 0 and
m = dim(X) > 0 (and then define the filtered D y-subalgebra Sﬁ( of ‘ﬂf( as the
inductive limit of all 8}’"). Notice that it is enough to consider only pure dimen-
sional smooth k-analytic spaces, and we assume that all the spaces considered are
such ones.
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First of all, if n = 0 then S}° = OX°, and if m = 0 then S}" = OX". Given
m,n > 0, assume that the D y-modules S, with the induction hypotheses we are
going to specify, are already constructed for all pairs (i, X) with 0 <i <n, or
i =n+1and dim(X) < m, and we will construct the D y-modules 83\(’”“ with
dim(X) = m + 1. The induction hypotheses include the properties of Theorems
1.6.1 (with the same condition on (i, X") in property (f)) the property

(9) 8% -8y c 8 forall (i, j, X) withi+ j <n,
ori+j=n+1land dim(X) <m;

the hypothesis on the uniqueness of the sheaves S}g" with the above properties
properties (i)—(iii) of Theorem 1.6.2, and additional hypotheses (IH1)—(IH3).
Before formulating them we make a preliminary observation.

Let Q‘lsf', denote the subsheaf of closed one-forms Ker(QlA, 4 Q‘ZSA, o)
where 0 <i <nori=n+1and dim(X) < m. Notice that, if 0 <z <n—1or

i =n and dim(X) < m, then, by property (c), Q%" = c dS% |t P+ denote

SAJ,X )
the preimage of Qf,  in S}'**. By property (d), S%'** is generated over O by

local sections of P+, We have an exact sequence

d

K,i+1 Ai+1 1,cl
0—clitt _, phitt 4, qld 0.

Shi X
It follows that, if H(X, cy) = 0, then every closed one-form » € Ql c .(X) has a
primitive in P**1(X) which is defined uniquely up to an element of CK’+1(X)
Similarly, if Y is a strlctly affinoid domain in X with H'(Y, ¢y) = 0, then every
closed one-formw € QSA . (X, Y) onthe germ (X,Y) has a primitive in P+ X,Y).

Suppose now we are given a wide germ of a smooth affine formal scheme (X, 3)
such that, if i = n, then dim(X) <m 41, and let B = O(X, 3,). Since 3 is smooth
over £°, all of the connected components of 3, ® ¢k’ are contractible for any non-
Archimedean field &' over k and, therefore, H9(3,, C3n) =0 forall g > 1 (see
[Ber9, 88]). By the above remark, if0 <i <n—1,0ri =nand dim(X) <m, every
closed one-form w e QS, (X, 3,) has a primitive in P+ (X, 3,) c S»*(X, 3,).
Thus, if the germ (X, 3) is a I|ft|ng of a similar germ over a flnlte extension of
Q, in k, then by the construction of 86.3, given a Frobenius lifting ¢ on (X, 3,),
there is a unique system of injective homomorphisms of F-isocrystals £/ (X, 3) —
SM(X,3,) for0<i<n,ori=n+1and dim(X) <m. Lemma 6.4.2 implies
that these homomorphisms take the product - g e E'*/(X, 3) of two elements
f € E(X,3) and g € E/(X, 3) to the product of the corresponding functions
inS**/(X,3,) fori+ j<n,ori+ j=n+1anddim(X) <m. The above homo-
morphisms give rise to a homomorphism from the F-isocrystal EX7(X, 3),
introduced in 86.5, to S/ (X, 3,).

LEmMA .1.1 The homomorphism of F-isocrystals EX/(X, 3) — S*(X, 3,) is
injective.

Proof. The statement is proved in the same way as Lemma 6.5.1. Namely, it is
evidently true for i = 0. Assume it is true for i — 1 with ; > 1, and write E’



CONSTRUCTION OF THE SHEAVES S)}g 97

and EX instead of E'(X,3) and EXi(X,3), respectively. Let £ denote the
B-submodule of EX- generated by £X7~1 and E°®; K'. It is a sub- F-isocrystal
of EX7 Notice that the quotient EKs"/E is isomorphic to the F-isocrystal
®'_y(E//E/"1 @, K'~//K'~/~1), and one has H%(E) S HR(EXH). Thus, to
prove the statement it suffices to verify the injectivity of the induced homo-
morphism E - S“(X,Sn). The latter follows from the injectivity of the
homomorphism EX=1 — S§*=1(x, 3,) and the trivial fact that the intersection
of the image of E°® K’ in MX7(X,3,) with M5~1(X,3,) coincides with
E°® K1, O

Let G*/(X, 3) denote the image of EX/ (X, 3) in S*'(X, 3,). It does not depend
on the choice of the Frobenius lifting and depends functorially on (X, 3) since
GM(X,3) is generated over B by the primitives of all closed one-forms from
GH1(X, 3) ® 5 % which, by property (b), are defined uniquely up to an element
of CX(X, 3,) = ¢(B)® K'. Notice that G (X, 3)-G*/(X, 3) C G*'*/ (X, 3) for
i+j<n,ori+j=n+1anddim(X) <m.

Till the end of this section we consider only germs of the form (X, 3), where
X is a proper marked formal scheme over £° and 3 is a nonempty open affine
subscheme of X. (Recall that if i = n, we assume that dim(X,)) <m +1.) Let G¥',

denote the union of G*(X,,3) in S’ , C 9Ny, taken over all nonempty open

affine subschemes 3 of X (see Corollary 6.3.4).

Recall that in the case dim(X,) = 1 (and an arbitrary i > 0) we considered a
similar injective homomorphism of F-isocrystals EX(X,, 3) — R*(X, 3,) C
mK’i(%n,Bn), and denoted by F»i(X,3) its image and by ]—"3*6’(7 the corres-
ponding union in mg;{a (see 86.5). Here is the first of the additional induction
hypotheses.

(IH1) If dim(X,) = 1, then G*/(X,,, 3) = F*'(X, 3).

Property (IH1) implies that the sub- F-isocrystals F*(X, 3) ¢ M/ (X,, 3,).
which are defined in 86.5 for all i > 0, do not depend on the choice of the Frobenius
lifting and are functorial on (X, 3) at least for i < n.

The last two additional induction hypotheses describe the local form of a function
f e 8*(X) in an étale neighborhood of a point x € X in the cases s(x) < dim(X)
and s(x) = dim(X), respectively.

(IH2) (split case) If s(x) < dim(X) then, given a smooth morphism ¢ : X — Y
to a smooth k-analytic space Y of dimension dim(X) — 1 with s(y) = s(x) for
y = ¢(x), there exists a Y-split étale neighborhood v : X’ — X of x over an étale
morphism Y’ — Y such that y*(f) Z;:O PHS™I(Y")) - LI (X).

(IH3) (marked case) If s(x) = dim(X), there is a marked neighborhood
¢ : X, = X of x with the following properties:

(IH3.1) ¢*(f) € R*'(X) (see the end of §3.1)

(IH3.2) ¢* (/) € G5,

(IH3.3) for every stratum closure ) C X, there exists a small open affine sub-
scheme %) C X (see 83.5) with 9, N Y # @ and the following property: if
Y = X, (resp. )Y is arbitrary), there is a p;-discoid (resp. p;-semi-annular)
open neighborhood V of ©y in ©y, where )’ = YN Y, such that one has
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(@ (MNP (S™ U)) (resp. ps(p*(f)e Z;ZQ pLSHU)) - L (V)),
where U = p;(V), and p; and p, are the canonical projections V — U and
VY — X, respectively.

In property (IH3), if the proper marked formal scheme X is defined over £°, then
R*'(X) and g;’fa are considered for the £’-algebra K ®; £’ and the element A ® 1.

Properties (IH2) and (IH3.2) can be used to describe the stalk SfY; of the sheaf
S’ at a geometric point X of X over a point x € X. Namely, in the situation (IH2),
if 3 is a geometric point of Y over the point y € Y which is under the geometric
point X, let ¢*(Sy) denote the Oy x-subalgebra of S7*; generated by the functions
v*(g) with g € Sé’y In the situation (IH3), if & is a geometric point of X, over
the point o and the geometric point x, let ggéfg denote the inductive limit of g;’U
taken over commutative triangles

where the upper arrow is a marked neighborhood of the point o that comes from a
morphism of formal schemes X’ — X, and the image of the left arrow is the generic
point o’ of X'. Statements (i) and (ii) of the following lemma are easy consequences
of (IH2) and (IH3.2), respectively. Notice also that, by Lemma 1.4.2, the sum in the
second part of (i) is a direct one.

Lemma .12 (i) Inthe situation of (I ), if 7(y) = (x) then Sy = ¢ (Sy), and
if £(y) < #(x) then SyL = Z;zow (S;’;)Logk(f)"—f, where £ is a function from
Ox ., with | f(x)| & VTHO)*;

(ii) in the situation of (I ), one has Sy% = GyL.

SPL TONE O MS

Let X be asmooth k-analytic space. If i =n, we assumethat dim(X) <m + 1. We
say that X issplitif itisprovided with anisomorphismwith Y x D or Y x B, where
Y is asmooth k-analytic space of dimension dim(X) — 1 whose sheaf of analytic
one-forms Q1 isfree over Oy, and D and B are open disc and annulus, respectively.
For asplit space X, let p1 bethe projection X — Y. We say that a closed one-form
w € Q}SA_,.()O is split if it is contained in Q2 (X) with M = Z;:o p1(SH(Y)) -
L*=J/(X) and admits a primitive f,, in N = Z?;%pl(S)"j(Y)) W0 ¢}
Noticethat if X isisomorphicto ¥ x D then M=p, (§*/(Y)) and N=p, (S*"*XY)).

LEMMA Let X be a smooth k-analytic space such that dm(X) <m + 1 if
i=n,and let w € Qféf_'i (X). Then every point x € X with s(x) < dim(X) has an

étale neighborhood ¢ : X’ — X such that X" and ¢*(w) are split.

Proof. First of all, we can shrink X and assume that o = ' _; fow, with £, €
SH(X) and o, € QY(X). Furthermore, by Proposition 2.3.1(i), we can shrink X
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and find a smooth morphism v : X — Y to asmooth k-analytic space Y of dimen-
sion dim(X) — 1 with s(y) = s(x) for y = ¢(x). By property (IH2), we can find,
for every 1 < v <1, aY-split éae neighborhood ¢, : X, — X of x over an étale
morphism ¥, — ¥ such that ¢} (f,) € 3o p, (S (¥,)) - L7/ (X,). Corollary
2.3.2impliesthat there existsa Y-split neighborhood ¢ : X’ — X over Y’ — Y that
refines al of the neighborhoods X, — X. It follows that ¢*(w) € Q}M(X’), where
M =Y py(SH(Y") - L= (X'). Of course, we may shrink ¥’ and assume
that the sheaf Q3. is free over Oy.. Finaly, from Propositions 1.3.2 and 1.5.1 it
follows that ¢*(w) = dg+ pi(n) with g e N = Z;j) p(SHI(Y) - LM (X)
and a closed one-form n € QL. ,(¥’). By the induction hypotheses, we can shrink
Y’ and assume that n = dh for some 7 € S**1(Y’), and we get ¢*(w) = d f for
f =g+ pi(h) € N,i.e, theone-form ¢*(w) is split. 0

LEMMA Let X be a split smooth k-analytic space (with p; : X — Y) such
that dim(X) <m + 1if i =n, and let » be a split closed one-form from Q1 , (X).
Then

(i) the primitive 7, ¢ N = Z’;;% Py (S*I(Y)) - L»+177(X) is unique up to an
element of CX*1(X);
(i) ifi <n—1,0ri=nanddim(X) <m, then £, € S»+1(X);
(iif) given a split smooth £-analytic space X’ with dim(X') <m+1ifi =n, and
a morphism ¢ : X’ — X such that the one-form ¢*(w) is also split, one has
f(p*(w) —¢*(fw) € CK’i+l(X/)-

Proof. (i) and (ii)) If i <nm—21o0ri=nr and dm(X) <m (asin (ii)) then, by
the induction hypotheses, one has N ¢ S**1(X). This implies (i) (in the case
considered) and (ii). Assume thereforethat i = » and dim(X) =m + 1. If m =0,
X is an open disc or annulus and N = L*/*1(X), and the statement is trivial.
Assume that m > 1, i.e,, dim(X) > 2, and that there is another primitive /) € N.
By Corollary 4.1.3(ii), it suffices to show that for any morphism ¢y : Z — X from
an elementary k’-analytic curve Z, where &’ is a finite extension of %, one has
v*(f,, — f1) € CK'+1(Z), where K’ = K ®; k'. Since both v*(£;,) and ¥*(f))
are functions from S*"+1(Z), the induction hypotheses imply (i).

(i) Let g = fyrw) —@*(fo). Ifi <n—1,then g e S»*1(X"), and the statement
follows from the induction hypotheses. Assumethereforethat i = n. If m =0, then
each of X and X’ is either zero-dimensional or an open disc or annulus, and in all
of the cases one has g € L»"+1(X"), and the statement follows. If m > 1, then as
above it suffices to show that for any morphism ¢ : Z — X from an elementary &'-
analytic curve Z, where &’ is afinite extension of k, one has v*(g) € CX'""*+1(2),
where K’ = K ®; k. But this again follows from the induction hypotheses since
Y (g) € SHHL(Z). O

MA KED AND WEAKL MA KEDONE O MS

Let X be a proper marked formal scheme over k°. If i = n, we assume that

dim(X,) <m + 1. We say that a closed one-form w € Q}SA_,.(BE”) is marked if it
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satisfies the following properties:

(MF1) w € Q1. (%) (seetheend of §3.1);

(MF2) there exist a Frobenius lifting ¢ at the point o = oy (See the end of
86.1) and a polynomia P(T) € k[T] with no roots-of-unity roots such that
P(¢")w, € dSY!

(ME3) for every stratum closure Y C X, there exists a small open affine sub-
scheme P C X (see 83.5) with 9, NY # ¥ and the following property:
if Y =X, (resp. Y isarbitrary), thereis a p;-discoid (resp. pi-semi-annular)
open neighborhood V of Dy in Dy with Y’ = Y NY, and pi(w) € Q1,(V),
where M = py(S*'U) (resp. M = Y o py(SH/WU)) - L7/ (V)) and
U= p(V).

LEMMA Let X be a smooth k-analytic space such that dim(X) < m + 1 if
i =n, and let w € Q5% (X). Then every point x € X with s(x) = dim(X) has a

marked neighborhood ¢ : X, — X such that the closed one-form ¢*(w) is marked
and in fact ¢* (@), € Gy, ®0y , % ,-

Proof. Wecanshrink X sothatn=3""_, f;n; with f; € S~/(X) and n; € Q1(X).
By Propositions 2.1.1, Corollary 3.3.2, and property (IH3), we can find a marked
neighborhood ¢ : X, — X of x such that all ¢*(f;) possess properties (IH3.1)—
(IH3.3) on X,,. We claim that ¢* (w) ismarked. Properties (IH3.1) and (IH3.3) imply
(MF1) and (MF3). Property (IH3.2) implies that ¢*(w), €55, ®o,,, 2% . Inits
turn, the latter impliesthat for any Frobeniuslifting ¢ at o there existsapolynomial
P(T) € k[T] whose roots are Weil numbers with weightsin [1, 2(i + 1)] and such
that P(¢*)¢* (), € dGy, CdSy! . i.e, (MF2)istrue. O

Given a smooth k-analytic space X such that if i =» then dim(X) <m +1, we
introduce the following D y-submodul e of m?’“:

i
Shi Z AJ  phitl—j

j=0

Noticethat if i <7 —1ori =n and dim(X) < m, then S}’ c S%'**. Inany case,
given a mor_phism @ X — X asin property (e) withdim(X') <m+1if i =n,
then ¢ (Sy') C Sy

LEMMA Ker(Sy' — Q%,, )=Cy'™

Proof. If i <n—1ori=n and dm(X) < m, the statement follows from the
induction hypotheses since S’ ¢ S%'*'. Assume therefore that i = n and
dm(X)=m+1.

asem =0, i.e., dim(X) = 1. Let f € S*"(X) be such that df = 0. It suffices
to show that every point x € X has an étae neighborhood ¢ : X’ — X such that
¢*(f) e C+"*1(X"). Replacing X by an éale neighborhood of x, we may assume
that f=)"_,g;h;, whereg; € $*/(X) and h; € L*"*7/(X). If x isnot of type
(2), property (IH2) impliesthat there are afinite extension £’ of £ and an open subset



CONSTRUCTION OF THE SHEAVES S)}g 101

X' C X® k' such that the induced morphism ¢ : X’ — X is an étale neighborhood
of the point x and, if x of type (1) or (4) (resp. (3)), X’ isisomorphic to an open
disc (resp. open annulus) with center at zero over k¥ and ¢*(g;) € L*/(X’) for
al 0< j <n.Weget ¢*(f) € L»"*1(X’), and the required fact follows. Assume
now that the point x is of type (2). By Propositions 2.2.1 and 2.4.1 and properties
(IH1) and (IH3), there exists a marked neighborhood ¢ : X, — X of x such that
©*(g)) € g;{, C ]—?E{, foral 0< j<n.Wegetp*(f) € ]—"9&’2“, and Lemma6.5.1
implies the required fact.

asem > 1, i.e.,, dim(X) > 2. By Corollary 4.1.3(ii), it suffices to show that for
any morphism ¢ : ¥ — X from an elementary k’-analytic curve Y one
has ¢*( ) € CX""+1(Y), where &’ is a finite extension of k and K’ = K ®; k.
Since p*(f) € S*(Y) C S"1(Y), the induction hypothesisimplies the required
fact. O

In the situation at the beginning of this subsection, we say that a closed one-form
w € Q}S* (X)) is weakly marked if it satisfies properties (MF1), (MF3), and the
following weaker form of property (MF2):

(M F2) There exist aFrobeniuslifting ¢ at o and apolynomial P(T) € k[T] with
no roots-of-unity roots such that P(¢*)w, € dSQE‘ -

The usefulness of weakly marked one-forms will be seen in Proposition 7.4.3.
Noticethat if property (MF2) or (M F2) holdsfor aFrobeniuslifting ¢, then it holds
for any Frobeniuslifting ¢’ with ¢’ = ¢’ or ¢ = ¢"’, where [ is a positive integer.

PROPOSITION Let w € ng', (X,) be a marked (resp. weakly marked) one-

form. If property ( ) (resp. (MF2)) holds for a polynomial P and a robenius
lifting ¢, then it holds for the same polynomial P and any other robenius lifting
¢’ of the same degree as ¢.

Letw e ng', (X,) be aclosed one-form that possesses property (MF3) for the
maximal stratum closure X,. Suppose we are given a closed subfield ' C C,,
a proper marked formal scheme X' over £° with dim(X)) <m +1if i =n, an
embedding of fields k < k', and a morphism of formal schemes ¢ : X' — X over
the embedding k° < k’°. Suppose also we are given afiltered 4’-algebra K’ and a
homomorphism of filtered algebras K — K’ over the embedding & — £’ that takes

rtoanelement A’ € K.

LEMMA Assume that ¢ is dominant, i.e., ¢(c’) = o, where o and ¢’ are the
generic points of X and X', respectively. Then for every pair of robenius liftings ¢
and ¢’ of the same degree at o and o, respectively, and every j > 0 one has

¢ (9" (@) =" @ (@) € dSY',

Proof. Let ) be asmall open affine subscheme of X from property (MF3) (for the
maximal stratum closure X,). Furthermore, let 3 and 3 be open affine subschemes
of XN% and 36/ with ¢(3") 3 and such that ¢ and ¢’ are Frobenius liftings of the
germs (X,, 3,) and (X, 3’,)), and let ¢/ and U’ be open neighborhoods of 3, and
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3;7 at which the morphisms ¢/ and ¢’/ are defined, respectively, and the sheaf Q7
isfree over O,. Consider the morphism of analytic spaces

V= (o’ ¢/ o) U — X, x X,

Since the morphisms between closed fibers 3, — 3, induced by 9 0 ¢’/ and ¢/ o
coincide, it follows that %(3;) C 3 C D4 and, therefore, wj(3;) iscontained in
an open neighborhood V of © 3 in ®x. By Proposition 3.5.1 property (MF3), we
can shrink V and i/ and assumethat V isa p;-discoid open neighborhood of © 3 in
Dx, U = p1(V) and pi(w) € Qt (S (u))(V). The one-form considered coincides
with % (pi(w) — p5(w)). Hencelt sufficesto show that p; (w) — pi(w) € dS™ (V).
But the restriction of the latter one-form to the diagonal A (U/) iszero, and therefore
the required fact follows from Proposition 1.3.2 applied to the surjective discoid
morphism p; : V — U and the Dy;-module S* (). O

Proof of Proposition . . . We apply Lemma 7.3.4 to the identity morphism
X — X and the Frobenius liftings ¢ and ¢'. If P(¢*)w, € dS%’,, (resp. dS% ),
it followsthat P(¢™)w, € dSy!, (resp. d§;’j,a). O

CONST CTONO AP MT EO AWEAKL MA KED
ONE O M

Let X be a proper marked formal scheme over k°. If i = n, we assume that
dim(X,) < m + 1. Furthermore, let w € QL. (X)) be aclosed one-form that pos-
sesses properties (MF1) and (MF2) (resp. (I\TIfZ)), and fix a Frobenius lifting ¢ at
o for which (MF2) (resp. (MF2)) holds.

PROPOSITION (i) There exists a function £, € R*+1(X), unique up to an
element of CX(X,) (resp. CX*1(X,)), such that df,, = » and, for every poly-
nomial P(T) € k[T] with no roots-of-unity roots and P(¢*)w, € dS;’,:,U (resp.
dS%' ), one has P(¢*)(f.,)s € € Sy!, (resp. S;’ );
(||3 if w also satisfies ( )s fo does not depend on the choice of the robenius
lifting ¢.

Proof. By Corollary 3.1.5, a function 7’ € R**1(X) with df’ = w exists. Let
P(T) € k[T] be apolynomial with no roots-of-unity roots such that P(¢*)w, =dg
for some g € 5%’ , (resp. SQE’ ). Then for the function = P(¢*) /. — g one has

dh =0, and Lemma 7.3.2 implies that / € CK +x, o). By Lemma 6.3.2(i), the
map P(¢*) : Ch" (%) — CE (%, 0) = K’+1(3€) is a bijection. We can there-
fore find an element « € Cf’i+1(3€) with P(¢*) f. — g = P(¢*)a,. The function
f, = f/ —a iscontained in R**1(%) and satisfies the required properties. The
bijectivity of the above map implies that £, is uniquely defined by the element g
and the polynomial P.
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We claim that, up to an element of C*(X,) (resp. C*'*1(X,)), the function f,,
does not depend on the choice of gand P and, if w satisfies ( ), of the robenius
lifting ¢.

Let ¢ be another element of Sy’ (resp. 53\6’):’0) with P(¢p*)w, = dg’. Then
d(g — g = 0. The induction hypothesis (resp. Lemma 7.3.2) implies that
g —-geCy’, (rep. Cg;fjl). By Lemma 3.1.1, the element g’ — g is the restric-
tion of a unique element from CX-(X,) (resp. CX*1(X,)). If £ is the function
from R**1(X) with df’ wand P(¢*) f; = ¢, then f'— f € Cx " (%) and P(¢*)
(fi—fo)=¢g —gc€ C (resp CK’“) where f = f,. Since the actions of
P(¢*)onCh (%)) andC ‘., (resp. CK’“) arebijective, it followsthat /' — f €
Ch(x,) (resp. CRF (%, ))

Furthermore, let Q(T') € k[T] be the monic polynomial of minimal degree with
0w, € ds;’a (resp. ds“ ) Itisclear that O(T) leld&s P(T), and s0 let

P(T)= Q(T)Q'(T). Let Q(¢ ), = dg for some g € S, (resp. Skxz ). We

have P(¢p*)w, = d(Q'(¢*)g). If " isthefunction from R**1(X,) withdf' = w
and Q(¢*) f, = &, then P(¢*) f. = O'(¢*)g’, and the required fact follows from
the previous paragraph.

Finally, let ¢’ be another Frobenius lifting at o, and let . be the corresponding
primitive. Assume first that ¢’ = ¢’ for some integerl >1.If P(T) = ]—[J.(T —oj)
with «; € k%, the polynomial O(T) =[] (T —« ) has coefficients in &, and one
has Q(T') = P(T)P'(T) for some P'(T) € k[T). It followsthat Q(¢"*)(f))e = &
with ¢ = P'(¢*)g € S, (resp. S?E’ ), and the required fact follows from the
independence of f; on the choice of g It remainsto consider the case when ¢ and
¢’ are of the same degree. In this case Lemma 7.3.4 implies that P@Nw, =dg
for some ¢ € Sy’ , (resp. S5’ ,), and again the required fact follows from the

independence of £ on the choice of the element g’. OJ
LEMMA Let w € Q}Sf', (X,) be a marked (resp. weakly marked) one-form.
Then

(i) ifi <n—1ori=nanddim(X,) <m,then f, € S~ (X,);
(ii) if w = dh for some h € S+ (X,), then f,, —h € CK+1(X,);
(iii) givenadominant morphismg : X" — XasinLemma . . ,onehas f,(,) —
©*(fo) € CKY (X)) (resp. CK-HA(X)));
(iv) if dim(X,) = 1, the construction of £, is compatible with that of Lemma
Jie,if o, € GY, ®oy Q% . then (fo), € Fi™.

Noticethat in (iii) the one-form ¢*(w) ismarked (resp. weakly marked), by Lemma
7.3.4.

Proof. (i) We know that afunction /" € S**1(X,) withdf’ = w exists. Let be
aclosed point of X,. Sincew € QLA,(n_l( y) and LM (71 ) c SM(x (),
it follows that /' € L**1(z=1( ), i.e, f € R*»*1(X). Onehas P(¢*) f. —g €
Sy thandd(P(¢*) f; —g) =0.Itfollowsthat P(¢*) f; —g e Cy 't =CKitYx,).
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Since the map P(¢*) : CK”r1 — CK’Jrl is a bijection, there exists an element

a € CKITL(x,) with P(g* )f g= P(¢*)a0. The function f” — « is contained
in S**+1(x,)N R**1(X), and Proposition 7.4.1 impliesthat £, = /' —a.

(i) Onehasd (P (¢*)hy —g) = 0and P(¢*)h, —gesg" .Lemma7.3.2implies
that P(¢*)h, —gec’““ CKi+1(%,). Sincethemap P(¢*): CK’+1 Cg’;jlis
abijection, to provethe required fact it sufficesto show that / € R* ’+1(3€). Let be
aclosed point of X,.Onehas(f,,) —h eS* (z~%( ))andd((f,) —h )=0and,
by Lemma7.3.2 again, weget (f;,) —h eCKXi*i(w=1()),i.e, h e R*1(X).

(iii) and (iv) trivially follow from Proposition 7.4.1 and Lemma 6.5.2, respec-
tively. O

We now want to extend the conclusion of Lemma 7.4.2(iii) to not necessarily
dominant morphisms X’ — X. In the following proposition & is a closed subfield
of C,, X" isaproper marked formal scheme over k'° withdim(X)) <m +1if i =n,
and K’ isafiltered k’-algebra.

PROPOSITION Given a marked one-form w € Q}éf_',. (X,), there exists an open
neighborhood ¢/ of o such that, for any triple (k’, X', K’) as above, any embedding
of fields k — &, any morphism of formal schemes ¢ : X’ — X over the embedding
k° — k’° with ¢(0”) € U, and any homomorphism of filtered algebras K — K’ over
the embedding k < ', the one-form ¢*(w) is weakly marked and f,- ) —¢*(f») €
CKFY(x7). If dim(X,) = 1, one can take U = X,.

For the needs of the following subsection we denote by ¢4, the maximal open
neighborhood of o that possesses the property of Proposition 7.4.3. (It will be
shown in fact that ¢/, isalways X,,.)

Proof. First of al, it follows from Lemma 7.4.2(iii) that the construction of the
primitives is preserved under the base change with respect to an embedding of
fields £ — &’ and under the change with respect to a homomorphism of filtered
algebras K — K’, and so it suffices to consider only morphisms over the same
field £ and with the same filtered k-algebra K .

Let us fix a Frobenius lifting ¢ at the point o and a polynomial P(T) € k[T]
without roots-of-unity rootsfor which P(¢*)w, € dSQe’n",a. Furthermore, let U/ bean

open neighborhood of o such that the morphisms ¢/, 0 < j < deg(P), are defined
onU, P(¢*)w € dS™(U), and the sheaf of Oy-modules @7, isfree. We claim that
the set U4 possesses the required property.

Indeed, let ¢ : X' — X beamorphismwith ¢(c’) € . Let ) bethe stratum of X
that contains the point 7 (¢(0”)), and let Y beits closurein X;. Since X', is proper,
itsimageisclosed in X; and, therefore, one hasw(x;) cr1(Y). LetQ) beasmall
open affine subscheme of X with),NY # @, and let V be a p1-semi-annular open
neighborhood of ®y in®y, where Y’ =Y NY,, such that W = p1(V) Cc U4 and
Pi(w) € Q3,(V), where M = Z] 0 P1 (S W) L=/ (V) (see property (1H3.3)).
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Furthermore, let 3’ be a nonempty open affine subscheme of 36/, with
9(3,) CY,NY, ¢’ aFrobeniuslifting on thegerm (X, 3, ), and &’ an open neigh-
borhood of 3 such that the morphisms ¢/, 0< j <deg(P), aredefined on/’ and
U") cU.Given0 < j < deg(P), consider the morphism of analytic spaces

Y= (po¢”’ ¢ op) U — X, x X, .

Since p o ¢’/ and ¢/ o ¢ induce the same morphism 3. — (¥ NY),) x (¥ NY),),
it follows that 1//,-(3:7) c YA NY,)) C Dy. We can therefore shrink 4’
and assume that v ;(U4") C V for al 0 < j < deg(P). We have

" (" (@) — 9" (@™ (@) = Y (pi(@) — ps()) -

Thus, to prove our claim it sufficesto show that p;(w) — p5(w) € dN, where

N=) p(SH VLM HY).

Jj=0

But the restriction of the latter one-form to the diagonal A(W) is zero, and so the
required fact follows from Corollary 1.5.6.

Assume now that dim(X,) = 1. If ¢ is not dominant, the image of X| in X
is a closed point , and one has ¢(X,) C #7*( ). Since (f,,) € L**Hx~1( ),
then ¢*(f,,) € L**+1(X]) c $*¥(X)), and the required fact follows from Lemma
7.4.2(ii) because ¢* (w) = d(¢p*(f2)). Il

CONST CTONO T EDy MOD LESSy™

We say that a smooth k-analytic space X is atomic if it is split or marked. The
former means that X is provided with an isomorphism with a space of the form
Y x DorY x B,whereY isasmooth k’-analytic space of dimension dim(X) — 1
whose sheaf Q1 isfree over Oy, and D and B are an open disc and an open annulus
with center at zero. And the latter means that X is provided with an isomorphism
with the generic fiber X, of a proper marked formal scheme over £'°. Here &’ isa
finite extension of & (seethe end of §1.1).

Let X be an atomic k-analytic space of dimension at most m + 1. We say that a
closed one-form w € Q}S (X) isatomic if it issplit or marked in each of the corre-
sponding cases. Given such aform w, we denote by f,, its primitive constructed in
§7.2 and Proposition 7.4.1, respectively. The primitive £, isdefined uniquely up to
an element of CX"*1(X). We also denote by 2/, the open subset of X introduced
after the formulation of Proposition 7.4.3 in the case when X is marked and of
dimension at least 2, and set U4,, = X in all other cases.

LEMMA Let ¢ : X’ — X be a morphism between atomic k-analytic spaces of
dimension at most m + 1, and let w € Q%, (X) be an atomic closed one-form on X
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such that its pullback ¢* (w) is also atomic. Then ( fy=() —@*(f))|,, € CX"1(V),
where V = Uy () N 1 (U,).

Proof. If both spaces are split, the statement follows from Lemma 7.2.2(iii). In
the general case, by Corollary 4.1.4, it suffices to show that the function g =
V*(forw) — ¢*(f)) IS contained in CcXn+1(7) for any morphism vy : Z — V from
asmooth basic £’-analytic curve Z, where k" is afinite extension of k.

Assume that both spaces X and X’ are marked. Increasing the field £, we may
assume that X and X’ are the generic fibers of proper marked formal schemes X
and X' over k°, respectively, and Z = A2 UL:l E(0;r,), where X' is a smooth
projective curve over k°, 1,..., ; are pairwise distinct k-rational points of X}
and 0 < r, <1 withr, € [k*|. Given numbers r, <r, < 1lwithr, € Jk, let

W denote the strictly affinoid domain A2\ UL:l D(0,r/) and W’ the open set

X3\ (!, _; E0, /). It suffices to show that g, € CX"+1(w"). For this we may
increase the field £ and assume that r;, € [k*[ forall 1< u </, i.e, tha W isa
k-affinoid basic curve. By Proposition 2.4.2 applied to the induced morphism W —
(X x X'),,, we can increase the field £ and find a finite open covering W’ =, W),
such that each ] is the generic fiber of a proper marked formal scheme 2), over
k° and the induced morphisms W, — X, and W — 36; come from morphisms
of formal schemes9), — X and ), — X', respectively. Since the latter two mor-
phisms satisfy the assumption of Proposition 7.4.3, it follows that the functions
V(S @) = Siovy @) ad (@¥)*(fo) — fiou) ) aecontained in CX71(7), i.e,
g€ CK,n—i—l(z)'

If one of the spaces is split and another one is marked, then the reasoning from
the previous paragraph reduces the situation to the case when the morphism from Z
to the marked space isinduced by a morphism of the corresponding proper marked
formal schemes and so, by Proposition 7.4.3, the pullback of the primitive on the
marked space coincides with the primitive of the pullback of the one-form on Z
(up to an element of CX"*1(Z)). The corresponding fact is true for the morphism
of Z to the split space, by the induction hypotheses. O

LEMMA Let X be a smooth k-analytic space of dimension at most m + 1
with H1(X, cx) = 0. Then every closed one-form » € Qz, , (X) has a primitive f €
nEr+x) which is defined uniquely up to an element of CX”"*1(X) by
the following property: given a morphism ¢ : V' — X from an atomic k-analytic
space of dimension at most m + 1 such that the one-form ¢*(w) is atomic, one has

O () = for@) €CETII).

Proof. Step 1. Given a closed one-form w € QL, , (X), we say that a morphism
¢V — X isw-atomic if (1) V' is an atomic k-analytic space; (2) the one-form
¢*(w) isaomic; and (3) ¢ is éale, if V' is split, or a marked neighborhood of the
Image of the generic point of V', otherwise. Furthermore, we say that a family of
morphisms {V; BN X}ies 1S an w-atomic covering of X if al of the morphisms
@; are w-atomic and X = U;c;¢;(V;), where V; denotes the étaleness locus of

the morphism U+, — X (i.e., {Vi s X}ies isan éae covering of X). By the
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induction hypotheses and Lemmas 7.2.1 and 7.3.1, an w-atomic covering of X
aways exists. Given apair i, j € I, consider the cartesian diagram

vi 5 X
Lz To;
v, = v

We claim that wi*(f(,);(w)) — zpjf(fw;x(w)) € CK’"“(V,-,-). Indeed, if n isthe one-form
Vi (@] (@) = ¥ (¢ (w), it suffices to verify that, for any n-atomic morphism
a: W —Vy;, therestrictions of the functions fo- ) — o™ (V] (1)) and forqp —
o (Y7 (Jor@)) tO the open subset U+, are contained in CEM Uy ), but this
followsfrom Lemma 7.5.1.

Thus, the one-form w defines a one-cocycle of the étale covering {V; AN X}ier
with coefficients in the étale sheaf C§’”+1. Since H(X, cy) = 0, this one-cocycle
is a co-boundary and, therefore, there is a primitive /' € %" *1(X) of w, unique
up to an element of CX"+1(X), such that (¢7(f) — fw,-*(w))}v,- e KLy, for dl
i € I. From the construction it follows that, for any open subset X’ C X with
HY (X ,cx) =0, therestriction of fto X’ coincides, up to an element of CX" 1 X"),
with the primitive of the form o|  constructed on X'. Of coursg, if X isof dimen-
sion at most 7, the induction hypotheses imply that 1 e S*"*1(X).

Step 2. If, in the above situation, the space X and the one-form w are atomic, then
f— f, € CE"™1(X). Indeed, it remains to verify the claim only in the case when
X is marked of dimension m +1 > 2. Let X be the generic form of a proper
marked formal scheme X over k°. We know that (f — fw)\u e CKn iy for
an open neighborhood ¢/ of the generic point of X. Corollary 3.2.5 then implies
that it suffices to verify that (f — f,,) e CX"+1(x~1( )) for every closed point

€ X,. Sincewismarked, onehasw € Q7,,(x () and(f,) €L (x=1( ).
Increasing the field £, we may assume that the point is k-rational. 1t follows
from the description of Lemma3.1.2 that the space 7 ~( ) can be covered by open
subsetsi/ isomorphic to aproduct of open annuli and discs. Of course, such asubset
U issplit and the restriction of the form w to it is split. The claim now follows from
the fact that it is known to be true for split spaces.

The statement of the lemma now easily follows from the construction of £,
Step 2, and Lemma 7.5.1. O

COROLLARY Given an atomic k-analytic space X of dimension at most
m + 1 and an atomic closed one-form w € Qék (X), the one-form w is atomic
with respect to any other structure of an atomic space on X, and its primitive £,
does not depend, up to an element of CX"+1(X), on the choice of such a structure.

COROLLARY Let ¢ : X’ — X be a morphism between smooth k-analytic
spaces of dimension at most m 4+ 1 with H1(X, cx) = HY(X, cx) = 0. Given a
closed one-form w € Q% , (X), one has fy- ) —¢*(f,,) € CX"THX).

For a smooth k-analytic space X of dimension at most m + 1 with H*(X, cx) =
0, let P*"*+1(X) denote the k-vector subspace of MX"*1(X) generated by the
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primitives £, for all closed one-forms w € Q1

5. (X). 1t follows that there is an
exact sequence of vector spaces

O N CKJH—].(X) — 7))\.,}1+1(X) _d) Q}S:)(il” (X) _ 0

and, given amorphism ¢: X’ — X asin Corollary 7.5.4, onehas¢*( f) € P*" T4 X")
for all functions f € P*"1(X). Furthermore, given an open covering X = J,_, U
by open subsets with H1(U;, cx) = 0, if a function f € ME"T1(X) is such that
f|u,- e PH+iy;) for al i € I, then £ e P+"+1( ). Indeed, since the one-forms

df )|u_ € Qgﬁ',, (U;) are compatible on intersections, there exists a one-form w €

Q5P (X) with df = w and, therefore, (f — f,,)],, € CX" ;) fordl i e 1, and

Lemma7.5.2 easily impliesthat f— £, e CX"+1(X),i.e, f € P 1(X).

We now extend the definition of P*"+1(X) to an arbitrary smooth k-analytic
space of dimension m + 1 using the main result of [Ber9], whichimpliesthat abasis
of topology of X is formed by the open subsets 2/ with H(U, ¢;;) = 0. Namely,
we let P*"+1( X) denote the vector space of all functions 1 € 915" *1(X) such that
fl,, € ") for al open subsets/ with (U, ) = 0. It follows that, given
amorphism ¢ : X’ — X of smooth k-analytic spaces of dimension at most m + 1,
one has ¢* () € P*"+1(X) for dl f e P*"+1(X). Lemma7.5.2 implies that the
correspondence X’ — P*"+1(X") isasheaf in the éale topology of X, and so there
Is an exact sequence of sheaves

d
C/IY(,n—}—l An+1 Ql,cl

0— — Py gimx — 0.

Of course, if dim(X) < m, the sheaf P""* coincides with that considered in §7.1.

Finally, we define S as the étale subsheaf of O x-modulesin 915"+ gener-
ated by Py"**. Since d(Py"*) C QL. . it follows that d(S}"™) € QL1 4,
i.e, Sy" isaDy-submodule of M5t

ENDO T EP OO

It remains to verify that the D y-modules S)*(””rl satisfy all of the induction hypo-
theses and properties (i)—(iii) of Theorem 1.6.2, and that they are unique. First of
al, the validity of properties (a), (c), (d), (e), and (f) from Theorem 1.6.1 and of
property (IH2) trivially follow from the construction.

Property (b). We have to prove that, if 4/ = 0 for a function ' e S*"*+1(X),
then 1 e CX"+1(X). Corollary 4.1.3(ii) reduces the situation to the case when X is
a smooth k-analytic curve. Since the statement is local in the étale topology of X,
we may assumethat X isatomicand f = Zﬁzlf,-g,-, where f; € O(X) andadl g; €
PHmH1(X) aresuchthat the one-formsdg; € Q%, , (X) areatomic. If they arein fact
split and, in particular, X isisomorphicto D or B, it followsthat f € L*"+1(X),
and the required fact is trivial. Assume therefore, that X and all dg; are marked.
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In this case we may even assume that dg; , € Gy", ®oy, , ]3-%0 foral 1<i </,
where X is a proper marked formal scheme with X, = X and o is its generic
point. Lemma 7.4.2(iv) implies that g; , € ]-‘g”’;“ for aII 1 <i </ and, therefore,
fo € Fytt Thelatter impliesthat £, € Cﬁ;’fjl. Since f € CK"t (7 =1( )) forall
closed points € X; it followsthat f € CX"1(X,).

To verify the remaining properties and, in particular, property (g), formulated in
8§7.1, we make a preliminary observation similar to that from 8§7.1.

Suppose we are given a proper marked formal scheme X over k° withdim(X,)) <
m + 1 and a nonempty open affine subscheme 3 c X°. Since H'(3,, c3,) =0,
every closed one-form w e Q}éf_'n (X,, 3,) has a primitive in S*"*1(%x,, 3,) and,
therefore, given aFrobeniuslifting ¢ on (X, 3,), the injective homomorphisms of
F-isocrystals E' (X, 3) — S*'(X,, 3,) considered in §7.1for 0 <i < n extend to
asimilar homomorphismfor i =n + 1. The properties of the sheaveﬁsg\(’”“ already
known imply that the induced homomorphism EX"+1(x, 3) — S*"*1(%x,,3,)
is injective and that its image G*"*1(%, 3) does not depend on the choice of the
Frobenius lifting. Let g;”“ be the union of the latter in SA ”+1 taken over al 3’s.
Given0<i, j<n+1lwithi+ j=n+1 Lemma6.4.2, applledtothemultlpllcatlon
homomorphisms from E/(X,, 3) ® E/71(X,,3) and E'-1(X,,3) ®3 E/(X,, 3)
to Ei+f—1(3€,7, 3), implies that G (X, 3) - G»/ (X, 3) c GH"1(X, 3) and, there-
fore, G4' -G/ C G

Property (9). It is enough to show that, given f € P*/(X) and g € P*/(X),
one has - g € P»"*1(X) in the case when dim(X) =m +1, 1 <i, j <n and
i+ j=n+ 1 Sincethis fact is local in the étae topology, we may assume that
the space X and the one-forms df € Q1,, ,(X) and dg € Q%, , ,(X) are atomic.
If they are in fact split, then the required fact easily follows from the induction
hypotheses. Assume they are marked. Using the induction hypothesis (IH3) and
increasing thefield k&, we may assumein addition that X isthe generic fiber X, of a
proper marked formal scheme X over k°, f, € g% . and g, € g;’f , Where o isthe
generic point of X. It followsthat /- g€ R*"*1(X)and (f-g), € gl “+1 Onthe
other hand, the closed oneform w = f-dg+g-df € QL o (X)) pomss&s prop-
erty (MF1), and since w, € 93e - @0y, , Q%e L+ It also possesses property (MF2),
i.e., given a Frobenius lifting ¢ at o, there exists a polynomia P(T') € k[T] with
no roots-of-unity roots and P(¢*)w, € dg . Since d(f - g) = w, it follows that
d(P(@*)(f-2)) € dgx .» and since the kernel of the differential on g* 1 coin-
cides with C§ ”jl = CcKntl(x,), it followsthat P(¢*)(f - g)s € Q K"“ C
SA:’U. Proposition 7.4.1(i) now implies that the function f - g is precrsely the
primitive of w given by the proposition, i.e., f- g € P*"+1(X,).

Property (I ). It suffices to verify that G*"*1(%,,3) ¢ R*"*1(%,3,) and,
for the latter, it suffices to show that any element f € G*"*1(X,, 3) with df €
Ggh"(X,,3) ®p QF is contained in R*"T1(X, 3,). By the induction hypothesis,
gh"(x,,3) C R*"(X, 3,). Let U be an open neighborhood of 3, in X, with 1 €
S +1(14) and such that, for every closed point e X,, the intersection 7—1( )N
U is either an open disc or an open annulus and the restriction of df to it is
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contained in 7, (7 ~*( ) NU). The latter hasaprimitivein L*" ™z ~1( )NU) C
SH (=1 )N, and the required fact follows.

Property (I ). It is enough to verify properties (IH3.1)—(IH3.3) for a function
f € P"*1(X) which is a primitive of a closed one-form w € Q1, , (X). First of
al, Lemma 7.3.1 reduces the situation to the case when X is the generic fiber
X, of a proper marked formal scheme X over k°, the one-form  is marked and

ws € G @0y Q% - The construction of f from Proposition 7.4.1 imme-
diately implies that f € R*"+1(%), i.e, (IH3.1) is true. Since £, € S;:’il and
w, = dg for some g € G, it follows that f, — g € 3" = CX" (X)) and,

therefore, f, € g;’,’;“, i.e., (IH3.2) is true. Findly, given a stratum closure
Y C X, property (MF3) of w tells that there exists a small open affine subscheme
2 C X with 9 NY # @ and the following property: if ) = X (resp. ) is arbi-
trary), there is a p;-discoid (resp. p;-semi-annular) open neighborhood V of ©
in ®y with V' =Y NY, such that p3(w) e QL(V), where M = p,(S*"(U))
(resp. M = 3o py (S @U)) - L+"~/(V)) and U = p1(V). Shrinking U, we may
assume that the Oy-module @, is free and, therefore, we can apply Proposition
1.3.2 (resp. Corollary 1.5.6). It follows that p3(w) = dg for some g € N, where
N = py(S*"+1U)) (resp. N = Y125 py (S™/ W) - L7/ (V). The restriction
of g tothediagona A@) liesin S»"*1(AU)), and the restriction of ps(f) coin-
cides with that of p;(f) and, therefore, also liesin S*"*1(A(U)). By property ()
aready verified, we may assume that the two restrictions are equal. We then claim
that p3(f) = g. Indeed, it sufficesto verify the equality at the fiber le(x) of every
point x € Up. The restriction of g to it liesin L”“(pl‘l(x)) and, by property
(f), the restriction of p3(f) liesin SA’”“(pl‘l(x)). The claim now follows from
property (b).

Properties (ii) and (iii) of Theorem 1.6.2 easily follow from the already estab-
lished properties of Theorem 1.6.1 and the construction of the sheaves S}’”“,
respectively.

Property (i). By Theorem 4.1.1, we may assumethat either X isisomorphicto an
open disc or annulus and f € L*"*1(X), or X = X,,, where X is a proper marked
formal scheme over £° with dim(X,) = 1,and f € R*"+*}(X) and f, € ]—‘g’(’fl. In
the first case, the required fact follows from Lemma 1.4.2. In the second case, the
samelemmaimpliesthat if /N ~( ) #¢,then f|__, | =0, and therequired fact
follows from Lemma6.5.1.

niqueness of the D y-modules S)*(’”*l. Assume one can construct another D y-
submodule 8% c M5+ which, together with the D x-submodules S%', 0 < i <
n, possesses the properties of Theorem 1.6.1. It follows easily that these sheaves
also satisfy property (ii) of Theorem 1.6.2. It suffices to verify that, given a closed
one-form w € L, (X), itslocal primitivesin S are local sections of Py,
For this we may assume that X and » are atomic, and let / and f be primi-
tives of w in S*"+1(X) and S*"+1(X), respectively. If X and w are in fact split,
the required fact f — fe CXn+1(Xx) follows from the construction of the prim-
itive of w in 87.2 and property (€). Assume therefore that they are marked, and
let X = X,, where X is a proper marked scheme over k°. By (MF1), one has

—0)
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w € Q}w (X) and, therefore, property (e) and the logarithmic Poincaré lemma
imply that fe R*"+1(X). Furthermore, by (MF2), there exist a Frobenius lift-
ing ¢ a o and a polynomial P(T') € k[T'] without roots-of-unity roots such that
P(¢")w, = dg with g € 83", . It follows that d(P(¢*) f, — g) = 0. But from
property (f) it follows that P(¢*) f — g € ;"3 and property (b) implies that
P(¢*)fa —g€ CK’”“(%,,), ie., P(¢*)]’; € S;’;U. It follows now from Proposition

74.1() that f— F e CKmHi(x).






Chapter Eight

Properties of the Sheaves S

In this section we refine information on the sheaves S% using the fact that they
exist. First of all, we show that any connected wide germ with good reduction
(X,Y) can be provided with a unique filtered Dy y),-subalgebra £*(X,Y) C
S*(X, Y) with properties (a)—(d) and (f) of Coleman’s algebras mentioned in the
introduction, and we relate it to the isocrystal £*(X, %)) considered in §5.5 and
87.1. We also show that any proper marked formal scheme X over £° can be
provided with a unique filtered O(X,)-subalgebra £*(X) c S*(X,) which is a
filtered D%n-algebra that possesses similar properties and some sort of continu-

ity (see Theorem 8.2.1(1)). Given a function f € S*(X) on a smooth k-analytic
space X, every point x € X with s(x) = dim(X) has a marked neighborhood
¢ 1 X, — X with ¢*(f) in the image of the canonical injective homomorphism
EMX) @k K — SH(X,).

The latter is used to provide each stalk of S’ at a geometric point x over a point
x € X with a Gy/,-invariant filtered Do, .-subalgebra £% ; which is functorial with
respect to (k, X, x, K, A). Moreover, the homomorphism & ,q — K : Log(p) — A
gives rise to an isomorphism Exz — 83\(5, and, if f1,..., f; are elements of O% |
for which | f1(x)|, ..., | f;(x)| for a basis of the Q-vector space /|H (x)*|/+/1k*],
then there is a Gy -equivariant isomorphism of filtered Do, -algebras
EvslT. ..., T 1@k K> 8% : Ty — Log"(f;). We prove that the subspace Vy, . C
Ql d +/dOx ., introduced in 84.5, coincides with the space of the classes of closed
one-forms Q7% , that admit a primitivein £ . = (£ ). If dm(X) =1and x
Is a point of type (2), we construct a G /- equwarlant isomorphism between €y
and the shuf ealgebra Shp .. In §8.4, we prove a uniqueness result which implies
the following generalization of the property of the logarithmic function mentioned
at the beginning of the introduction. Assume that X is connected, the O y-module
QL isfree over anonempty Zariski open subset, and H(.X, cx) = 0. Assume also
that we are given closed analytic one-forms {w; },<; which are linearly independent
over k£ modulo exact one-forms and, for a point x € X(k), let f; be a primitive
of w; in Oyx. Then the functions { f;};c; are agebraically independent over the
image of O(X) in Oy,. Finally, in 88.5, we consider the filtered D x-subalgebra
sy =SxNny and provethat s yN L y = Oy and that the subsheaf Wy C ot °'/d(9X,
introduced in 84.5, coincides with the sheaf of the classes of closed one-forms that
admit local primitives which are sections of s y.
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LTE ED Dx.y) ALGE ASE*X,Y) O GE MSW T GOOD
ED CT ON

We say that a k-germ (X, Y) (or a k-analytic space Y) has good reduction if Y is
isomorphic to the generic fiber ), of a smooth formal scheme 2) over k°. Notice
that any wide germ with good reduction is smooth. A D x.y,-module on a smooth
k-germ (X,Y) isan O(X,Y)-submodule M ¢ NX(X,Y) suchthat d M c Q1,(X,Y),
where Q4 (X, Y), g > 0, denotestheimage of M o (x.y) Q4(X, Y) in szjﬁK (X, 7).

A Dx yy-algebraisa D x y)-module which is aso a subalgebra of NnE(x, v).

THEOREM very connected wide £-germ with good reduction (X, Y) can
be provided with a unique filtered O (X, Y)-subalgebra £*(X, Y) c S*(X, Y) such
that the following are true:

(@ E*(X,Y)is afiltered Dy y)-algebra;

(b) %X, Y) = O(X, Y);

(c) Ker(E*(X.Y) L QL (X, 7)) =X, Y) (=c));

(d) every closed one-form w € Q1,, (X, Y) has a primitive £, € E~"1(X, Y);
() £*1(X,Y) is generated over O(X, Y) by the above primitives f,,;

(f) there exists a point x € Yg such that £, € Oy, forall f € E*(X, Y).

urthermore, the D y.y)-algebra £* (X, Y) possesses the following properties:

(1) f. € Oy, forall points x € Yg and all f € E*(X, Y);

(2) the canonical homomorphism £*(X, Y) ®; K — S*(X, Y) is injective;

(3) £*(X,Y) is functorial with respect to (k, (X, Y), K, 1);

(4) the homomorphism k og — K that takes Log(p) to A gives rise to an isomor-
phism (X, ¥Y) > EX(X, Y).

COROLLARY Assume that (X, Y) = (X, 2),), where (X, %)) is a wide germ
of a smooth affine formal scheme over k°. Then

() if, in addition, (X, %)) is induced by a similar germ over a finite extension
of Q, in k, then £*(X, Y) is the image of the injective homomorphism of
F-isocrystals E(X,9) — §*(X,2),) (from . ) and, in particular, that
image does not depend on the choice of the robenius lifting;

(i) £E4(X,Y) is isomorphic to the filtered isocrystal £(X,9Q) (from .)
and, in particular, £(X, %)) can be provided with the structure of a filtered
algebra which satisfies the Leibniz rule;

(iii) given a morphism (X', 2)") — (X, Q) of wide germs of smooth affine formal
schemes over an embedding & < &’ such that the induced morphism ), —
D ®;E’ is dominant and quasifinite, for every i > 0 the induced homomor-
phism £(X, Y) Qowx.y) O(X', Y') — EX(X', Y') (with Y/ = 2),) is injective
and its cokernel is a free O(X’, Y')-module.

Proof of Theorem . . and orollary . . . First of al, we notice that if the
O(X, Y)-subalgebra £*(X,Y) with properties (a)—f) exists, it is unique.
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Indeed, for this it is enough to verify that, given a closed one-form w as in (d),
onehas f — f;, € ¢(Y) for any primitive £ of w in S*»*1(X, Y) with property (f).
Weknow that £ — £, € «(Y)®; K+t and, by (), (f — f.)x € cx... Sincetheinter-
section of ¢(Y) ®; Kt and ¢y, in ¢y, ®; K'*1 coincides with ¢(Y), the required
fact follows.

Suppose first that we are in the situation of Corollary 8.1.2(i). In this case we
define £4(X, Y) as the image of the injective homomorphism of F-isocrystals
E(X,9) - S§*(X,2),) from §7.1. It obviously possesses properties (a)—e), and
S0, to verify property (f), it suffices to verify property (1). Assume that, for some
i >0, f, € Ox, for dl pointsx € (9,)s and al f € £+'(X, D), and let w be a
closed one-form in £*/(X, Q) ® 3 Q}, where B = O(X,9),). This one-form has
a primitive £ in £+*1(X, ), and it suffices to verify that f € O(x~1( )) for
all closed points € 9),. Recall that, by the construction, there is a monic polyno-
mial P(T) € k[T] with no roots-of-unity rootssuch that P(¢*) f = g€ £+/(X, D),
where ¢ is a fixed Frobenius lifting on (X, 2),). By the induction hypothesis, for
every closed point € 9),,onehasg € O(r () andw € Q% (x~1( )). Since
7~1( ) isisomorphic to the open unit polydisc with center at zero over k , thereis
aprimitives of o inO@1()). Itfollowsthat f —h =« €k @ K+ and,
therefore, P()a = g — P(¢*)h € O(r~2( )). Thelatter impliesthat « € £ and,
therefore, 1 € O ().

Suppose now that (X, Y) = (X,9),), where (X, 2)) is awide germ of a smooth
formal scheme over k°, and assume that, for some i > O, the D x y,-module
EXI(X,Y) is aready constructed and, besides properties (a)—(f), it possesses the
following property: for any open affine subscheme 3 C ) with (X, 3) satisfying the
assumption of Corollary 8.1.2(i), the restriction of any functions from £+ (X, Y)
is contained in £*7(X, 3,). To construct E+*1( X, Y), it suffices to find, for any
closed one-form w asin (d), a primitive f € S*»*1(X, Y) of w with property (1).
We know that the restriction of » to any (X, 3,) as above has a primitive in
SA”'“(X,SU) which is unique up to an element of ¢(3,) = ¢(Y). All such
primitives give rise to a one-cocycle on 9), with coefficients in ¢(Y). Since the
latter is always a coboundary, there is a primitive of » in S»*1(X,Y) whose
restriction to every (X, 3,) asaboveis contained in EMTL(X, 3).

Thus, the D yx.y)-algebra £*(X, Y) is constructed, and it is easy to see from
the construction that it possesses all of the properties of Theorem 8.1.1 and
properties (i)—(ii) of Corollary 8.1.2. To prove property (iii), we may assume
that ¢(Y) = k and ¢(Y') = k’. The proof is done, by induction on i, using the
fact that the quotient of £*1(X,Y) by £(X,Y) is the trivial isocrysta
Hle(S’"(X, Y)) ®; O(X,Y), the corresponding fact for (X', Y’), and the follow-
ing claim: for every i > 0, the canonical homomorphism Hle(Sf (X,Y)) k' —
Hio(E'(X', Y")) is injective.

By Corollary 5.5.4(iii), to prove the claim it suffices to consider the case
k' = k. Furthermore, since there are canonical embeddings Hiz(E'(X,Y)) <
Hi (X, Y)®UHD and HR(E/(X', Y') — Hg(X', Y)W+, it sufficesto prove the
claim for i = 0. If X’ = X and )’ is an open subscheme of 9), the injectivity of
the homomorphism Hi; (X, Y) — Hi: (X', Y’) follows from [Bert, Corollary 5.7].
In the general case, we can shrink both schemes ) and )’ so that the induced
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homomorphism )., — 9, isfiniteand at, and then the required injectivity follows
from [Bert, Proposition 3.6]. O

Let now (X, Q) be awide germ of a smooth formal scheme over £°. We denote
by E(X 9) the sheaf on Q) associated to the presheaf 3, — £(X, 3,). Thissheaf isa
filtered D(X )" Subalgebraof 9(3(){ @)) Notice that (5()( @))V =cCy ( Q(C(Xg) )))
For a D(x.g)-module F, let F¢ and Fg: be the Dy g),-modules F o, o, Ex. 2)
and F Qo o, S(X@), respectively.

PROPOSITION Let F be a unipotent Dy g)-module F of rank m and of
level n. Then

(i) the ey-module 7y is free of rank m and 7y @c,, Exmy > Fe;
(i) F¥ =(F +Fpt+ - +FL )V, where FO=0C Flc - C F' = Fis
a filtration such that each quotient 7' /F~1 is a trivial D(X 9)-module;
(iii) there is an embedding of Dy, ¢),-modules F — (S(X@))l with / > 1.

Proof. We may assume that ) is connected. By Lemma 5.3.3, properties (i) and
(ii) are true for the restrictions of Y to any open affine subscheme 3 C 9. This
immediately implies (ii) and the second half of (i). It follows aso that the sheaf
F¢ givesrise to a one-cocycle in the Zariski topology of ), with coefficients in
the constant sheaf of groups GL,,(¢(2),)). Since P, isirreducible, that cocycle is
a coboundary, i.e., the sheaf F¢ isfreeof rank m over ¢y, and (i) istrue. Finaly,
an embedding F — (8( Y. @))’ Is constructed in the same way as the corresponding

embedding in the proof of Corollary 5.3.4. Namely, for i > 0 we set Fi=F" +
Fot+- - +FL., 1 (s0(2) meansthat FY = Fy), and weclam that thereis abasis
hi, ..., h, of FZ overc(2),) such that the induced isomorphism F¢ = Ewx )"

takes each F, into (8{}”@)1)’" Indeed, if n = 1, the claim is trivial. Assume that
n > 2 and the claim is true for n — 1. We set G = 7"~ and consider the canonical
epimorphism of vector spaces 7Y — (F/G)¢ = (F/G)". Its kernel is the space
GJ, and we can find a basis &1, ..., h; of it with the required property (for G).
Furthermore, we take elements 444, ..., h,, € F¥ = Fy whoseimagesin (F/G)Y
form abasis of that space. Thenthe elements 1, ... ., h,, form abasisof FY, which
possesses the required property, since the restriction of the induced isomorphism
Fe = (Ex.9))" to every open affine subscheme possesses that property (by the
proof of Corollary 5.3.4). O

LEMMA Let F be a Dx,9),-module with the property that every point of ),
has an open neighborhood such that the restriction of F to it is unipotent. Then F
IS unipotent.

Proof. It sufficesto show that F contains a nonzero trivia D y,g),-submodule.

Let 3 be an open subscheme of ) such that (X, 3) isinduced by asimilar germ
over afinite extension of Q, and therestriction of F to 3, isunipotent. Then for any
open subscheme 3’ C 3 the canonical map FV(3,) — FV(3) is an isomorphism.
Indeed, it suffices to show that Hc:jLR,W(BS’ F) =0, where W = 3,\3. and, since
the restriction of F to 3 is unipotent, it suffices to consider the case 7 = O x,g)).



PROPERTIES OF THE SHEAVES S))} 117

By Corollary 5.5.2, we may assume that & is a finite extension of Q, and, in that
case, the required fact is a consequence of [Bert, Corollary 5.7].

Now let {3'};c; be a covering of 9 by sufficiently small open subschemes
which satisfy the assumptions of the previous paragraph. By the above clam, one
has FV(3') > FY(3' N 3/) for every pair i, j € I. This easily implies that
FY (@, = FV(3!) for every i € I. In particular, F contains a nonzero trivial
D x,g)-submodule. O

REMARK Assume that the valuation on £ is discrete, and let X be a formal
scheme of finite type over £° and ) an open smooth subscheme of X such that the
Zariski closure ), of 9, in X, isproper over k. Thetriple T = (9),9),, ¥) iswhat
A. Besser callsarigidtriple (see[Bes, 2.8]). In [Bes, 84], hedefined aring Aco (T')
of so-called abstract Coleman functions and constructed an embedding of Acq (7T)
into the ring of naive analytic functions n(2),,). Notice that the generic fiber ), is
aclosed analytic domain in X, and that it does not coincide with X, if 2) is not
proper (e.g., if Q) isaffine). Thus, the naive analytic functions constructed by Besser
are defined only on the closed subset 2),,, whereas the functions constructed here are
defined on an open neighborhood of 9, in X,,. Thisis one of the main differences
between the two constructions. On the other hand, it is very likely that the image of
Aco(T) inn(Y,) coincides with that of the restriction map £(X,, ) — n(Q,) :
f—f \ P, (and so both rings are isomorphic) and, in particular, if X is proper

smooth over £° and Q) = X theimage of Acq(7) inn(X,) coincideswith 8~(3€,7, X).

LTE ED Dy, ALGE ASE*(X) O P OPE MA KED
O MAL SC EMES

THEOREM very proper marked formal scheme X over £° can be provided
with a unique filtered O(X,)-subalgebra £*(X) c §*(X,) such that the following
are true:

(@) &£4(X) isafiltered Dy, -algebra;

(b) E+°(X) = O(xy);

(0) Ker(e*(%) % QL (%)) = o(X,);

(d) every closed one-form w € Q1,,(X) has a primitive f, in £1(%X);
(e) £+*1(X) is generated over O(X,) by the above primitives f;,;

(f) there exists a point x € (X,)g with £, € Oy, for all f/ € £E*(X).

urthermore, the filtered D%n-algebra E*(X) possesses the following properties:

(1) £+1(X) C Ry'(X) (seetheend of . );

(2) for every f € £4(X), one has f|(3€n,3€n> € &M%, X)), and, if dim(X,)) =1
or X = X, there is an isomorphism £* (%) Qo) OX,, X)) — EMX,, Xy);

(3) £*(X) is functorial with respect to (k, X, K, A);

(4) the homomorphism ki og — K : LOg(p) — A gives rise to an isomorphism
EX) = EXX);
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(5) the canonical homomorphism of filtered O(X,)-algebras £*(X) ®; K —
S*(X,) is injective;

(6) given a function 1 € S*#(X) on a smooth k-analytic space X, every point
x € X with s(x) = dim(X) has a marked neighborhood ¢ : X, — X such
that o*(f) € (E*(X) i K)'.

Proof. The uniqueness of the agebras £*(X) is verified in the same way as the
corresponding fact in the proof of Theorem 8.1.1, and their construction is done by
induction asfollows. Assumethat the D x, -module £+ (X) with all of the properties
isalready constructed for somei > 0. To construct £1+1(X), it sufficesto show that
every closed one-form w € QL, ,(X) has a primitive £, € SH+1(X,) N Ry ().
First of all, by [Ber9, Corollary 8.3.3], H(X,, c%n) = 0 and, therefore, there exists

aprimitive £, of w in S**1(X,). Let 3 be an open affine subscheme of X. By prop-
erty (2), ")‘@E 3,€EM ®p QL, where B=0(X,, 3,), and, therefore, there exists

a primitive f of w in E+*1(X,, 3). We get fw’(% 3, fo €6(Xy,3,) & K.
Since ¢(X,, 3,) = «(X,), we may assume that fw‘(% 3, € EM+L(x,, 3), and we

claim that such f,, possesses the necessary property, i.e., f, € Ré’i+1(3€). Indeed,
by property (1), onehasw € Q}e . (%), and Corollary 3.1.6 impliesthat there exists
0

aprimitive / of @ in Ryt (%). It followsthat f, — f =« € cz(X) ®; K, and we
have to show that in fact o € cz(X). Let ¢ be a Frobenius lifting on (X, 3,). By
the construction of £, there existsamonic polynomia P(T) € k[T] with no roots-
of-unity roots such that P(¢*) f,, = g € £+'(X,, 3). It follows that g — P(¢*) f =
P(¢*)a, and the latter isthe restriction of aunique element 8 € ¢z (X) ®; K. Since
P(¢*) induces abijection on ¢z (X) ®; K, it sufficesto verify that g € cz(X).

Let ¢ be an open neighborhood of 3, in X, such that al ¢/ for j < deg(P)
are defined on U. For aclosed point € X,, weseti/ =n~*( )N and denote
by M be the subgroup of al 2 € O )* for which the real-valued function x +—
|2 (x)| extends by continuity to the generic point o of X and such that |2 (0)| = 1.
Furthermore, we denote by L§ ) thefiltered D, -subalgebraof L* (U ) generated
over O(U ) by Log* () for h € M , and we denote by R} (X, U) the subspace of
al h e R*(X,U) with h e L5 ) for al closed points € X,. For example,
P(¢*) f € R U).

By property (5), we can find a dominant morphism ¢ : X’ — X from a proper
marked formal scheme X’ over £’° with withdraw a finite extension £’ of & such
that ¢(X)) Cc U and *(g) € £/ (X') ®; K. Since g € £(X,, 3), it follows that
in fact ¢*(g) € £+/(X'), and since ¢*(h) € Ry (X)) for dl h € Ry (X, U), it
followsthat o*(8) = ¢*(g) — @™ (P(¢*) f) € Ry (X'). Thisimpliesthat B € cz(X).
That the D%n-modules EX+1(x) possess all of the other properties easily follows
from the construction. O

REMARK If K =Fkanddim(X,) =1, i.e, X, isasmooth basic curve, the
filtered algebra £*(X) is precisely the algebra 4(X,) introduced by R. Colemanin
[Col1] and [CoSh] and mentioned in the introduction to this book.
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A LTE EDDo,, S ALGE AE;, cSy ANDT E
SPACE Vy,x

THEOREM There is a unique way to provide each stalk 8}(5 at a geo-
metric point x of a smooth k-analytic space X over a point x € X with a
Gy x-invariant filtered Do, -subalgebra £} so that the following are true
(with & , = (€4 9 ):

(@ ifs(x) =dim(X), then Sﬁm consists of the elements f € Sy . such that there
exists a marked neighborhood ¢ : X, — X of x with ¢*( /) € £E*(X);

(b) &% is functorial with respect to (k, X, X, K, A);

(c) for any smooth morphism ¢ : ¥ — X and any geometric point yof Y overx
and a point y € Y with s(y) = s(x), there is a G5, ,-equivariant isomorphism
of filtered Do, . -algebras £ ; ®o, . Ovy = & 5.

urthermore, the filtered Do, _-algebra 6}5 possesses the following properties:

Q) “3(* is a free Oy x-module of at most countable rank;
(2 if f1,..., f; are elements of O%  such that | f1(x)|, ..., | f/(x)| form a basis

of the Q-vector space /|H(x)*|/+/Ik*|, then there is an isomorphism of
filtered Do, -algebras

Ex T ... . T1& K> Sy, : T > Log"(fi) ;

(3) the homomorphism kiog — K : L0OQ(p) — A gives rise to an isomorphism
gXx = g}(x:

(4) Ex.. consists of the elements f € Sy, such that there exists a strictly affinoid
domain ¥ in an open neighborhood of x, at which £ is defined, with x € I
and 1], en(V).

Proof. If the Do, .-algebras £% - exist, the uniquenessistrivial. Their construction
isdonein several steps. ’

Step 1. Assume first that s(x) = dim(X). We define 8}( (and together with it
&% +) by the property from (&), and we claim that £ ;. is a free Oy -module of
at most countable rank. Indeed, since k is a closed subfield of C,, #(x) contains
a countable dense subfield. It follows that the set of finite extensions of H(x) in
‘H(x) is countable and, therefore, there are a marked neighborhood ¢ : X1, — X
of the point x and a countable sequence of morphisms of proper marked formal
schemes. - - ¥ X, % X, such that each induced morphism X, , — X isalso a
marked neighborhood of x and £} ¢ = @35%(36,,). If 3, C X, are open affine

subschemes with ¥, (3,41) C 3,, then & = lim&*(X,,,, 3,.,), and the claim

follows from Corollary 8.1.2(iii).
Step 2. Assume now that s(x) < dim(X). We take a smooth morphism ¢ : X" —
Y from an open neighborhood X’ of x such that s(y) = s(x) = dim(Y), where
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y = ¢(x), and a geometric point y of Y over y and under x, and define EA‘Y
(and together with it £} . = (£} ;)7*) as the image of the injective homomor-
phism 8% ®0,; Oxxz = S}j. (Theinjectivity follows from Step 1 and Corollary
2.3.4.) Although we do not yet know that the above image does not depend on the
choice of ¢ and y, and we do know that property (2) holds. To prove the theorem, it

suffices to verify property (4). Let ?f‘,’x denote the set of al elements of Sﬁ(’x with
property (4).

Step 3. The inclusion £% | C E}’x is true. Indeed, to prove this, we may assume
that s(x) = dim(X). Let / € £ . Shrinking X, we may assume that f € S*(X),
and take a marked neighborhood ¢ : X, — X of x with ¢*(f) € £*(X), and a
nonempty open affine subscheme 3 C X such that ¢ is étale at all points of the
strictly affinoid domain 3,. By the construction, <p*(f)\3 € n(3,) and, by
Raynaud’s theorem (see [BoL U2, Corollary 5.11]), ¢(3,) isafi nite union of strictly
affinoid subdomains of X. If V' is one of them that contains the point x, then

fl, en(V),ie, fely,.
Step 4. If 1(x) =0, then £, C &% .. Indeed, since &, [Log(p)] = S% ,, every

element f ¢ ?},x isof theform 7, g;Log(p)’ with g; € £% . Shrinking X, we
may assumethat go.g1, ..., g, € S*(X). Assumethat » > 1and g, # 0. Then every
strictly affinoid domain 7 with x € V' contains apoint z € Vg with g, (x) # 0, and
so, for such apoint z, f(z) isapolynomial in Log(p) over O ., of positive degree.
This contradicts the assumption on .

Step 5. The previous two steps reduce the theorem to the verification of the
following fact. Given a smooth morphism ¢ : ¥ — X of dimension one, if the
required statement is true for a point x € X, then it is also true for any point
y e @ t(x) with #(y) > ¢(x). Indeed, by Proposition 2.3.1(ii), we may assume that
Y = X x B, where B = B(0; R’, R”) is an open annulus of radii R" < R” with
center at zero, and y isthe point of the fiber ¢ ~1(x) which isthe maximal point of
the closed disc of radius R’ < r < R” withr & /[H(x)*].

One has &} [Log(T)][Log(p)] = S% , and, in particular, every element f
E;y is of the form >~ g;;Log(T)'Log(p)’ with g;; € £% . Shrinking X, we
may assume that g;; € S*(X) and, therefore, /' € S*(Y). Let d be the maximal
value of i + j with g; # 0. We are going to show that, if d > O, then
every dtrictly affinoid domain 7 with y € V' contains a point y" € Vo with f, ¢
Oy,y. By Lemma 4.5.4, we may assume that /' = U x 4 (as in the formulation
of the lemma). Shrinking U, we may assume that (g;;)|,, € n(U) for all i, j > 0.
The maximal possible degree of Log(p) in f, is d, and the coefficient is equal
toa =37 ogiii(xHv(T()), where j is the maxima i < d with g;_;; # 0,
x'=@()), v(T())) is the rational number with Log(7),, — v(T (y"))Log(p) €
Oy,y. (Notice that v(7'(y')) is the value of the real logarithm with basis |p]
a |T(y)|.) Let x" be a point in Uy with g;_; ;(x") # 0. If j = 0 then, for
every point y' € Vo over x’, f,, is a polynomia over Oy, ,, of degree d, and so
assume that j > 0. Since V' = U x A, we can find a point y € Vy over x’
for which the denominator of the rational number v(7'(y’)) is divisible by a
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big power of p so that

1
|8a—ii(x")] )"‘i

|v(T(y))|> max ( p
|gd ]j(x)|

We get | ())| = |ga—;, ; (x")v(T (V)Y # 0, and the required fact follows. O

COROLLARY tatements (iv) (vi) of Theorem . . are true.

Proof. Statements (vi) and (iv) follow from Theorem 8.3.1(1) and (2), respectively.
In the situation of the second part of (v), Corollary 5.5.4 implies that ¢ (SA N>

¢ (8% S S84, and so to verify the first part we may assume that k' = . In that
case, the required fact follows from Corollary 2.3.4. O

COROLLARY Let X be a smooth k-analytic space. Then
(i) the following properties of a point x € X are equivalent:

@ Sk.=0%.;

(b) L%, =0%,;

(©) s(x)=t(x)=0,1i.e, ”ﬁfx/) is algebraic over % and the group |H(x)*|/
|k*| is torsion;

(i) the following properties of a geometric point x of X over a point x € X are
equivalent:

@ Syz=LYx
(b) &+ =0xx;
(©) s(x) =0, i.e., H(x) is algebraic over %.

COROLLARY If elements { f;}ie; € O ; are such that their images in O ;

form a basis of the abelian group 77;/3,\/,f (from orollary . . ), then there is an
isomorphism of filtered Dy, _-algebras

OxxlTilier = Ex N Ly T —> Logh(f) .

COROLLARY The class of a closed one-form w € Q}(’x liesin Vy,, ifand only
if it admits a primitive £, € Ex ..

Proof. For a geometric point x over x, let V', - denote the space of the classes of
those closed one-forms w from 521 _ that admlt aprimitive f,, in Ex 5. It suffices
to verify that Vyz = Vy ;. If ¢ : Y —> X is a smooth morphism and v is a point
over x with s(y) = s(x) = dim(X), then, by Theorem 4.5.3(ii), Vxs = Vx5 for
any geometric point y over y and x and, by Theorems 4.5.3(i) and 8.2.1(d), Vxz =
Ql d 2/dOxx =V . ThisgivestheinclusionV C V'. To prove the converse inclu-
sion, it sufflc&eto verlfy the following claim. Given a smooth morphismg¢ : ¥ — X
of dimension one, if the required fact is true for a point x € X, it is also true for any
point y € ¢ ~1(x) with #(y) > ¢ (x). For this, we may assumethat Y = X x B, where
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B = B(0; R, R”) and y isthe point of the fiber ¢~(x) which is the maximal point
of aclosed disc of radius R’ < r < R” withr ¢ «/|’H(x) |. Given aclosed one-form
w e Q}Vy whose classisin Vy 5, one has w = n+ail +dg, where y is a closed
one-formin 521 Y5 with classin Vy 3, @ € ¢y and g € Oy 5. We can shrink X and Y
(in the étale topology) so that g € O(Y), the primitives £, and f,, are defined on all
Y,and f, = f, +aLog(T) + g. We are going to show that, if « # O, every strictly
affinoid domain 1 with y € V' containsapoint y' € Vg with (£,),» € Oy,,,. Indeed,
shrinking 7, we may assume that (f;)|, € n(¥) and, by Lemma 4.5.4, we may
assumethat V' = U x A4 asinitsformulation. For apoint ' € Vg, (f,), isapoly-
nomial over Oy,,» in Log(p) of degree at most one, and the coefficient at Log( p)
Is equal to av(T()')). We can of course find a point y' € Vg with v(T()')) # 0O,
and the required fact follows. O

Recall that the construction of 85.4 applied to the ¢ 5-al gebra Oxz, the differ-
ential d : Ox5x — Qﬁ(x, and the vector subspace Vyz C Q /dOXx, provides
afiltered Do, _-dgebra Sho, . (Vxx) = Oxx Qc,. Sh(Vxx). If p: X —>Yisa
smooth morphism from an open neighborhood X’ of x to asmooth k-analytic space
Y with s(y) = dim(Y) = s(x), where y = ¢(x), and y is a geometric point of ¥
under x and over y, then thereis a G/-equivariant isomorphism Shp, . (Vxx) =
Oxx ®c,; Sho, ;- Thus, the Gy,,-equivariant injective homomorphism of graded
Do, -agebras Gr'(Ey,y) — Gr'(She, ), constructed in 85.4, givesriseto a G/, -
equivariant injective homomorphism of graded Do, .-algebras

Gr(€xx) < Gr(Sho,;(Vxx)) -

Notice that the right-hand side isisomorphic, as an O x z-algebra, to Shp, . (Vyx),
and recall that, by aresult of R. Radford (see [Rad, Theorem 3.1.1]), the shuf e
algebra of avector space over afield of characteristic zero isisomorphic to thering
of polynomials over the field with a set of variables consisting of homogeneous
elements.

COROLLARY (i) The graded Oy z-algebra Gr (Exx) has no zero divisors,
Oy is algebraically closed in it, and, in particular, the same is true for the filtered
Oxz-algebra Ex5;

(i) Gr (Exx)* = O% ¢ and, in particular, £% ; = O% ;. O

From Theorem 8.3.1 and Corollary 8.3.5 it followsthat if the k-algebra K (resp.
Gr (K)) has no zero divisors and k is algebraically closed in it, then the sheaf of
O x-algebras %, (resp. Gr (S%)) hasno zero divisorsand O y isalgebraicaly closed
init. It follows also that the O x-modules S} /S7" are torsion-free.

THEOREM Let X be a smooth k-analytic curve, and x a geometric point
of X over a point x of type ( ). Then there is a (noncanonical) Gx/.-equivariant
isomorphism of filtered Dy, .-algebras Exz = Sho, ..

Proof. There is a countable sequence of éale morphism--- 3 X, 8 x; 5 x
with a set of compatible morphisms 4 — X, over x, which form afundamental
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system for calculating the stalk F; of an étale sheaf F at x, i.e., Fr =limF(X,)
(see 81.1). We may assume that each X, is an elementary and basic curve over a
finite Galois extension k,, over k, and isa Galois covering of X whose Galois group
G, coincides with that of H(x,) over H(x), where x,, isthe generic point of X, as
well astheimage of x in X,,. We may also assume that the above system isinduced
by an equivariant system of morphisms- -- 3 %, 3 x; % X, whereeach X, isa
proper marked formal scheme over k; with X,, , = X,, and the generic point x,,. We
set V, = QY(X,)/dO(X,) and V = Q} /dOx . Noticethat | J;”, k, = cxx isthe
agebraic closureof k inH(x), V =, Vs, and Gx/x = I(iE G ,. We now choose
the following objects:

(1) acompatible system of k,-linear G,,-equivariant sections s, : ¥, — Q(X,)
of the canonical epimorphisms Q*(X,) — V, (we denote by €, the image
of 5,);

(2) acompatible system of k,-linear G,,-equivariant sections?, : 2,—P1(X,)N
EL(%,) of the epimorphismsd : P1(X,) — Q1(X,) (over Q,);

(3) abasis {v;};>1 of V over cyz such that, for every n > 1, the first /, vectors
v1, ..., v, formabasisof V, over k,.

Notice that the systems of sections {s,,},>1 and {z,},>1 define ¢y x-linear Gx/,-
equivariant sectionss : V' — QY c and 7 : Q = J;2; Q, — Py ;. Wearenow going
to construct a Gx/.-equivariant embedding of Dy s-algebras Shp,. — Exx for
which the operator V : Shp, . — Sho, . ®c,, 2} 5, which takes v, ® --- ® v;,
tov;, ®---®v;, ,s(v;,), corresponds to the differential on Exx. Since Sh(V) =
U=, Sh(7,), for thisit suffices to construct acompatible system of G ,-equivariant
embeddings of k,-algebras Shp(x,) = O(X,) ®;, Sh(V,,) — £(X,) with the same
properties. We now recall results of D. Radford [Rad] on the structure of the shuf e
agebraSh(V).

First of al, let S denote the free semigroup generated by symbols x1, xo, . ...
Eachelementx =x;,-...-x;, € S definesanelement v, =v;, ® ---®v; of Sh(V),
and one sets |x| = m. Thereisasubset P C S (whose elements are called primes)
such that the elements v, for x € P form a polynomial basis of Sh(}"). Moreover,
if P" ={x € P||x|=m}and P"l = J/_, P", theelementsv, forx € PI"l forma
polynomial basis of the subalgebra of Sh()) generated by the subspace Sh™ (V') =
@/, V®'. By the definition of primes, all elements x; are contained in P, and if
S, 1sthe semigroup generated by x4, ..., x,, then the set of primesin S, coincides
with the intersections PN S,,.

Thus, to construct the required homomorphism « : Shp,. — Exz, it suffices
to define the images of the elements v, for x € P. First of al, for i > 1 we set
a(v;) = t(s(v;)) and, in particular, da(v;) = s(v;). This defines a compatible
system of k,-linear G,-equivariant maps Sh'(V,) — £%(%,) and, therefore,
a cyg-linear Gy /,-equivariant map ay : Sh'(V) — €. Assume that m > 2
and that we have aready constructed a compatible system of k,-linear
G ,-equivariant maps a,,_1 : S~ 1(v,,) — £"-1(%,), n > 1, which take products
(when they are defined) to products and for which the operators V : S ~1(7,) —
Sh"=2(v,) ®i, QL(X,) correspond to the usual differentials. The correspondence
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Vi, ® - @, ,s(v;,) = v, ®---@u;, gives rise to a k,-linear G,-equivariant

isomorphism between the cokernel of the induced homomorphism Sh’gz}(n) —

Sy k) ®ox,) @H(X,) and the tensor product 7" (see Lemma 5.4.4). It also
defines a k,-linear G ,-equivariant section s : V' ®" — Sh"é(}(n) ®ox,) QL(X,).
As in (3) above, we denote by Q! the image of the latter, and choose a compat-
ible system of k,-linear G,-invariant sections ¢ : Q" — P"(X,) NE"(X,) of
the epimorphism d : P"(X,) — Qg,,,_l(Xn) (over Q7). Finally, for a prime x =
Xig+o..o X, € P"NOS,, weset o, (vy) =1 (v;, ®---®v;, ,5(v;,)). Inthisway we
get acompatible system of &,-linear G ,,-equivariant maps«,,, : Sh™ (V,,) — £™(X,)

which extend the maps «,,_1 and give rise to the required isomorphism. O
COROLLARY In the situation of Theorem . . , there is an isomorphism of
filtered Do, . -algebras Shg;/, % K= S% .. O

Notice that the algebra on the left-hand side in the above isomorphism is bigger
than the algebra Shp, . = Ox ., ®¢,, ®S(Qx,/dOx.). The following corollary
is proved in the same way as Theorem 4.5.1(ii). O

COROLLARY Let X be a smooth k-analytic space. or n > 1, let &’ denote
the subalgebra of Sy generated by S% and K, and set 6‘}( = L. Then, for every
geometric point x of X over a point x with s(x) > 0 and every n > 0, S}}}l is not
contained in any finitely generated &'y -subalgebra of Sy x. O

MO E N Q ENESSP OPE T ES

THEOREM Let X be a connected smooth k-analytic space such that the O -
module Q% is free over a nonempty Zariski open subset of X. Let {f};c; be a
system of functions from P*1(X) such that the classes of the analytic one-forms
df; in QY9 (X)/dO(X) are linearly independent over ¢(X). Then the following
homomorphism of filtered D x-algebras is injective:

O Tilic1 kK = S (X): T f; .

PROPOSITION Let X be a smooth k-analytic space, and let X’ be a dense
Zariski open subset of X. If a function f € S*(X) is such that f|X, e SM (X)),

then f € S*"(X).

Proof. The statement islocal in the étale topology of X, and we proveit by induc-
tion on m, the dimension of the proper Zariski closed subset ¥ = X\ X". If m =0,
we may assume that Y isapoint x € Xp. In thiscaseS}’x = Oy, ®; K, and the
statement immediately follows. Assume that 1 < m < dim(X) — 1 and that the
statement is true for smaller dimensions. We may assume that Y is connected, and
we provide it with the structure of a reduced k-analytic space. The nonsmooth-
ness locus Z of Y isaZariski closed subset of X of smaller dimension, and so, if
the statement is true for the pair (X\Z, X'\ Z), it isaso true for the pair (X, X').
This reduces the situation to the case when Y is smooth. It suffices to show that,
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given afunction f € $*"(X) withn’ > n and f|,, € S*"(X), every point x € Y
has an étale neighborhood ¢ : U — X with connected U such that the preimage
V =¢~1(Y) isconnected and ¢*( 1) o € S*m(U'") for aZariski opensubset U’ c U
which is strictly bigger than ¢ ~1(X") = U\ V.

First of al, replacing X by an étale neighborhood of the point x, we may assume
that X = Y x D, where D isthe open unit polydisc with center at zero of dimension
g = dim(X) —m. By property (IH2) from the proof of Theorem 1.7.1, we may
then assume that f € p,(S*" (Y)), i€, f=Y_ g fi withg € O(X) and f; €
S*"(Y). Assume that for some p < I the functions gi, ..., g, form a maximal
subset of linearly independent functions over the fraction field of O(Y). If p <,
we can replace Y by a Zariski open subset so that all of the functions g,,11,..., g
are linear combinations of g1, ..., g, over O(Y). This reduces the situation to the
case when the functions g1, ..., g are linearly independent over the fraction field
of O(Y).

LEMMA Let g1,..., g be analytic functions on X = Y x D linearly inde-
pendent over the fraction field of O(Y). Then there exist nonzero k-rational points
a1, ...,0p € D such that the determinant of the matrix (g;(«;))1<; j<; is not equal
to zero.

Proof. If / = 1, the statement means that, given a nonzero analytic function
g € O(X), there exists a k-rational point « € D with g(«) # 0, and the required
fact is easily verified by induction on ¢ = dim(D). Assume the statement is true
for I — 1 with / > 2. Then there exist nonzero k-rational points a,...,a;_1 € D
such that the determinant of the matrix (g;(c;))1<i, j</—1 is not equal to zero. To
find the required value of «;, consider the expansion of the determinant of the orig-
inal matrix in terms of the elements of the last column. It follows that this deter-
minant is a nonzero linear combination of the elements g; («;) with coefficients in
O(Y) and, therefore, the required value of «; exists. O

Replacing Y by the Zariski open subset where the above determinant does not
vanish, we may assume that it is invertible on Y. Each point «; defines a section
o;j:Y — X\Y of thecanonical projection X\Y — Y. Since f|X\Y e SM(X\Y),it

follows that the function oi(f)= Zﬁzl gi(a;) f; iscontained in S*"(Y). The fact
that the determinant of the matrix (g;(o;))1<; < isinvertibleon Y impliesthat all
of the functions f; are also contained in S**(Y) and, therefore, f e S**(X). O

Proof of Theorem . . . We may assume that the system considered is finite, i.e.,
we are given {fi, ..., fu} C P*H(X). For v = (v1,...,v,) € ", we set |v| =
vy +---+v,, and we provide 7 with an ordering possessing the property that if
lv| < [v/| thenv < v'. For apolynomia P =Y _ . gT" € OF[T,...,T,], we
denote by v(P) the maximal v with g, # 0. Furtherr+nore, let {y;} s beabasis of
K over k and, for afunction g = Zjej g;v; € OK(X), let £(g) denote the number
of j e J with g; # 0. We have to show that if a polynomial P as above is not
zero then P(f) # 0. We prove the latter fact by double induction on (u, /) with
uw=v(P)and/=1(g,). Of course, thefactistrueif u = (0, ..., 0), and so assume
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that u # (0,...,0) and / > 1, and that the fact is true for al (u', ") with either
w<wm,oru =pandl’ <I.

If X" is a nonempty Zariski closed subset of X then, by Lemma 1.1.1, X’
is connected and ¢(X) = ¢(X’). Proposition 8.4.2 aso implies that the restric-
tions of the analytic one-forms dfi,...,df, to X are linearly independent in
QL9 (X")/dO(X"). Thus, we can replace X by a nonempty Zariski open subset at
which g, ;, isinvertible and the O y-module Q% is free. After that we can replace
Pby P/g, j,, and so we may assumethat g, j, = 1.

Letns.....n, € Q*(X) beabasisof Q} over Oy. Thendf; =Y _, £y, and

dg, =314 2" n,, where /7 € O(X) and g’ € OK (X) with £(g/”) < for all
1< p <q. Thecoefficient of d P(f) at n, isequal to

m
DID TN AV D DY TV

m ;__ m
ve T i=1 ve I

where /"~ = f.. . f77h L fon Thus, if P(f) =0, al of the above coeffi-
cients are equal to zero. Since £(g”) < 1, theinduction hypothesisimplies that the
coefficient of the above expression at every 1V iszero.

If |v] = |u|, the coefficient at /" is gﬂ”) foral 1 < p < ¢ and, therefore, g, =
a, € C(X). Furthermore, for every 1 <i < m with u; > 1 the coefficient at f*~¢
iIsequal to

m
gflp_)e[ +Miau f;(p) + Z(/’Lj + 1)Olufe,-+ej f;p) s
2
where u —e; +e; = (u1, ..., i — 1, ..., n;+1,..., y). The summation by p
givesthe equality

dgpﬁe,- + /’Liaudfi + Z(/'Lj + 1)aufe;+e‘,-dfj =0.
j#i
Decomposing this equdlity in the basis {y,} e, and using the fact that «,, ;, # O,
we get anontrivial linear relation over ¢(X) between theclassesof d f1,...,df, In
QL9 (X)/dO(X), which isacontradiction. O

COROLLARY In the situation of Theorem . . , let {f;};c; be a maximal
system of invertible analytic functions on X such that the classes of the one-forms
% in Q%9(X)/dO(X) are linearly independent over ¢(X). Then the following
homomorphism of filtered D y-algebras is bijective:

O Tilics ®k K — L*(X) : Ti = Log"(f;) . O

COROLLARY In the situation of Theorem . ., let {w;};e; C Q19(X) be
such that the classes of w; s in QY9 (X)/dO(X) are linearly independent over
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¢(X), and assume that either they are contained in the ¢(.X')-vector subspace gener-
ated by the classes of the one-forms d7f for e O(X)*, or H*(X, cx) = 0. Given
a point x € X(k), let f; be a primitive of w; in Oy . Then the analytic functions
{ fi}ics are algebraically independent over the image of O(X) in Oy .

Notice that the existence of ak-rationa point impliesthat ¢(X) = k.

Proof. In both cases, for every i € I, there exists a primitive g; of w; in P*/(X)
with g; . = f;, and the required fact follows from Theorems 8.4.1 and 1.6.2(i). [

The following is a consequence of Proposition 8.4.2.

COROLLARY Let X be a smooth k-analytic space. Then

(i) for any etale morphism ¥ — X with connected Y and the property that the
Oy-module Q1 is free over a nonempty Zariski open subset of Y, the map
Pr1HL(Y)/SH(Y) @cqry O(Y) — S*"FL(Y) /S (Y) is injective;

(i) there is an isomorphism of D y-modules P%" /8% @, O x> Sy Sk,

Proof. By Proposition 8.4.2, local sections of the sheaf S%"*!/S%" satisfy
the assumption of Lemma 1.3.1, and so (i) follows from that lemma and the fact
that the maps P»"+1(Y) /S*"(Y) — (P%" T /S%")(Y) and S»"+1(Y) /S (V) —
(S8 (Y) areinjective. That the homomorphism in (ii) is injective follows
from the same lemma, and its surjectivity follows from property (d) of
Theorem 1.6.1. O

REMARK It would be interesting to know whether the statement of Proposi-
tion 8.4.2 is true with the weaker assumption f € M* (X) instead of f € S*(X).
Thisistruefor trivial reasonsin the case when X\ X’ isof dimension zero. It would
be also interesting to know if the correspondence U +— S*(U) isasheaf inthe at
guasifinite topology of X (see[Ber2, 84.1]). Again, thisistruefor trivial reason for
X of dimension one.

A LTE EDDx S ALGE AsxycSxANDT ES EA Wy

For i > 0, let s, denote the D y-module which is the intersection of &% and ny
in Ny, and set sy = lims',.. Notice that, since the sheaves Sﬁ(” are functoria with

respect to (K, 1), it follows that s', c S%' for every (K, A). Notice aso that, by
Theorem 8.3.1(4), onehass ., C Ex, for al pointsx € X.

THEOREM (i) The class of a closed one-form w € Q}’x is contained in Wy .
if and only if it admits a primitive f,, € sy ,;
(ii)sxﬂﬁ)(: OX.

Proof. (i) Assume first that s(x) = dim(X). If the class of w isin Wy, then, by
Theorem 4.5.1(iii), there exists a marked neighborhood ¢ : X, — X of x such that
¢*(w) €dO~1( )) forall closed points € X,. We can find amonic polynomial
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P(T) € k[T] with no roots-of-unity roots such that P(¢*)(¢*(w)) = dg for some
Frobeniuslifting ¢ around the generic point o of X and afunction g € O%M. Then
there exists aprimitive f of p*(w) in S1(X,) with P(¢*) f = g. On the other hand,
by Theorem 8.2.1, there exists a primitive f” of ¢*(w) in £1(X) and, therefore,
f—f =a+BLog(p) witha, B € ¢(X). It followsthat g— P(¢*) f/ = P(¢p*)ax +
P(¢*)BLOQ(p). The left-hand side is the restriction of an element of ¢(X) and,
therefore, P(¢*)B = 0. Since P(¢*) induces a bijection on ¢(X), it follows that
B=0ie, f eO@@2()) for al closed points e X,. The latter means that
f € s(X,) and, therefore, w has a primitive in sx,,. Conversely, assume w has a
primitive f insy ., and let ¢ : X, — X be a marked neighborhood of the point x
whose image is contained in an open neighborhood of x over which £ is defined.
Then for every closed point e X, onehas ¢*(f) es(x X )NLIx1()) =
O@x~1( )) and, therefore, p*(w) € dO(r~1( )). Theorem 4.5.1(iii) implies that
theclassof w liesin Wy .

If the point x isarbitrary, we may shrink X and assume that there exists a smooth
morphism ¢ : X — Y that takes x to a point y with s(x) = s(y) = dim(Y). By
Lemma 4.5.2(iii), Wx,x — Wy, for any pair of compatible geometric points x and
y over x and y, respectively, and the first case implies that, if the class of w is
in Wy, then it has a primitive in sx,. On the other hand, assume that » has a
primitive in sy . Since the latter is contained in £y, then the class of w liesin
Vx.. and, by Theorem 4.5.2(ii), we can shrink X and Y in the étale topology so
that the class of w coincides with that of ¢*(n) for some 5 € Q5% with class in
Vy,,- It followsthat ¢*(n) has aprimitivein sy .. Since any smooth morphism has
alocal section in the étale topology, it follows that » has aprimitivein sy ,. By the
previous case, the class of » liesin Wy ,, and, therefore, that of w liesin Wy .

(ii) By Corollary 8.3.4, it sufficesto provethat, given functions f1, ..., f, € O% .
with | f;(x)| = 1 such that their images in OY% . are linearly independent, for any
polynomial of positive degree P € Oy [Th, ..., T,] the function P(Log( f1), ...,
Log( f,)) does not lie in sy,. Shrinking X, we may assume that it is connected,
f1, ..., fn € O(X)* and and all of the coefficients of the polynomial P are defined
over al X, and we are going to show that P(Log( f1),...,Log(f,)) € s(X).

Step 1. The required fact is true if s(x) = dim(X) = 1. Indeed, shrinking X in
the étale topology, we may assume that X = X7\ [ [/_; X;, where X' is a smooth
projective curve over k°, each X; is an affinoid subdomain of 7 ~X( ;) isomorphic
to a closed disc with center at zero, and 1,..., , are parwise distinct k-rational
pointsof X;. Asin the proof of Theorem 4.3.1, we can shrink X (increasing each X;
inz~1( ;)) sothat thereexist functions g1, . . ., g,,—1 € O(X)* such that the reduc-
tion of every g; isawell-defined rational function on X; whose divisor isanonzero
integral multiple of ( ;) — ( ,,). It follows (see 84.3) that a nonzero integral power
of every function f; is contained in the subgroup generated by g1, ..., g,—1 and
O(X)* and, therefore, P(Log(f1).....Log(f,)) = Q(Log(gy). ..., Log(gn-1))
for some polynomial Q of positive degree over O(X). We may therefore assume
that {f1,..., fn} = {g1,.-.,8n-1}. Assume now that P(Tr,...,T,) =
Zf’zl P(T»,...,T,)T., whered > 1 and P; # 0. By the construction, the restric-
tions of the functions Log( f>), ..., Log( f;) to the open annulus B = 7 ~1( 1)\ X1
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areanalytic and, by Corollary 8.4.5, P;(Log( f2), ..., Log( f,)) # 0. Thus, the rest-
riction of P(Log(f1),...,Log(f,)) to B is a polynomial in Log( f1) of positive
degree over O(B). Itisclear that such afunctionsis not contained in s(B).

Step 2. The required fact is true if s(x) = dim(X). Since al of the nonzero
coefficients of P are not equal to zero at x, we may shrink X and assume that they
are even invertible. By Lemma 4.4.3, there exists amorphism ¢ : ¥ — X from a
smooth k-analytic curve Y such that, for some point y € Y of type (2), theimages of
¢* (1), ..., ¢*(fu) In Oy , arelinearly independent. Since *(P) is a polynomial
of positive degree over O(Y), this reduces the situation to Step 1.

Step 3. The required fact is true in the general case. Indeed, shrinking X, we
may assume that there exists a smooth morphism ¢ : X — Y that takes the point x
toapoint y € Y withs(x) =s(y) =dim(Y). Let x” be an arbitrary point of the fiber
X, = ¢~ 1(y) with s(x") = dim(X,). Then s(x") = dim(X). Let ¥ be a geometric
point of Y over y. If x and X" are geometric poi ntsof X over y and the poi nts x and
x’, then the canonical homomorphisms from ’Hj/ ¢y to ’H* /Ty and ’Hi /7 Yy e
bij jectlve and injective, respectively. It follows that the valldlty of the requwed fact
for x” impliesthat for the point x. O

If X isaproper smooth k-analytic space with good reduction, then, by Theorem
8.1.1(1), the O(X)-algebra&*(X) = £*(X, X) iscontained ins(X). Butthe O (X)-
algebras(X) ismuch larger than £(X).

LEMMA or every i > 1, the quotient space s'(PY)/s'~1(P) is of infinite
dimension over k.

Notice that £(PY) = O(P!) =.

Proof. Let X’ be an elliptic curve over k£ with good reduction all of whose points
of order two are k-rational, @ a nonzero invariant one-form on X', and f a prim-
itive of w in £1(X®) with £(0) = 0. Then f has zero of first order at al points
of finite order in X (k). If o denotes the automorphism x — —x on X, then the
quotient of X’ by {1, o'} is the projective line. We denote by ¢ the corresponding
homomorphism X — P!, and we may assume that ¢(0) = co. Since w = —w,
then °f = — f. Furthermore, if g is a rational function on X whose divisor is
(P1) + (P2) + (P3) — 3(0), where P; are the points of order two, then g = —g
and, therefore, for the function # = éf e st (XY™ onehas®h =h,i.e, h € s*(PY).
Finally, let « be an element of £* with |«| £ 1 and, for n € , let ¥, denote the
automorphism Pt — P! : z > oz and set h, = ¥*(h). We claim that, for every
i > 1, the images of the functions {A!},. ins’(P)/s'~1(P!) are linearly indepen-
dent over k. Indeed, since the function 1 is analytic everywhere except the generic
point x of X", the function / is analytic everywhere except at the point y = ¢(x)
of type (2). It follows that each function #, is analytic everywhere except at the
point y, = ¥1(y). By Corollary 8.3.6(i), the image of A’ in Sp /5 1 |s not
zero. Since al of thepoints{y, },c areparwise distinct, the clalmfyoll O






Chapter Nine

Integration and Parallel Transport along a Path

For a k-analytic space X, we set X = X QK2 At the beginning of this section we
construct, for every smooth k-analytic space X with A (X, Q) = Hi(X, Q), every

closed one-form w € Q}SA (X) and every path y : [0, 1] — X with ends in X(k),

an integral fy w € K", This integral possesses all of the natural properties and,
in particular, it only depends on the homotopy class of y. That this dependence
is nontrivial is shown in 89.2. Furthermore, for a Dy-module F, let Fs. denote
the Dy-module F ® o, S%. We prove that a locally unipotent Dy-module F is
trivial over an open neighborhood of every point x € Xg, and its C£-module of
horizontal sections ]—"; is locally free in the usual topology of X. It is not diffi-
cult to derive from this that for any path y : [0, 1] — X with ends x, y € X there
is an associated isomorphism of (k* ®; K)-modules Tf L FY K> F @ K
which possesses all of the properties of the classical parallel transport. It is more
difficult to prove that the parallel transport is uniquely determined by those prop-
erties. We also show that an O x-coherent D y-module F is locally quasi-unipotent
(i.e., locally unipotent in the étale topology) if and only if the C&-module ]—“; IS
locally free in the étale topology of X, and we construct a similar parallel trans-
port T : FY @ K = F ®; K along an étale path 7 from X to 3. In particular,
every locally quasi-unipotent D x-module F gives rise to a semilinear representa-
tion of the étale fundamental group nlét(X, x) of X in the free (k* ®; K)-module
FY of rank equal to the rank of Z. (Semilinearity here is considered with respect
to the action of yrlét(X, X) on k? through its homomorphism to the Galois group of
k? over k.)

.1 INTEGRATION OF CLOSED ONE FORMS ALONG A PATH

Tueorem .1.1 Given a closed subfield £ C C,, a filtered k-algebra K, and an
element A € K1, there is a unique way to construct, for every smooth k-analytic
space X with Hi(X,Q) > Hi(X, Q), every closed one-form w € Q%,, (X), and
every path y : [0, 1] — X with ends in X(k), an integral fy w € K" such that the
following are true:

(8) ifw =dfwith /' € S*"*1(X), then [ o = f(y (1) — /(v (O));

(b) fy o depends only on the homotopy class of y;

(c) given a second path ¢’ : [0, 1] — X with ends in X (k) and y’(0) = y (1),
onehas [, w=[ o+[, o
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Furthermore, the integral possesses the following properties:

1) fy w depends linearly on w;

2 fy w is functorial with respect to (k, X, v, K, 1);

(3) if ¥([0,1]) C Y and w‘(X,Y) € QL (X, Y), where Y is an analytic domain
with good reduction, then [, w € £.

Here H;(X, Q) is the singular homology group of X with coefficients in Q.

The condition Hy (X, Q) = Hi(X, Q) is equivalent to the isomorphism of singular
cohomology groups H(X, Q) = H(X, Q) (which coincide with the étale coho-
mology groups with coefficients in the constant sheaf Q x). The full formulation of
(2) is as follows. Given a closed subfield ¥’ C C,, a filtered £’-algebra K’, a smooth
k’-analytic space X’ with H(X, Q) > Hi(X',Q),amorphism ¢ : X’ — X overan
isometric embedding k£ — &', a homomorphism of filtered algebras K — K’ over
the embedding & < &’ that takes A to an element A’ € K'*, and a path 3’ : [0, 1] —
X’ with ends in X’ (k'), one has fy, 0*(w) = fwoy, w.
Proof. Consider first the case when k is algebraically closed, i.e., k = C,. In this
case the condition on X is evidently satisfied, ¢y is the constant sheaf &y associ-
ated to k, and, therefore, C”, = K. The pullback of the exact sequence of abelian
groups 0 — K ;}*1 — P}’"“ — Q‘l,s’f",,’ + — 0 with respect to y gives rise to an exact
sequence on [0, 1]

n * a+ly d 1cl
0 — Kipy — v*(PY"™) = v (@5, ) — 0.

Since the unit interval [0, 1] is contractible, there is a section g of the sheaf
y*(P%"*1), defined uniquely up to an element of K"*1, with dg = y*(w), and
we set fy o = g(1) — g(0). (Notice that the stalks of y*(P}’"“) at 0 and 1 coincide
with P}%l) C Ox,0 ® K" and P}’]’f{ll) C Ox,a) ® K", respectively, and,
therefore, g(0) and g(1) are elements of K"*1.) If w = d f, we can take g = y*( f),
and we get fy w= f(yQ))— f(y(0)),i.e., (a) is true. Assume we are given a path
vy’ [0, 1] — X with the same ends as y and which is homotopy equivalent to y.
This implies that there is a continuous map @ : [0, 1]> — X with ®(¢, 0) = y(¢), and
®(z,1) = y'(¢) forall £ € [0, 1]. The same reasoning gives a section g of the sheaf
®*(Py" ™) with dg = ©*(w), and this easily implies the equality [, o = [ o,
i.e., (b) is true. The validity of (c) and (1) is trivial, that of (2) easily follows from
property (f) of Theorem 1.6.1, and that of (3) follows from Theorem 8.1.1. To prove
uniqueness of the integral, we take open subsets U, ..., U,, C X such that w has a
primitive f; at each ¢4; and y([%, %]) c UY; for all 1 <i < m. Furthermore, given
1<i<m-—1,letx; be a k-rational point of /; NU; 1 which is contained in the
same connected component of the intersection as the point V(n%)' and set xo = y(0)
and x,, = y(1). By property (a), the integral of w along any path [0, 1] — U; with
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ends x;_1 and x; is equal to f;(x;) — fi(x;—1) and, by properties (b) and (c), we get
the equality

/a) =Y i)~ S
4 i=1

which implies the uniqueness.
In the general case we need the following fact. O

LEmMmA .1.2 Let £ be a non-Archimedean field whose residue field is at most
countable, X a k-analytic space, and « the canonical map X = X ®k* — X.Then
for every path y : [0, 1] — X and every point x’ € X with a(x") = y (0) there exists
apath y’:[0,1] - X withaoy’ =y and y'(0) = x’.

Proof. (cf. [Berl, Lemma 3.2.5]). We may assume that the space X is compact,
and consider the cartesian diagram

0,1 - X

Tu Ta

r 5 X
Notice that there is a homeomorphism X = lim X ® k', where &’ runs through finite
extensions of & in 4. It follows that the map ' : £ — [0, 1] is open, proper, and
surjective. Since the connected component of a point in a compact space coin-
cides with the intersection of its open-closed neighborhoods, it follows that the
map «’ : ¥’ — [0, 1] is surjective, where ¥’ is the connected component of the
point (0, x) in . The assumption on the residue field of £ and [Berl, 3.2.9] imply
that the compact space X’ has a countable basis of open sets. From [En, 4.2.8]
it follows that X’ is metrizable. Since connected metrizable compact spaces are
arcwise connected ([En, 6.3.11]), it follows that X’ is arcwise connected. This
implies that there exists a homeomorphic embedding v : [0, 1] — X’ with ¢ (0) =
(0, x")and o/ (¥ (1)) = 1. The composition g = &’ oy is a homeomorphism of [0, 1]
with itself that fixes its ends, and the path ' = to 0 871 : [0, 1] — X possesses the
required properties. O

By Lemma 9.1.2, there exists a path 3’ : [0, 1] — X with « o ¥’ = y. Since the
points y(0) and y (1) are in X(k), they have unique preimages x’ and )/ in X,
respectively, and it follows that y’(0) = x" and y’(1) = /. We set fy w= fy,a €
K" ®; C,. First of all, the latter does not depend on the choice of y’. Indeed, if
y” is another lifting of y, then the class of ' *oy” in Hy(|X], Q) is zero (since
its image in Hy (] X[, Q) is zero) and, therefore, fy,,w = fya For the same reason,

given an element o of the Galois group of 4% over &, the class of y' 1oy in
Hi (] X], Q) is zero. This implies that fy we K" 1fr:[0,1] = X isapath homo-

topy equivalent to y, then the class of y 1o 7 in Hy(].X|, Q) is zero and, therefore,
the class of ' o7’ in H1(|X], Q) is zero, i.e., [o= fy w. All of the other proper-
ties of the integral and its uniqueness easily follow from the case of an algebraically
closed field %. O
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ReEMARK .1.3 (i) If the field &£ is not algebraically closed, the assumption
Hi(X,Q) > Hi(X, Q) is really necessary for the existence of the integral along
a path in X. Indeed, let X be a twisted Tate elliptic curve. Then X is contractible,
but X is homotopy equivalent to a circle (and, in particular, the assumption is not
satisfied). Let w be a nonzero analytic one-form from Q*(.X). The existence of the
integral fy o along paths y in X would imply that w has a primitive on X. But this

is impossible since X is isomorphic to the quotient G, /g% for some ¢ € (k*)* with
lg| < 1, and the primitive of the pullback of w on G, is, up to some constants, the
logarithm Log”(T), which cannot come from a function on X if Log*(g) # 0.

(if) The integral of a closed analytic one-form on a smooth algebraic variety
X, constructed by u. Zarhin ([Zar]) and P. Colmez ([Colm]), depends only on
two points and not on a path that connects them. The reason is that the integral
is required to be functorial with respect to morphisms in the category of algebraic
varieties, and the latter category is too coarse to distinguish a nontrivial homotopy
type of the analytification X" of X. If X is proper and has good reduction, then
X" is contractible, and the integral of a closed analytic one-form along a path
(from Theorem 9.1.1) depends only on its ends and coincides with the integral
constructed by R. Coleman in [Col2] as well as with those mentioned above.

.2 NONTRIVIAL DEPENDENCE ON THE HOMOTOPY CLASS
OF A PATH

In this subsection K = ki oq and A = Log(p). Let X be a geometrically connected
separated smooth scheme over k and let ¥ = X ® k2. The construction of the previ-
ous subsection gives rise to a &3-linear pairing Q1 (X)/dO(X) x Hy (X", &) —
(?a)ﬁog (w,y) — fy w. This pairing is equivariant with respect to the action of
the Galois group G = Gal(k?/ k). From [Ber9, Corollary 8.3.4] it follows that there
is a canonical isomorphism of finite-dimensional k-vector spaces H (X", ¢ ya) =
HY ™, %3, Thus, if we set Hy (X, cym) = Hy (X, k37, we get a k-linear
pairing

QLX) /dO(X) x Hy(X™, cxm) = kg (@, 7) — /a).
14
Our first purpose is to extend this pairing to the de Rham cohomology group
Hi=(X), which contains 19(X)/dO(X) and coincides with it if X is affine.
Recall that, by R. Kiehl's theorem (see [Ki€]), there are canonical isomorphisms
of de Rham cohomology groups Hjz(X) = Hjg(X®).

LEMMA Let X be an irreducible scheme over a non-Archimedean field %,
and let F* be a complex of sheaves of abelian groups on X®. Assume that the
restriction of the sheaf Ker(F® — F7) to the Zariski topology of X is constant.
Then the correspondence ) — HY(Y®, F*) is a sheaf on X.

Proof. Let U = {))i}ic; be an open covering of ), and consider the spectral
sequence EX! = HP (U, HY) = HP T4 (Y™, F*), where H4 denotes the presheaf
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Y H1(Y?*, F). The assumption implies that E§’° =0for al p >1and, there-
fore, HL(Y™, F') > EJ*. The required fact follows. O

By Lemma 1.1.1, the assumption of Lemma 9.2.1 is satisfied for the complex
0— cxa= — 0. It follows that the correspondence ) > H1(J", ¢y=) isasheaf on
X . For the same reason, the assumption of Lemma9.2.1 is satisfied for the complex
Q'ya and, therefore, the correspondence Y > HiL (V™) = Hi,(Y) isasheaf on ).
Thus, the above k-linear pairings for open affine subschemes of X' give rise to a
k-linear pairing

Hg(X) x Hy (X, cxm) > kioy: (@, 7) > /a).
Y

Recall that there is an exact sequence 0 — HY(X™, cym) - HR(X) —
HOX™, QLY /d O ym) — HA(X™, ¢ ) (SeC §1.3).

LEMMA The induced pairing HY(X®, cym) x Hy(X?, cym) — k&og takes
values in £ and is nondegenerate.

Proof. We may assume that & is algebraically closed and X is affine. Then
HL(X) = QY9 (X)/dO(X). Let w be aclosed one-form in Q1(X') whose image
in Hjo(X) = Hx(X™) isin HX(X®, k). Then the restriction of » to an open
neighborhood of every point of X is an exact one-form, and so fy w € k for all
y € Hi(X™, k). Assumethat fy w=0foral y € H(X®, k). Thenany local primi-
tive of w admits an analytic continuation to the whole space X" and, therefore,
w IS an exact one-form. Since the dimensions of the two spaces over & are equal,
the pairing considered is nondegenerate. O

THEOREM Assume that X is proper and that it is either an abelian variety or
can be defined over a finite extension of Q,, and let y € Hi (X, cym). If fy w€Ek

for all w € Q9 (X), then y = 0.

Proof. We may assume that the field & is algebraically closed, and we make the
following simple remarks concerning the above statement in amore general setting.
Let ¢ : Y — X be amorphism between separated smooth £-analytic spaces. (A) If
the map H1(Y, k) — Hi(X, k) isinjective, then the validity of the statement for X
implies that for Y. (B) If the map H1(Y, k) — Hi(X, k) is bijective and the map
QLX) — QLY9(Y)/dO(Y) is surjective, then the validity of the statement for Y
impliesthat for X.

Step 1. The theorem is true if X' is an abelian variety. Indeed, by Raynaud's
uniformization of abelian varieties (in the form of [BoL ti1]), we may replace X by
an isogenous abelian variety so that there is an exact sequence of proper smooth
k-analytic groups0 — Y — X¥ — Z — 0, where Z has good reductionand Y is
an analytic torus, i.e., Y = GP/T", where T is alattice of maximal rank in (k*)".
By [Berl, 86.5], H1(Y, k) = Hy(X®, k), and soremark (B) reducesthe verification
of the statement to Y instead of X'. Let y1,...,y, beabassof I" over , and let
Yi = (i1, ..., qin) € (K*)". For an element y € H1(Y, k) onehasy = > 7 L;yi
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with A; € k. If w; isthe invariant one-form on Y which corresponds to the one-
form & on Gy, then [ w; =37}, 3;L.09(g;). It followsthat, if ¢;; = u;; p* with
lu;;| =land«;; € Q, then the coefficient of fy w; a@Log(p)isequal tod ;A ja;.
Thus,if [ w; ekforal1<i<n,then}>_;2;a;; =0foral1<i<n.SinceTl
isalatticein (k*)", it follows that the system of row vectors {(«;1, - - . , %) }1<i<n,
islinearly independent. Hence »; =Oforadl 1 <i <n,i.e,y =0.

Step 2. The theorem is true if X can be defined over a finite extension of Q,,.
By remark (A), it suffices to verify that, for the canonica morphism X — A
from X to its Albanese variety A, the induced map Hi(X?, k) — Hi(A™, k) is
bijective. Notice that the required fact is equivalent to the bijectivity of the map
HY(|A?|, Q) — H(|X®|, Q,) for some prime number /, and that there is awell-
known isomorphism of /-adic étale cohomology groups H*(A, Q) = HY(X, Q).
We now use the assumption that X is defined over a finite extension £ of Q,
ink,i.e, X =Y ®k and, therefore, A = B® k, where ) is a proper smooth
scheme over £’ and B isits Albanese variety. We may assume that £’ is big enough
so that H*(|1V™|, Q) = HY(|x™|, Q) and H*(IB™], Q) = H*(|A™],Q)) (see
[Ber7, Theorem 10.1]), i.e, it suffices to check the bijectivity of the map
HY(B™,Q)) — H(Y*|, Q). By [Ber8, Corollary 1.2], there are canonical
isomorphisms H'(|]Y™|, Q) = H'(X, Q)¢ and H'(I1B™|,Q) > H'(A, Q)°,
where G is the Galois group of £’® over k’, and the required fact follows from
theisomorphism H*(A, Q) = HY(X,Q)). O

COROLLARY In the situation of Theorem . . , the following are true:

(i) the integration gives rise to a surjective homomorphism
Hig(X) — HHNX™, cxm) @y ki oy
(i) the intersection of HY(X™, cx=) and Q19 (X)/dO(X) in Hi(X) is zero;
(i) the homomorphisms HX(X®, ¢ ya)— HY(X, Ox) and Q19 (X) /dO(X) —
HO(X™, Q%58 /d O y=) are injective.

Proof. Statement (i) follows from Theorem 9.2.3, (ii) follows from its proof, and
(i) follows from (ii). g

REMARK The assumption on X' in Theorem 9.2.1 is certainly super uous
since the isomorphism Hy (X, Q) = H1(A*, Q) must aways take place.

LOCALL N POTENT ANDQ AS N POTENT Dy MOD LES

A Dy-module F on a smooth k-analytic space X is said to be unipotent (resp.
quasi-unipotent) at a point x € X if x has an open neighborhood U C X (resp.
an étale neighborhood U — X) for which ]—“]U is unipotent. A D x-module F is
said to be locally unipotent (resp. locally quasi-unipotent) if it is unipotent (resp.
quasi-unipotent) at all points of X.

Furthermore, the level of a unipotent D y-module F on X is the minimal » for
which thereis afiltration of Dy-submodules F* =0c F1c F?c---Cc F" = F
such that each quotient F7/F~1 is a trivial Dy-module. If a Dy-module F is
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unipotent (resp. quasi-unipotent) at apoint x € X, thenitslevel at x isthe minimal
number », which isthelevel of the unipotent Dy -module F | U for some U from the
previous paragraph (see Remark 9.3.6(i)).

LEMMA Assume that a D y-module F is unipotent at a point x € X. Then its
level at x is the same whether it is considered as unipotent or quasi-unipotent at x.

Proof. Lemma 5.2.1 reduces the lemma to the verification of the following fact.
Given a finite étale morphism of connected smooth strictly k-affinoid germs ¢ :
(X',Y") — (X, Y) and aunipotent isocrystal M over B = O(X, Y), thelevel of M
isequal to the level of the unipotent isocrystal M’ = M ®z B’ over B' = O(X', Y').
To show this, we may assume that ¢ is Galois with Galois group G and k£ = ¢(B),
and set k' = ¢(B').

The canonical homomorphisms MY ®; B — M and M"Y ®, B’ — B’ areinjec-
tive and their images coincide with the maximal trivial sub-isocrystals of A and
M’, respectively. Since the B’-submodule M'Y ®; B’ isinvariant under the action
of G, it coincides with N ® 3 B’ for a B-submodule N ¢ M (see [SGA1, Exp.
VIIl, 81]). Replacing M by N, we may assume that M’ is atrivial isocrystal, and
our purpose is to show that A is also trivial. We prove the latter by induction
on therank n of M. Since M is unipotent, the required fact is evident for n = 1.
Assume that » > 2 and the statement istrue for » — 1. Consider an exact sequence
of isocrystals0 - B —- M — P — 0. Since M’ istrivial, P = P®p B’ isaso
trivial and, by induction, P istrivial and dim;(PY) = n — 1. The exact sequence
0—>k - M"Y — PV — 0and thefact that H(G, k') = 0imply that thereis an
exact sequence 0 — k — MY — PV — 0. It followsthat dimy(MY) =n,i.e, Mis
trivial. OJ

COROLLARY (cf. Remark . . (i).) Any Dy-module F unipotent at a point
x € Xg is trivial over an open neighborhood of x.

Proof. Corollaries 2.3.3 and 1.3.3 imply that the level of F at x is zero if we
consider F as a D y-module quasi-unipotent at x and, therefore, the claim follows
from Lemma 9.3.1. O

THEOREM Let F be an Oy-coherent Dy-module, x € X, and n > 1. Then
the following are equivalent:

(8 F is quasi-unipotent at x of level at most »;
(b) the point x has an étale neighborhood U — X such that, for some m > 1,
there is an embedding of Dy -modules ]—“|U s (S(’\]’”_l)’".

For a Dy-module F, let Fs: denote the Dy-module F ®p, S%. It is a
Ds:-module, i.e., a sheaf of D-modules over the D y-algebra S%, and its sheaf of
horizontal sections f; is a sheaf of modules over C§ . Moreover, it is afiltered
Ds.-module with respect to the filtration defined by the D y-submodules
Fsri =F®o, S*1 i > 0. Assumethat F is unipotent of rank m over Oy, and fix
afiltration 7 =0c F* c F2 C --- C F" = F such that each quotient F/ /F~1
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isatrivia Dy-module. Then there is a different structure of afiltered Ds:-module
on Fs» defined by the D y-submodules

T -1 1
JTi - Fgm +F§A.i+1 +---+ fsk.iJrnfl .

LEMMA In the above situation, every point of X has an open neighborhood
U such that the following are true:

(i) (F; X0y Ql)c'(U) C V(]:z+1(U))
(i) each cy-module }‘V is free;
(iii) the CK module |s free with free generators 41, ..., h, € ]A-“JOV(U);
(iv) the elements hl, e hm are free generators of the S?J-module Fsi |U;
(v) the isomorphism of Dg: u ®ck Sy~ (S;)™, defined by the
elements Ay, ..., h,, takes each ;| , into (S;;" "1y,

\U

Proof. Shrinking X, we may assume that X is connected, the Oy-module Q%
is free, every surjection of Oy-modules 7' — F'/F~1 has a section, and
HY(X, cx) = 0. We claim that all of the statements are true for U = X. If n = 1,
the claim follows from Theorem 1.6.1. Assume that » > 2 and the claim is true
for n —1. We set G = 7"~ and notice that F; = Fs.: + G;,1, where the second
summand is considered for the induced filtration of G of length n — 1.

First of all, given o € (F; ®0, 21)%(X), the above assumptions imply that
there exists an element f € Fs.i1(X) With w — V(f) € (Gir1®0, QL)Y (X). By
the induction hypotheses, there exists an element g € g,iz()() with o — V(f) =
V(g), and 0w = V(f +g) With f + g € Fsra(X) + Giia(X) C Fipa(X), and
(i) follows. ~ ~

Furthermore, consider the exact sequence of D X—modules 0—>Gnu—F—
(F/G)s+ — 0. It givesriseto an exact sequence 0 — ng — F = (F/9) % =
(F/9Y ®i K'. To prove (ii), it suffices to show that the second homomorphism is
surjective and has a section. For this we take elements f1, ..., f; € F(X) whose
images in F(X)/G(X) generate (F /G)Y over ¢(X). By the induction hypotheses,
there exist elements g1, ..., g € gl(X) with V(g,) =V(f) foral 1< j</. We
get elements f1—g1,..., fi— g € ]—'V()O which are linearly independent over
¢(X) modulo GY(X) and generate 7y modulo Gy . If ¥ denotes the subspace of
]—"V(X) generated by f1 — g1, ..., fi — g over ¢(X), then the subspace VV ®; K of
]-"V()O mapsisomorphically onto (F/G)Y (X)® K', and therequired fact follows.

If now 43, ..., h,_; are elements of go (X) with properties (iii)—(v) for G, then
the elements iy, ...,y  hipiv1= f1— 21, ..., b = f1 — g POSSESS the same
propertiesfor F. O

Proof of Theorem . . . Theimplication (&) = (b) follows from Lemma 9.3.4.
(b) = (@) It suffices to show that every point of X has an étale neighborhood
such that the restriction of F to it has an O y-coherent D y-submodule G such
that its image in (S%" ') is contained in (S%" %) and the quotient /G is a
trivial Dy-module. Shrinking X, we may assume that F is free over Oy.
Consider the induced morphism of Dy-modules F — H = (S¥" /8% %)™,
By Corollary 8.4.6(ii), there is an isomorphism of D y-modules H" ®¢, Ox = H.



INTEGRATION AND PARALLEL TRANSPORT ALONG A PATH 139

We can therefore shrink X in the étale topology so that the images of generators
of F over Oy are contained in Z’j:lhj(ﬂ()o for someh; € HY(X). Let Y bean
affinoid neighborhood of a point x € X, and let M be the submodule of H(X, Y)
generated by the elements/ ; over B = O(X, Y). Then M isatrivia isocrystal over
B, and so the image of thefiniteisocrystal (X, Y) in M isaso trivial. Thiseasily

implies the required fact. O
COROLLARY Let F be a locally quasi-unipotent D y-module. Then

(i) the étale C¥-module FZ, is locally free;

(ii) there is an isomorphism of Dg:-modules ]—"; ®cx Sy > Fsr. O
REMARKS (i) Let X beaTateé€lliptic curve, and let w be anonzero invariant

one-form on X. Then the Dy-module F = Oye, defined by V(e) = we, is not
unipotent, but is locally unipotent of level one at al points of X.

(i) Lemma9.3.4 impliesthat, if aD y-module F isunipotent at apoint x € X of
level at most 7, then x hasan open neighborhood U for which thereisan embedding
of Dy-modules F — (S[*,’”_l)’" withm > 1. It would be interesting to know if the
converse implication is aso true.

PA ALLEL T ANSPO T ALONG A PAT

Let £ be an algebraic closure of k, and let X be a smooth k-analytic space. For
an étale O y-module F, we denote by F the pullback of F on X = X® k2 and,
for a point x € X, we denote by F, the inductive limit of the stalks F, taken
over finite extensions &’ of & in k2, where x’ is the image of x in X®k’. Notice
that F, = F, Qs k. Recall that, by Corollary 9.3.2, any locally unipotent D y-
module F is a trivial Dx-module in an open neighborhood of every point from
Xg and, in particular, the stalk FY at a point x € Xg is a k®vector space whose
dimension is equal to the rank of F at x. Let X (k?) be the inductive limit of the
sets (X ® k') (k') taken over finite extensions &’ of & in k2. Noticethat it isidentified
with the projective limit of the sets (X ® k')o and, in particular, with a dense subset
of X. Onehas X(k?) c X(k?) C Xs.

THEOREM Given a closed subfield k£ C C,, a filtered k-algebra K, and an
element A € K2, there is a unique way to construct, for every smooth k-analytic
space X, every locally unipotent D x-module F, and every path y : [0, 1] — X with
ends x, y € Xg, an isomorphism of k2®; K-modules (the parallel transport)

T =T " Fl @ K> F) @ K

such that the following are true:

@ Tf depends only on the homotopy type of y;
(b) given a second path 7 : [0, 1] — X with ends y,z € Xg, one has Tiy =
T'Z:OT‘;:;
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(© Tf is functorial with respect to F;

(d) T commutes with tensor products;

(¢) T7 is functorial with respect to .X;

() if F is the unipotent D y-module O ye1 & Oxe, on X = G, with V(e) =0
and V(ez) = “Le1, y(0) =1and y (1) = a € k*, then T/ (e — log(T)e1) =
(e2—log(L)e1) — Log*(a)e.

urthermore, the parallel transport possesses the following properties:

Q) Tf commutes with the om-functor;

(2) if F is unipotent of level n, then T (FY) C F) @ K"%;

(3) if F is unipotent and y ([0, 1]) C Y, where Y an analytic subdomain of X
with good reduction, then T (FY) C FY;

4 Tf is functorial with respect to (k, X, y, K, A);

(5) the system of parallel transports Tff is uniquely determined by properties
(@) (f) restricted to the paths with ends in X (k?).

REMARKS (i) In the situation of (f), the stalk F at a point @ € k* is a
two-dimensional vector space generated by the elements ¢; and e, — Iog(%)el.
The restriction of e, — Log"(T)e; to an open neighborhood of the point « is an
element of Y ®; K* (and in fact the K-module FY ®; K is generated by e; and
that element), and property (f) ssimply means that the paralel transport Tf takes
e —LogH(T)ey toitself.

(it) The complete formulation of (4) (and of its particular case (€)) is asfollows.
Given asimilar tuple (K, X', ', K’, "), compatible isometric embeddings £ — k&’
and k2 — k'® amorphism ¢ : X’ — X, and a homomorphism of filtered algebras
K — K’ : A+ ) over the embedding £ — k’, the following diagram (in which
F' =¢*Fand x’, y aretheendsof y’) is commutative
T]:'}‘

v

v
) K — Fw(y’) ® K

! !

/ ’
T+

FlevK .7:)/,7®k/K'

f‘V

o(x

Proof.  onstruction.The inverse image of the étale sheaf ¢y with respect to the
morphism X — X is the constant sheaf k%. Lemma 9.3.4 implies that the inverse
image of the étale sheaf ]—"; is an étale sheaf of k2-vector spaces whose restriction
to the usual topology of X islocally constant. It follows that the inverse image of
the latter with respect to any path y is a constant sheaf on [0, 1]. Thus, if the ends
x, y of y liein Xg, we get an isomorphism of k2®; K-modules T/ : FY ®; K =

]—"yv ®i K. Thevalidity of properties (a)—f), (1), and (4) iseasily verified. To verify
(2), we again use Lemma 9.3.4. Fixing afiltration FO=0C F'Cc---Cc F" = F
such that each quotient 77/ F*~* isatrivial Dy-module, it followsthat the sheaf 7
of horizontal sectionsof o= F" ®0, Sk +- -+ Fl®p, S%" ! isan étale sheaf
of cx-vector spaces whose restriction to the usual topology of X is locally free,
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and its stalk at every point x € Xg contains the subspace .. The above reasoning
implies property (2). Property (3) isan easy consequence of Proposition 8.1.3. The
statement on the uniquenessin (5) follows from the fact that the restriction of F to
an open neighborhood ¢/ of every point x € Xy isatrivial Dy,-module, property (€)
applied to the canonical morphismi/ — M k), and property (b).

niqueness. Let ‘T’f be a system of isomorphisms possessing properties (a)—f).
We have to show that it coincides with T7".

First of al, by Theorem 4.1.1 and property (e), it suffices to prove unique-
ness on the class of smooth basic curves. Furthermore, the last reasoning from
the construction part shows that both parallel transports extend uniquely to all
paths with ends in X (k). Thus, applying Corollary 5.5.5, we see that it suffices
to prove that both parallel transports coincide on the class of smooth basic curves
under the assumptions that & is algebraically closed and the weaker form of prop-
erty (e), in which morphisms considered are defined over afinite extension of Q,,
istrue.

Let X be a smooth basic curve. Since X is simply connected, ]-‘; (X) isafree
K-module of rank equal to the rank m of F over Oy, and FY, is the
constant sheaf associated to it. Furthermore, the isomorphisms Tffs and ‘T’ff
depend only on theendsx = y(0) and y = y (1) of y, and so they will be denoted
by TZ, and T7, respectively. It suffices to show that each isomorphism T7  is
induced by the canonical isomorphisms of F¢, (X) with ]—"‘;x = FY ® K and
f‘;’y = .'Fyv Qi K.

If the D y-module F istrivial, the required fact follows from property (e) applied
to the canonical morphism X — M (k) and, in particular, it istrueif X isan open
disc. Assume now that X is an open annulus in A® with center at zero. In this
case the category of unipotent D xy-modules is described as follows (see [Crew,
Proposition 6.7]). Given a nilpotent linear operator N on a finite-dimensional
k-vector space V', let F, denote the Ox-module V' ®; Ox provided with the
connection Vy = N ® "TT Then the correspondence (V, N) — (Fy, Vy) gives
rise to an equivalence of the category of such pairs (¥, N) with that of unipotent
D y-modules. Notice that (fVl, VNl) Koy (fyz, VNZ) = (fV1®V2’ V), where N =
Ni®1+1® N,. Let (V,N) be a pair that corresponds to F. By the descrip-
tion of nilpotent matrices and property (c), we may assume that there is a basis
V1,..., U, Of V,, =V suchthat N(¢;) =¢;_1 foral 1 <i <m, where vg = 0. If
m = 2, therequired fact follows from property (f) (asexplained in Remark 9.4.2(i)).
If m > 3, we use the surjective homomorphism V,,_1 ® V, — V,, that takes the
element v; ® v1 to v;_; and the element v; @ vo toiv; 1, Wwherel <i <m — 1. This
homomorphism gives rise to a surjective homomorphism of unipotent D y-modules
Fy, Q0 Fr, = Fy,,and properties (c) and (d) imply the required fact. We notice
the following consequence of the above consideration. For a unipotent D y-module
F, let Fy.. denote the Dy-module F(X) ®ox) L*"(X). If F isof level n, then
there is an isomorphism of D y-modules FB_H Qi O(X) > Fpan-1. In particular,
Fona(X)=F), . and (F®o, QY(X) C V(Fpun1).

Thus, it remains to consider the case when X is an arbitrary smooth basic curve,
I.e., it is isomorphic to the generic fiber X, of a proper marked formal scheme
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X over k°. By the previous two cases and property (e), it suffices to verify the
required fact for an étale neighborhood of the generic point of X. By property (c)
and Theorem 9.3.3, we may assume that for an open affine subscheme 3 C X%,
the isocrystal associated to ]:|(X’3n) is E"(X, 3) for some n > 0 and even that
E"(X, 3) = F(X) ®ow) OX, 3).

The required fact is true for » = 0, and so assume that » > 1 and that the fact
is true for n — 1. Let G be the unipotent D y-submodule of F with g‘<x,3,,> =

E" (X, 3), and let H denote the trivial Dy-module F/G. Given an element
e € HV(X), let f beits preimage in F(X). Then V(f) = w € (G ®o, 23)(X).
For apoint x € X(k), the space F. is generated by GY and elements of the form
f — g, where f is as above and g, is a primitive of w = V(f) in G,. Given
a point xg € X(k) and a primitive g, of w in G,, ®; K, consider the function
x — g, that takes a point x € X (k) to the primitive g, of w in G, ®; K such
that Tﬁz,x(f—gxo) = f —g.. For aclosed point e X,, the preimage 7 ~1( ) is
either an open disc or an open annulus. It follows that there exists an element
g €GN ) ®op-1(y L*(@~1( )) such that, for every point x € 7=1( ), the
image of g in G, ®; K coincides with g,. Let R*(X) denote the space of systems
of functionsa e L*(x~1( )) taken over al closed points e X,. (Notice that all
R*'(X), defined at the end of §3.1, are contained in R*(X).) Then the above system
of elements g can be considered as an element g of G(X) ®p(x) R*(X) whichisa
primitive of .

We claim that g is defined by the element e € #V (X) uniquely up to an element
of g;(X). Indeed, if g is another primitive of w in G,, ®; K that givesriseto a
primitive g’ of @ in G(X) ®ox) R*(X), then g, — g, € G & K. By the induc-
tion hypothesis, one has Tf'; (& — &) = TL (g, — &), and so the function
x =TT (g, — &) isan dement of GY, (X). Furthermore, if x1 is another point
of X(k), then TZ (f — gv) = T2 .(f — gx,). Findly, if £ is another preimage
of ein F(X), then /" = f+h for someh € G(X), g, = g, +h isaprimitive of
V(f") = w+V(h) in G, ® K and, therefore, T2 (1 —g.) =T7 . (f — &)-

Let now % be a primitive of w in Gs:(X). Notice that 4 is also contained in
G(X)®ox) R*(X) asthedlement g,andg — 4 € K for every closed point € X;.
Thus, to provetherequired fact it sufficesto show that g— 7 € QZ,\ (X), andto verify
the latter, it suffices to show that (g — %), € G, ®o,, Sﬁ(,a, where o isthe generic
point of X. For this we consider a Frobenius lifting ¢ on (X, 3,) and a compatible
system of Frobenius structures on the isocrystals £7( X, 3), i > 0. Replacing ¢ by
its power, we may assume that there exists a closed point ¢ € 3, stable under ¢
and, therefore, there exists a k-rational point xo € 7 ~1( ) also stable under ¢. By
Lemma6.2.1, we can find amonic polynomia P(T) € k[T] with no roots-of-unity
rootssuch that P(¢*)w € V(G (U)) for some open neighborhood ¢/ of 3, in X,,. We
may assume that 2/ is connected and al of the morphisms ¢’ with 0 < i < deg(P)
are defined at it. The above uniqueness claim impliesthat P(¢*)g € Gs: (U). The
equality here is considered in the tensor product G(U) Qo) R*(X,U), where
R*(X,U) isthe space of all systemsof functionsee € LU N ~1( )) taken over all
closed points € X; (cf. 86.5). On the other hand, onealso has P(¢*)h € Gs» (U). It

followsthat P(¢p*)(g—h) € Gs+(U), and Lemma 6.3.2 implies the required fact. [J
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Assumethat X isconnected, andlet y : [0, 1] — X beapathwithendsx, ye X
such that ¢(X) = ¢y, and ¢(X) = cx,. Then the points x and y have unique
preimages x” and )’ in each connected component X of X. By Lemma9.1.2, the
path y liftsto apath y’ : [0, 1] — X withtheendsx’ and . Thus, if 71(X, x') >
m1(X, x) and x, y € Xg, thenthe parallel transport T7, : ., @4 K = F,, & K does
not depend on the lifting ¥’ of y and, by functoriality, it gives rise to an isomor-
phism of K-modules T : F, @ K = F, @ K.

COROLLARY Given a closed subfield k C C,, a filtered k-algebra K, and an
element A € K1, there is a unique way to construct, for every connected smooth
k-analytic space X with 771(X, z/) = m1(X, z), every locally unipotent D y-module
F, every path y : [0,1] — X with ends x, y € X4 such that ¢(X) = cy, and
¢(X) = cx., an isomorphism of K-modules

T =T)" FY & K> F) @ K

for which properties (a) (f) hold. oreover, properties () ( ) (appropriately
modified) also hold. O

Recall that the fundamental groupoid of a topological space X is a category
IT,(X) whose objects are points of X, and sets of morphisms I x(x, y) are the
sets of homotopy classes of paths from x to y. For a smooth k-analytic space
X, let T11(X)4 denote the full subcategory of IT1(X) whose objects are points
from Xg, and let I11(X)g . denote the full subcategory of IT;(X)g whose objects
are the points x with ¢(X") = cx.,, where X’ is the connected component of X
that contains x. Also let L-Mod denote the category of L-modules of a commu-
tative algebra L. Properties (a) and (b) of the parallel transport mean that the
correspondences and x — FY @ K and y — TJ give rise to a functor T =
TP 1 (X)g — (K2®y K)-Mod (resp. T11(X)g.. — K-Mod), whichisuniquely
defined by them and properties (d)—(f). In particular, for every point x € X4 (resp.
Xg..), there is an associated representation of the fundamental group 71(X, x)
(resp. m1(X, x)) in FY ®; K. In order to extend the construction to the class of
locally quasi-unipotent D y-modules, we recall a different interpretation of the
fundamental groupoid, which is possible due to the fact that smooth 4-analytic
spaces are locally simply connected.

Let Cov(X) denote the category of topological covering spaces over X, i.e.,
continuous maps ¢ : ¥ — X with the property that each point of X has an open
neighborhood ¢/ C X for which ¢~1(/) is a digoint union of spaces such that
each of them maps homeomorphically onto Z{/. (Notice that such aY always carries
a canonical structure of a smooth k-analytic space.) Every point x € X defines a
functor F, : Cov(X) — Ens to the category of setsthat takesg : ¥ — X to ¢~ 1(x).
Thenthereisacanonical bijection between the set I x(x, y) of homotopy classes of
paths from x to y and the set of isomorphisms of functors F, = F, and, in particu-
lar, the fundamental group 71 (X, x) iscanonically isomorphic to the automorphism
group of the functor F.
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REMARK V. Vologodsky constructed a parallel transport Tff 31 Fx Qrkiog =

F, ®k kLog On & smooth geometrically connected scheme X' over k& with discrete
valuation, where F is an unipotent D-module and x, y € X (k) (see [Vol]). The
relation between it and the parallél transport on X2 from Corollary 9.4.3 issimilar
to that between integrals mentioned in Remark 9.1.3(ii). In partlcular they coin-
cide if X is proper and has good reduction. (Notice that X" and X" are simply
connected for such X'.)

PA  ALLEL T ANSPO T ALONG AN TALE PAT

Let Cov®(X) denote the category of étale covering spaces over X, i.e, étale
morphisms¢ : Y — X with the property that each point of X" has an open neighbor-
hood 2/ C X for which ¢~1(1/) isadigoint union of spaces such that the induced
morphism from each of them to &/ isfinite étale (such ¢ is called an étale covering
map). Every geometric pointx : 4 — X definesafunctor F5 : Cov¥(X) — Ens
that takes ¢ : Y — X to the set of all morphisms 4 — Y over x (i.e, it takes
¢ :Y — Xtothestalk at x of the sheaf representable by Y). Given two geometric
points x and y of X, the homotopy class of an étale path from x to  is an isomor-
phism of functorsy : iz = F5. For brevity, we call it an étale path from x to y and
denotey : x — y. By de Jong'sresultsfrom [deJl], if X isconnected, an étale path
from x to y existsfor every pair of geometric pointsx and y.

The étale fundamental groupoid of X is the category He‘()o whose objects are
geometric points x of X, and sets of morphisms I1 X(x y) are the sets of homo-
topy classes of étale pathsy : x +— y. For example, the automorphism group of a
geometric point x in l‘[‘f(X) isthe étale fundamental group nf‘(X ,X) introduced in
[deJ1]. Given an étale covering map ¥ — X and geometric pointsx’ : ) — ¥
andy : xm — Y over X and y, respectively, let Hy (x',)’) denote the set of all
étae pathsf >  that take X’ to ) under the induced maps Fx(Y) — F5(Y). The
set l‘[‘}(f, x') isprovided with the weakest topology with respect to whichall of the
subsets Hy (X', 5) are open. In particular, the étale fundamental group 7( X, X) is
provided with a topology. Notice that the composition maps between the Spaces
of morphisms are continuous. Notice also that for every morphism X’ — X in the
category of analytic spaces there is an induced functor l‘[‘f(X’) — l‘[‘f(X) with
continuous maps between the spaces of morphisms. In particular, the canonical
morphism X — ;= ./\/l(k) induces, for every pair of geometric points x and y
of X, a continuous map M(x,7) — l‘Iet (x,y) : ¥ — oy. From [de]1, 2.12] it
follows that the latter map is always open and if X isgeometrically connected, it
IS surjective.

If the valuation on £ is nontrivial and the k-analytic space X is smooth, the
canonical functor Hef(X) — I11(X), which is evidently surjective on the families
of objects, is also surjective and continuous on the sets of morphisms (where the
sets I x(x, y) of morphisms in IT;(X) are provided with the discrete topology).
Indeed, this follows from the fact that such a space X islocally simply connected.
In particular, the map nf‘(X, x) — m1(X, x) issurjective.
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LEMMA Let X be a geometrically reduced k-analytic space, and let K be a
k-algebra. Then any étale sheaf of Cf-modules L, which is locally free of finite
rank over C¥, is representable by an étale covering space over X.

Proof. Consider firstthecase K =k, i.e.,C¥ =cx,and L = cy. The sheaf ¢y isthe
pullback with respect to the canonical morphism X —  of the sheaf ¢ , (which
coincides with the structural sheaf of ). The latter is representable by the étale
covering space W, =][V over ;, wherethedigointunionistaken over all maxi-
mal ideals C k[T] whoseresiduefieldisseparableover kand V' = M(k[T]/ ).
From [Ber2, Corollary 4.1.4(ii)] it follows that the sheaf ¢y is representable by the
étale covering space Wy = X x , W over X.

In the general case, wefix abasis {e;};c; of the k-vector space K with eg = 1 for
afixed element O € /. Let 4 be the set of pairs (J, f) consisting of afinite subset
JCclandamap f:j— ;. from J tothe set of maximal ideals of £[7'] such
thet, if J # {0}, then ,;) # (T) for @l j € J. For every (J, f) € 4, wefix a
total ordering on J (i.e,, represent J as {j1, ..., ju}) and set Wy =V . %,
xooox Vo Then WE =11, e W p is an éale covering space over 4,
and it represents the étale sheaf C’i =c¢ , ® K. It follows that the étale covering
space W& = X x WX over X representsthe étale sheaf C§ = cx®; K. If the étale
CX-module L isfree of rank n, then it is representable by the fiber product over X
of n copies of W ¥, which is an étale covering space over X. If L isarbitrary, there
is an étale covering {U; — X} e, of X such that each L\U is free over C{§, i.e.,

it is representable by an étale covering space over U, and the claim follows from
[deJl, Lemma2.3]. O

In the situation of Lemma 9.5.1, for any geometric point x of X, thereisacanon-
ical isomorphism ¢ , ¥ = cx and o, for any étale path 7 : X — 7, the induced
isomorphism ¢y — cy 3 is compatible with the isomorphism o3 : ¢ , = ¢, 5.
Because of that the former isomorphism is also denoted by o3. More generally, any
étale path y : x — 7y gives rise to a bijection T% : Ly = Ly, which is compatible
with all algebraic structures on L defined in a functorial way and, in particular,
TZ is an isomorphism of K-modules which is oy-semilinear in the sense that it is
compatible with the isomorphism o3 : ¢ x ¥ = cx 5. Furthermore, it commutes with
tensor products and the internal Hom-functor, and isfunctorial on L and commutes
with any base change in the category of analytic spaces. Notice also that if thefield
k isagebraically closed and L islocally free in the usual topology of X, then Tg
coincides with the paralel transport T)é : L, = Ly, where y isthe homotopy class
of ausual path withendsx, y € X that liesunder y.

Let now k be aclosed subfield of C,, K afiltered k-algebra, A an element K1, X
a smooth k-analytic space, and F alocally quasi-unipotent D y-module. We apply
the above construction to the sheaf of horizontal sections g, v.. It follows that each
étale path ¥ : X — 7y defines a o3-semilinear |somorph|sm of K-modules T

TT* Fos—= ]—"VA, Recall that, by Corollary 9.3.2, if F is locally unlpotent
then for every geometrlc p0| nt x of X over apoint x € Xg, there is a canonical
isomorphism FY ®c¢,, cxx — Fv . If now TT§(X) denotes the full subcategory of
l‘[‘f(X) whose family of objects consists of the geometric points of X over points
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in Xg, we get afunctor T2 = T%* : 1¥(X)¢ — K-Mod which takes a geometric
point X to FY ® K and an étale path 7 : ¥ > 3 to T2 The following theorem lists
properties of this functor.

THEOREM (a) The K-linear isomorphism T : Y @ K = F) @i K is oy
semilinear;

(b) the map ME(x, 3) x (FY ® K) — F) @ K is continuous;

(c) T is functorial with respect to F;

(d) T# commutes with tensor products and the internal om-functor;

(e) TZ is functorial with respect to (k, X, ¥, K, 1);

(f) in the situation of orollary . . , Tg is the o-semilinear extension of the
parallel transport T : 7Y @ K = F) @ K.

Proof. The only property which isnot so evident is (f) in the case when the field £
is not necessarily algebraically closed (i.e., strictly smaller than C,). To verify it,
we may assumethat ¢(X) = k (and therefore, ¢y, = cx,, = k). Letx" and )’ bethe
preimages in X of the points x and y, and letx': yem — Xady : yq — X
be geometric points of X over the geometric points X and 7, respectively. By the
assumption, there is a unique homotopy class of a path y’ from x’ to y' in X over
the path y and, by the construction of Theorem 9.4.1, one has T7 (f) = T7.(/)
for al f e FY. Since the map l‘le‘(x V) — Ny, ) |ssurject|ve wecan find
an étaepathy’ : X’ — 3 over the path ¥’ and, by the case of an algebraic closed
field, one hasT?,(f) =T7.(/) fordl f e FY. Thus, to verify property (f), we can

replace the étale path 77 : ¥ — 7 by the étale path 7/~ 07 (where 7' is consid-
ered an an element of H?‘((E, 7)), and so we may assume that ¥ is an element
of the étale fundamental group nlé‘(X, X) whose image in the topological funda-
mental group m1(X, x) is trivial, and we have to show that Tg(f) = f for dl
f € FY. Since the dimension of FY over k is finite, there is an open subgroup
H C n(X,%) such that TZ (f) = f fordl r € H and f € FY. We may shrink
H and assume that it is contained in Ker(nf‘(X, x) — m1(X, x)). Furthermore,
the canonical morphism 4, — X givesrise to a homomorphism of étale funda-
mental groups nf‘( Hx)s X) = zrlé‘(X, x). Itisclear that elements from the image
of the latter act trivially on 7Y ®, K. Since the canonical homomorphism from
nf‘( H(x), X) to the Galois group Gal(k?/k) of the algebraic closure k2 of & in
H(X) over k issurjective, we can multiply 3 by an element of nf‘( H(x), X) SO that
we may assume the image of  in Gal(k%/k) is trivial. We now use the fact that
the image of 7&(X,¥") in 7&(X, ¥) is densein Ker(nlet(X X) — Gal(k%/k)) (see
[deJ1, Remark 2.15)). It follows that ¥ = 7't for somey’ € 73(X,X") andt € H
and, therefore, T () = f foral f e FY. O

EXAMPLE Let F = O ye bethe D y-module on the affineline X = A defined
by V(e) = —dTe. A horizontal section of F at zero is given by exp(T)e, where
exp(T) is the usua exponential function convergent on the open disc with center

at zero and of radius |p|P%1. The logarithmic map ¢ : ¥ = D(1;1) - X = A?
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that takes z to log(z) is an étale covering map (see 89.5), and since V(¢*(e)) =
—%Z(p*(e) it follows that ¢*(F) isatrivia Dy-module. In particular, F isalocally
guasi-unipotent D y-module of level one. Assume now that the field & is alge-
braically closed, i.e., k = C,,. For any geometric point z over apointa € X(k) =k,
FY = FY is a one-dimensional vector space over k generated by the function
exp(T —a). Given an éale path 7 : 0 — a, the isomorphism T : 7y = F
depends only on the image of 1 € ¢=1(0) in ¢~1(a) under . If o = (1), then
log(er) = a, and one has T, (exp(T)) = a exp(T — a).

REMARK () The statement of Corollary 9.3.2 isnot trueif F isonly assumed
to be quasi-unipotent at a point x € Xg. Indeed, assume that & is algebraically
closed, and let x be apoint of the affine line A of type (4) which corresponds to a

family of embedded discsin & of radii > | p| 1 with empty intersection. Then for
F from the previous Example 9.5.3 one has 7 = 0.

(i) In arecent paper [DeWe], C. Deninger and A. Werner constructed a parallel
transport along an étale path for a certain class of vector bundles on a smooth
projective curve. It is of different nature than the parallel transport from Theorem
9.5.2. For example, it is not related to an integrable connection on such a vector
bundle, and it is continuous with respect to the nontrivial p-adic topology on the
fibers of the bundle in comparison with the continuity of Theorem 9.5.2(b) with
respect to the discrete topology. Of course, it would be interesting to find arelation
between the two parallel transports.
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